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PREFACE 


| Peas tract is intended to present a precise account of the elementary 
differential properties of plane curves. The matter contained is in 
no sense new, but a suitable connected treatment in the English 
language has not been available. 

As a result, a number of interesting misconceptions are current in 
English text books. It is sufficient to mention two somewhat striking 
examples. (a) According to the ordinary definition of an envelope, as 
the locus of the limits of points of intersection of neighbouring curves, 
a curve is not the envelope of its circles of curvature, for neighbouring 
circles of curvature do not intersect. (6) The definitions of an 
asymptote—(1) a straight line, the distance from which of a point on 
the curve tends to zero as the point tends to infinity ; (2) the limit of 
a tangent to the curve, whose point of contact tends to infinity—are 
not equivalent. The curve may have an asymptote according to the 
former definition, and the tangent may exist at every point, but have 
no limit as its point of contact tends to infinity. 

The subjects dealt with, and the general method of treatment, are 
similar to those of the usual chapters on geometry in any Cours 

d@ Analyse, except that in general plane curves alone are considered. At 
the same time extensions to three dimensions are made in a somewhat 
arbitrary selection of places, where the extension is immediate, and 
forms a natural commentary on the two dimensional work, or presents 
special points of interest (Frenet’s formulae).. To make such extensions 
systematically would make the tract too long. The subject matter 
being wholly classical, no attempt has been made to give full references 
to sources of information ; the reader however is referred at most stages 
to the analogous treatment of the subject in the Cours or Traité 
@’ Analyse of de la Vallée Poussin, Goursat, Jordan or Picard, works t6 
which the author is much indebted. 
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In general the functions, whjch define the curves under considera- 
tion, are (as usual) assumed to have as many continuous differential 
coefficients as may be mentioned. In places, however, more particularly 
at the beginning, this rule is deliberately departed from, and the 
greatest generality is sought for in the enunciation of any theorem. 
The determination of the necessary and sufficient conditions for the. 
truth of any theorem is then the primary consideration. In the proofs 
of the elementary theorems, where this procedure is adopted, it is 
believed that this treatment will be found little more laborious than any 
rigorous treatment, and that it provides a connecting link between 
Analysis and more complicated geometrical theorems, in which insistence 
on the precise necessary conditions becomes tedious and out of place, 
and suitable sufficient conditions can always be tacitly assumed. At 
an earlier stage the more precise formulation of conditions may be 
regarded as (1) an important grounding for the student of Geometry, 
and (2) useful practice for the student of Analysis. 

The introductory chapter is a collection of somewhat disconnected 
theorems which are required for reference. The reader can omit it, 
and to refer to it as it becomes necessary for the understanding of 
later chapters. 

I wish to express my great indebtedness to the Editor, Mr G. H. 
Hardy, and also to Mr J. E. Littlewood and Dr T. J. IA. Bromwich, for 
assistance and advice in the preparation of this tract. 


R... HH. F: 


October 1919. 
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CHAPTER I 
INTRODUCTION 


$ 1:10. We assume in this tract that the reader is acquainted with 
the ordinary elementary theorems of the differential and integral 
calculus, as developed, for example, in Hardy’s Pure Mathematics 
(2nd Edition, 1914); we apply these theorems to the geometry of plane 
curves. We shall require more than is there given concerning implicit 
functions, especially algebraic functions and the curves defined thereby. 
Such theorems of this type as we require frequently are quoted with 
references in § 1°50. The more important special properties of algebraic 
functions are summarized in § 1°60. 

We shall use freely the symbols ~, O, 0, whose use is now classical, 
and occasionally = and S. The reader who is not acquainted with 
any of them will find the meaning of ~, O, & and & explained in 
Hardy’s tract ‘Orders of Infinity’ (Cambridge Mathematical Tracts, 
No. 12). The definition of o is as follows: 

Tf f(a) and g(a) are any functions of x, and g («) is positive* for 
all sufficiently large values of x, we write 

J (@)=0(9(2)); 
when IF) | /9 (@)— 0 
ASL. 

A similar definition applies when a tends to zero, or any other finite 
limit, instead of to infinity. The introduction of 0 into Analysis is due 
to Landau, wide Landau, Handbuch der Lehre von der Verteilung der 
Primzahlen, Vol. 1, p. 59. 

The symmetry of the differential notation and the use of direction 
cosines are of vital importance in three-dimensional geometry. They 
can be used with advantage in two dimensions and lend themselves at 
once to the necessary generalizations. They are therefore used freely 
here. It is, however, important that the reader should realise the 


* Alternatively, it will be convenient for our purposes to allow g (x) to be negative 
instead of positive in the above definition, and also in the definition of O. The only 
essential requisite in these definitions is that g («) should not vanish for large values 


of a. 


F. : 
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precise nature of the statement made by a differential formula, and this 
is frequently emphasised. 

A limited selection of examples is given at the ends of the chapters. 
Besides their more obvious function, these are intended to provide a 
summary of some of the more important extensions of the theorems 
proved in the text. References or sketches of a proof are therefore 
given in such cases, which should enable the reader to complete the 
proofs. 

§1:20. Plane curves. We regard a plane curve as the locus of 
points satisfying the equations 

c=¢, (0), 

y = $2(t); 
for a given range of values of ¢(¢, <¢ <4, say) for which ¢, (¢), ¢.(¢) 
are continuous single-valued functions of ¢. A point P on the curve is 
regarded as identified with a value of ¢ The variable ¢ is real, and 
a and y are also always real. We consider throughout only real points 
and curves. 

More information than this about ¢, (¢) and ¢,(¢) will always be 
required, the amount varying from problem to problem. We may 
specify conditions to be satisfied by ¢, (¢) and ¢, (¢) either 

(1) at a point P, 7.e. when t=¢,, 
or (2) in the neighbourhood of or “near” a point P, i.e. in the 
neighbourhood of ¢,, 
or (3) throughout the interval PQ, 7.e. when t,<t<&. 

We say that the point P(¢) lies between the points Q, (#,) and 
Q(t) on the curve, when ¢,<¢<f,; also that the point Q(¢) tends to 
P (t,), or Q— P, P and Q being points on-the curve, when ¢-> f). 

A particular case of great importance occurs when a =¢ or y=¢, and 
the curve is given in one of the forms 


Y= $2(a), ©= 4. (y).- 

Curves may also be defined by implicit functions. We return to 
these in § 1°50. 

We shall frequently be concerned with straight lines, circles and 
other curves which depend on certain parameters, and shall study their 
behaviour as the parameters tend to certain limiting values. In general, 
suppose the curve is defined by the equations 


(1°21) x=, (t,4, B,...), y=da(t, a, B, ae 
or by the equation 
(1°22) J (a, y, 4, B, ro) = 0. 


INTRODUCTION 3 


Let a—a,, 8 B,, ... and suppose that 
dy (t, a, B, ...) > x, (0), 
a(t, a, B, -.-) > x(t), 
J (@, 4, By ---) > g (a, y). 
Then we shall say that the curve « = y(t), y= Xo (t) is the limit of the 
curve defined by 1:21 and that the curve g(a, y)=0 is the limit of the 
curve defined by 1:22. 

For example we shall define the tangent to any curve at a point P 
as the limit of the chord PQ as Q— P, the word limit being inter- 
preted in the above sense. The chord may be 

y=m(é)v+e(E), S 
where € is the parameter of Q. The limit of this chord is 
y=purd, 

where m (£) 3p, ¢(€) ~d as €—>&,. Thus, in the case of an algebraic 
curve such as the above straight line, whose coefficients depend on a 
parameter or parameters, we regard as the limit of the given curve that 
curve whose coefficients are the limits of the coefficients of the given 
curve. 

We shall often go further than this and regard the curves defined 
by 1°21 or 1°22 as approximate representations of their limiting curves. 
It is then important to be able to describe shortly the closeness or order 
of such an approximation. Suppose for example that a=a,+ 06a, and 
that-for any given values of # and y 

SY, 0) =9(% y) + O (Ba), 

as a 0; in this relation ¢ is a positive integer independent of w and y, 
while the constant implied by the O may (and in general will) depend 
essentially on the choice of 2 and y. Then we shall say that the curve 
F(a, y, «)=0, when ais near a, represents the limiting curve g (x, y)=0, 
with an error O (6a)%. When f(a, y, 4) is a polynomial in # and y with 
one non-zero coefficient independent of a, this statement is equivalent 
to saying that all the coefficients of a and yin f(a, y, «) differ from 
their limiting values by terms of order (6a)?. 


§ 1:30. We frequently attempt to impose the minimum conditions 
that enable us to make a definition or to prove a theorem. In considering 
the properties of the curve y=/ (x) at any point P (a) on the curve, we 
shall always impose the condition that /” (a) exists*. This is of course 


* See § 2°10, note. 
I—2 
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the necessary and sufficient condition for the existence of a tangent not 
parallel to the axis of y. We then proceed to consider the properties of 
the curve in the neighbourhood of P, and for this purpose assume in 
general that /’(a,) is continuous at P. In this case the curve is always 
rectifiable—it is always possible to assign a meaning to the length of an 
are of the curve in this neighbourhood. We therefore ignore the question 
of the necessary and sufficient conditions that a curve should be recti- 
fiable* ; a discussion of this question would be out of place here. 

Further assumptions are then introduced, such as the existence or 
continuity of /” (a), etc., as required by the problem discussed. 

We may mention in passing that the assumption of the existence of. 
J’ (a,) implies rather more than is at once apparent from the definition 
of a differential coefticient, and that the additional implications are of 
some geometrical interest (see Note A). 


§1:40. Choice of axes. Invariant relations. We shall assume 
in general that the axes of coordinates to which our curves are referred 
are rectangular. It will usually be sufficiently clear to the reader when 
a theorem remains unaltered by permitting the use of oblique axes. 

It is often convenient, in the proof of some general property of a 
curve, to simplify the proof by referring the curve to a special set of 
axes, such as the tangent and normal at a point on the curve. It is 
therefore important to be able to assert that a property proved with a 
special set of axes is true of curves in general, 7.e. whatever the axes of 
reference. Jt 7s permissible to make this assertion owing to the invariance 
of the formal expressions of lengths and angles for the most general 
changes of rectangular aves. 

The restriction to rectangular axes is, of course, unnecessary, but a 
consideration of this case is sufficient for the argument. The general 
rectangular transformation is 


v=a' cos6—y' sin 6 +a, 
y=a' sin 6+y' cos 6+5, 
where a, b, 6 are any constants. It is easily verified that 
(21 — &2)" + (Ii - yo) = (ay — aa’? + (yr — ye 
his is the property of invariance of length. For the invariance of the 
(tangent of the) angle between two straight lines, it is easy to see that 


if the lines are 
y =M C+ Cy, YH Mgt + Ca, 


* See § 2°50, note. "i 
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On 


and they transform into 
y =m 2+, y/ =m, 2" +6,, 
my’ — Mz, 


Mm, — Mz 
then ee Ses 
Ll+mm, 1+mm, 


Thus all the ordinary metrical properties of curves, which depend on 
the relations between points on the curves themselves and their tangents 
and normals, may be established for any system of axes and asserted to 
hold true in general. 

For example, the curvature of a curve is defined in the usual way as 

el 
és —> 0 ds? 
where 6s is the length of an arc of the curve, 5f the angle between the 
tangents at the ends of the arc, and és and dv are invariant for-any 
change of axes. Hence the above limit, if it exists when the curve is 
referred to one system of axes, will exist and be equal for all others. It 
is shown in the usual way that the value of this limit is 


‘aly 


This expression is therefore an invariant for the general change of rect- 
angular axes, as may be directly verified. When we wish to prove 
properties of the centre of curvature of a point on a curve, we naturally 
refer the curve to the tangent and normal at the point considered. The 
value of the above invariant is then (d’y/dz),, or f”"(0), and the algebra 
is greatly simplified. 

$1°50. Implicit functions. In addition to the forms of § 1°20, 
curves may also be defined by implicit functional relations between the 
coordinates w and y of the type 

2 (2, Y) =0. 

This case is reduced to the explicit form by the fundamental existence 
theorem for implicit functions*. We quote here the form most useful 
for our purposes. . 

THEOREM 1°51. Existence theorem for implicit functions. 

Suppose that F(a, y) is a function of the two real variables (x, y) 
satisfying the conditions : 

(1) it és real, one-valued, and continuous, and possesses a continuous 
partial differential coefficient F,/ in the neighbourhood of (2, Yo): 

* Hardy, Pure Mathematics, 2nd Ed., p. 192; Goursat, Cours d’Analyse Mathé- 
matique, 2nd Ed., Vol. 1, Chap. ur. The former will in future be referred to as 
Hardy, P M., and the latter as Goursat, for shortness. 
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(2) F(a, yo) =9, Fy (0, Yo) ¥ 9. 

Then, (a) there exists a unique function y= (x) which, when 
substituted in the equation F'(a, y)=0, satisfies it identically for all 
values of x in the neighbourhood of %,: 

(b) $(2) is real and continuous in this neighbourhood, and (x) > Yo 
aS LX). 

Tf further EF.) ewists and is continuous in the neighbourhood of 
(X, Yo), the function y=¢ (a) possesses a continuous differential coeffi- 
cient in this neighbourhood, and 

Ala) Fi, + F/ (dy/dx)=0, 
so that 
dy/da = ¢ (a) =— FF. 

If further all the n” partial differential coefficients of F(x, y) 
exist and are continuous in the neighbourhood of (a, yo), dy/da™ 
exists and is continuous in this neighbourhood, and may be calculated by 
the usual rules. 

It may be noted that the extensions of the main existence theorem 
as quoted assume more than is required about F,’. In order that ¢ (x) 
may have a differential coefficient at 2,, satisfying equation 1°511, 
the necessary and sufficient extra condition, over and above the con- 
ditions of the main theorem, is simply that #7,’ exists at (2, y,). This 
can be proved by an easy revision of the argument given by Goursat. 

More general existence theorems applying to functions of m 
independent variables are sometimes required, for example in the 
theory of contact of curves and surfaces. In such cases the reader is 
referred to Goursat*. 


Cases of exception. If F,/ (x, yy) =9 the theorem breaks down, but 
if /,’ exists and is continuous, and F,’ (2%, y) +0, we can still apply 
the theorem with the roles of # and y interchanged, and obtain a 
unique real solution in the form 2=¢(y). It is only if 


Fy (ao, Y)= Fy (&, Yo) = 0, 
that the breakdown of the theorem is complete. In this case (a, y) is 
called a singular point. We shall assume that there are only a finite 


number of such points in any region with which we deal. The question 
of the existence of solutions in the neighbourhood of such a point is 


* See also de la Vallée Poussin, Cours d’ Analyse Injinitésimale, Vol. 1, p. 169. 
This book will be referred to in future as d.1.V.P. for shortness, References will be 
given to the 38rd Ed. of Vol. 1, and the 2nd Ed. of Vol. 1. 
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discussed by Goursat, p. 102*. We shall return to these points and 
their geometrical properties in Chapter v1. 

A particular choice of axes, referred to which the equation of a 
curve takes a particularly simple form, is frequently desirable. The 
validity of the necessary change of axes to convert a general curve into 
the required particular form may be established as follows. 

Let us call for the moment an ordinary point on a curve 

G) y=f(2), 
a point at which /’ (2) exists and is continuous; on a curve 
(ii) r=, (¢), y=4. (4), 
a point at which ¢, (#4), ¢,' (¢) exist and are continuous and not both 
zero; and on a curve 
(ii) F(a, y)=0, 
a point at which F,’, / exist and are continuous and not both zero. 

We can then change the origin to the point near which we require 
the form of the curve, and rotate the axes until in the new system of 
coordinates (€, 7) 


G) (dn/dé),=0, or Gi) (dn/dt),=0, or (iii) (Fe), =9, 
and also (ii) (dé/dt),+0, or (ii) (H%’)) +0. 
We thus arrive at the following theorem. 


THEOREM 1°52. By the choice of suitable axes a curve, in the neigh- 
bourhood of an ordinary point (as defined above), can always be expressed 


in the form 
_ ¥=F (2), (FO=F' (0) =0). 

After what precedes this is obvious in case (i) and follows at once 
from 1°51 in case (iii). In case (ii) 1°51 may be applied to establish 
the existence of a function ¥ such that 

3 t=y (é), 
where (0) =, ¥’ (0) +0, and y’ (€) is continuous near €=0, ‘Theorem 
1°52 then follows as before. 

The assumptions as to the nature of an ordinary point are more than 
are necessary for the truth of Theorem 1°52, but we shall only require 
the theorem in cases in which these assumptions are required for other 
reasons. 

§ 1:60. Algebraic curves. If the function /’(#, y) is a polynomial in 


w and y, then y is said to be an algebraic function of w, or the equation 
F(a, y)=0 is said to define an algebraic curve. This is the most important 


* See also d.1.V.P., Vol. 1, Chap. rx. 
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case of an implicit function. The relevant special properties of such curves 
may be roughly summarized as follows. 

(1) Every special assumption that we require to make as to the nature of 
our curve is always true if the curve is algebraic, with the possible exception of 
a finite number of points. 

(2) In particular there are at most a finite number of points at which 

F(a, yak, (a, =f, (x, y) =9, 
near which the form of the curve is not determined by Theorem 1°51. In 
the neighbourhood of any such point the form of the curve can always be 
determined (see Chapters vi and vit) by a suitable extension of this theorem. 

(3) The study of the form of the curve near infinity, ze. as 7—»@ or 
y — o or both, can always be reduced by a suitable substitution to the study 
of a similar curve in the neighbourhood of a finite point. 

In making the foregoing statements we have tacitly assumed that F’(z, 7) 
is not, for instance, of the form {@ (x, y)}®, where G is a polynomial, for in 
such a case every point of the curve is a singular point. Such cases of 
exception are trivial from the present point of view and may be guarded 
against by restricting ourselves to polynomials which are zrreducible, that is to 
say, without factors that are themselves polynomials. 


CHAPTER II 
THE ELEMENTARY PROPERTIES OF TANGENTS AND NORMALS 


§$ 2°10. Definition and existence of the tangent. Drrrnirion. 
The tangent to a curve at the point P is the limit (if it exists) of the 
straight line PQ, when Q— P along the curve. 


THEOREM 2°11. The necessary and sufficient condition that the curve 
yah (2) should have a tangent at P(x, f(a)), not parallel to the axis 
of y, is that f’ (a,) should exist. The equation of the tangent is then 


YF (@o) =F" (ao) (w = &0)*. 
_* If we admit infinite differential coefficients, and agree that f’ (xo) has the value 


+o (or —o) if 
pe L(e)=f (ea) 
L—Px C—X 
the phrase ‘‘not parallel to the axis of y? may be omitted and the words “if i Nin) 
is finite, or #-x)=0 if f’(a») = +” inserted at the end of the theorem, * 
The question is entirely one of phraseology, though perhaps more caution is 
required if infinite limits are admitted. We shall nowhere admit them in this tract. 


=+o (or-o), 


. 
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(1) The condition is necessary. For if such a tangent exists, the 
line PQ has a limit of the form y= Axv+B. Now, if @ is the point 
(€, f(€)), the equation of PQ is 


y —f (a) = Onl) = 


ay SeRr 
and therefore is SE) —F (ao) 

E— > % é —X 
exists, i.e. f’ (a) exists. 


(2) The condition is sufficient. For if /’ (a) exists, then 
FE) —F(%) 
E-2X 

tends to a finite limit as £2, and therefore PQ has a limit, not 
parallel to the axis of y, which is the tangent at P. 

THEOREM 2°12. In order that the curve 

w= dy (t), y = $2 (t) 
may have a tangent at the point (t)), it is sufficient that $, (t)) and 
: (t,) should both exist and not both be zero. 


The equation of the tangent is then 
(2121) (y— 2 (t,)) br’ (to) = (w— di (to) Pe (to)*. 
The equation of the chord P@ may be written 


O=H(6) 4, 6) = BOAO (o- 446)) 


which has the required limit as ¢—>¢,, under the stated conditions. 
THEOREM 2°13. In order that the curve 
J (a, y) = 0 
may have a tangent at (a, Yo), it is sufficient that f,, and f,/ should be 
continuous in the neighbourhood of (a, Yo) and not both be zero at (a, Yo). 
The equation of the tangent is then 
(2°131) (a— a0) Se (@0; Yo) + (Y— Yo) Fy’ %or Yo) = 0 
* A more useful form in practice is 


Y — dy (to) _ — oy (to) 


2-122 Sa ri hE ee TT ’ 
( ) 2’ (to) $1 (to) 
or more shortly ; 

(2:123) PE Nie EK : 


Yo ay’ 
If one of xy! or yo’ is zero, the equation must of course be interpreted to mean that 
the corresponding numerator vanishes. 
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This is a direct consequence of the Existence Theorem 1°51 and 
Theorem 2°11. If for example /,' (2), %)+0, the mere existence of 
Su (@o) Yo) 18 sufficient. 


$220. The tangent as the limit of the chord. The tangent 
may be the limit of a chord of more general type than that used in the 
definition of § 2°10. This is shown by the following theorem. 


THEOREM 2°21. If f’ (a) is continuous at x, the tangent at x, to the 
curve y=f («) is the limit of the straight line Q:Q. when 9, Q2— P 
along the curve. 

It is not sufficient here that /’ (@) should exist. Something more 
is required and continuity is a simple and sufficient condition. Lf how- 
ever Q,, Q, > P. from opposite sides, then the chord Q,@Q, tends to the 
tangent at P provided only that the tangent exists. See Note A. 

The equation of the chord Q,Q, is 


pF @) -  (e-) 


The hypothesis of the continuity of 7’ (v) at 2, implies the existence 
of f’ (z) at all neighbouring points to P. Hence Q, and Q, may be 
taken near enough to P for /’ (2) to exist at all points of the interval 
&,<xL2< ax. Therefore by the mean value theorem 
F(@s)— (as) =f" (a+ 9(a—-a)), (0<0<1). 
Uy — Vy 
But since ,/’ (x) is continuous at a, f’ (a+ 6 (@—-2,)) > f’ (a), when 
Q:, GQ — P, and the limit of the chord is 
y —F (a) =F" (@o) (@ — a); 
i.e. the tangent at P. 

Other forms of the equation of the curve may be treated ina similar 
manner. 

We shall speak of a curve as having @ continuous tangent at P, 
when, as Q— P, the tangent at Q tends to the tangent at P. It is 
easily seen that the necessary and sufficient condition for this in the 
case of y=/f() is that /’ (x) should be continuous at P, and, for the 
other two forms, that sufficient conditions are that ¢,' (¢) and ¢,’ (¢) 


should be continuous, or that f,’ and f/ should be continuous, re- 
spectively, at P. ; 


§$2:30. Definition and equations of the normal. Derinitioy. 
The normal to a curve at the point P is a straight line through P at 
right angles to the tangent. 
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Ls 2 : 
The equations of the normal in the three cases studied above are 
respectively (the axes of coordinates being as always rectangular) 


(2°31) SF (0) (y —F (@0)) + (@ — &) = 0, 
(2°32) (y — do (to)) a’ (to) + (@ —  (t0)) 1’ (fo) = 0, 
(2°33) rot = i 


Fe (oy Yo) ai y (2, Yo) 

§ 240, The geometrical meaning of differentials. Consider 
the curve y =f (2) 
with a tangent at P, the point (& 7), not parallel to the axis of y. 


O x 
Fig. 1. 


Let Q be a neighbouring point of abscissa ¢ + 6, M the point on the 
ordinate at Q where it cuts the tangent at P, and PN a line through P 
parallel to Ox, the axis of z. Then 

QN = by, PN = 82. 
Also the equation of the tangent at P is 
y -F =F" €) @- €) 


so that MN =f" (€) da = df (z), 
and therefore 
(2°41) MN = dy. 


* This must be interpreted as in § 2°10 when either f;,' (x), yo) or Sy’ (0 Yo) 
vanishes, 
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Thus the differential of y is the increase of the ordinate of a point on the 
tangent corresponding to an increase of abscissa dx. This equality holds 
equally with oblique axes. Of course 8a may be an increase of either 
sign, the increase of the ordinate being reckoned algebraically. 


§ 2°50. Ares and their differentials. Any arc of a plane curve 
which has a continuous tangent is rectifiable*, and the length of the are 
measured from a point P to a point @ (the coordinates being rectangular 
cartesians) is given by 


(2°51) s =[ “1+ L/w} de, 


(2°52) s= | to’ OP + [6 OTs at 


for curves of the corresponding forms. To avoid ambiguities of sign it 
has been necessary to assign the direction in which s is to be regarded 
as increasing along the curve, when measured from a fixed point P. It 
it usually convenient, though not essential (see § 2°60), to take this 
direction as the direction of 2 increasing or ¢ increasing, as has been 
done in 2°51 and 2°52 above. Taking 2°52 and using differentials we 
obtain t 


(2°53) ds = {[$: OF + [os (O} ae, 
(2°531) (ds) = (da) +.(dy)*t. 


§ 2°60. Conventions of sign. We must now make certain con- 
ventions to avoid the repeated occurrences of ambiguities of sign. We 
have three positive directions to assign, namely, the positive axis of 2, 


* See d.l.V.P., Vol. 1, pp. 303, 368. For the study of rectifiable curves, more 
particularly of the necessary and sufficient conditions for rectifiability, see d.1.V.P., 
Vol. 1, p. 380; Jordan, Vol. 1, p. 99. For the properties of continuous curves in 
general, see d.1.V.P., Vol.1, p.374; Jordan, Vol. 1, p.90. The book referred to under 
the latter title is Jordan’s Cours @’Analyse, 3rd Ed. 

+ By the usual rule for differentiating an integral with a continuous integrand 
with respect to the upper limit. The assumption of a continuous tangent is made 
throughout this section. 

+ Note that 2°531 or its equivalent ds= {1+ (dy/dx)2}* de is not the source of 2°52 
but a deduction therefrom. Equation 2°51 or 2°52 is fundamental, for it is a direct 
deduction from the definition of the length of an arc as the limit of an inscribed 
polygon, and until 2°51 has been established no meaning can be attached to 2°531. 

The reader will of course bear in mind that 2-531 is not the same thing as the 


equation (5s)°= (dx)? + (dy), which is false except for a straight line: 2-531 expresses 
in the differential notation the fact that, as dx, 5y —> 0, 


(68)? w (dx)? + (dy)2. 


THE ELEMENTARY PROPERTIES OF TANGENTS AND NORMALS 13 


z.e. the direction of w increasing, the positive axis of y, and the direction, 
clockwise or counter-clockwise, in which an angle is to be reckoned 
positive when measured from the positive axis of a. Any two of these 
three positive directions can be arbitrarily chosen without introducing 
ambiguities into any of our formulae, but when this has been done, the 
third positive direction cannot be so chosen if ambiguities are to be 
avoided. We shall therefore make the following convention. 

(A) The positive axis of y makes an angle +47 with the positive 
axis of x. 

With this convention all our formulae remain correct whatever 
choice is made of the directions in which two of the quantities 2, y, and 
the angle are reckoned positive. We shall, however, in general, suppose 
that all angles are reckoned positive in a counter-clockwise direction 
from the positive axis of z This is convenient though unnecessary. 
When a concise name is required, we shall denote the positive axes of x 
and y by Ow and Oy, and similarly the negative axes by Ov’ and Oy’. 

We have now to assign positive directions along the tangent and 
normal at any point of a curve, and the direction of s increasing along 
the curve. We can assign arbitrarily the direction of s increasing along 
the curve, but once this has been done, no further liberty of choice 
remains if ambiguities are to be avoided. We make the following con- 
ventions. 

(B) The positive direction of the tangent is the direction of w line 
drawn along the tangent in the direction of s increasing. 

This direction will be spoken of as the direction of the tangent or 
simply as “the tangent” when no misunderstanding can arise. 

(C) The positive direction of the normal makes wn angle + 7 with 
“the tangent”. 

This may be spoken of as the direction of the normal or simply as 
“the normal”. If “the tangent” is the same as Oa, then ‘the normal” * 
is the same as Oy. 


§2°610. Further differential formulae. If yj is the angle 
made by the tangent with Oz, we have, in all cases, with the above 


conventions, 
tan y= dy/du =f" (@). 
It follows at once that 
sinw=+dy/ds, cosp=+da/ds, 


* We shall not in future emphasise this meaning by inverted commas, 
+ This use of y is constant throughout the rest of Chapters m and m1. 
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and both signs must always be positive*. Therefore 
ae da dy. 
(2 611) 7 ad 7) Apa YW, 
(2°612) dx=coswds, dy =sinwdst. 

If J, mt are the direction cosines of the tangent, then 


l=cosy, m=siny, 


, dx _ dy _ 
(2 613) FE a iE Fee 
(2°614) dz =Ids, dy=mdst, 
(2°615) ds = Idx + mdy*. 


All these forms express the same facts in different notations, all of 
utility. The figures illustrate the last sections. The positive directions 


+ 


8 


Fig. 2 (a). 


of tangent and normal are denoted by Pé and Pn respectively. The 
two curves shown, aa and bb, have the same tangent and normal at P. 
It must always be remembered that none of the formulae of this section 


* The conventions were of course chosen so that this should be so. 
+ The reader will bear in mind that these differential relations are exact and are 
not the same as the equations 
dx=coswos, dy=sin yds, 
etc. These latter are in fact false unless the curve is a straight line. See equation 
2-531, note. 
+ This use of J, m is constant throughout the rest of Chapters 1 and 1m, 
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Fig. 2 (0). 


are affected by the choice of the direction of s increasing. We shall 
return to these formulae when treating of curvature. 

§ 2.620. Limiting ratios of arcs, chords, and tangents. The 
following theorems deal with the limiting ratios of arcs, chords and 
tangents. 

THEOREM 2°621. The ratio of the arc and the corresponding chord ~ 
tends to 1 as the arc tends to 0. 

For (8s)? = (ds)? (1 + 0 €1)), 

(dx)? + (dy) = (da)? (1 + 0 1)) + (dy? 1 + 0 (1), 
= {(dx)’ + (dy) 1 + 0 (1)), 
and therefore (8s)? ~ (8x)? + (8y)?, 
which latter is the square of the chord. 

It is easy to show more exactly that, if f(@) has a continuous 
third differential coefficient (with similar conditions for the other forms 
of curve), 

(2°622) Are — Chord = O (8s)’. 

As a corollary of this it is easy to prove that if » is the greatest 

distance between the arc and the chord then 
@ 623) =O (6s). 

’ One further step shows that these lengths are effectively of these 
orders, except for isolated points, unless the curve is a straight line*. 
These results are frequently useful. 

The following result, also useful, is of the same nature as the fore- 
going. We omit the proof j. 

* See Ex. 1, 1-3. + See Ex. 1, 5, 
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TrrorEeM 2°624. If PT, QT, are tangents to the curve y=f («) at 
P and Q, intersecting at T, then 


(2°625) PT+ QT=56s + O(8s)%, 
as @— P; and, if also f” (x) +0 at P, 
(2°626) PT -QT=0 (6s) = 


We assume a continuous third differential coefficient. Equations 
2°625 and 2°626 hold of course for any form of curve, with a suitable 
condition to replace f” (#)+0. This condition may be stated in the 
general form that P must not be a point at which the tangent is 
stationary T. 

§ 2°70. Tangents in polar coordinates. We shall content our- 
selves with considering a curve of the form 7 =/(6), or one that can be 
put into that form in the neighbourhood of (7,, 4), the point under con- 
sideration. 

THEOREM 2°71. The necessary and sufficient condition that the curve 
r=f (9) may have a tangent at (7, 9%), which is not the radius vector to 
that point t, is that f’ (0) exists. i 

The equation of the tangent is then 


(2711) ao = cos (6 - 6,) eat sin (6 — 6). 


Fig. 3. 


If the line QP has a limit as @— P which is not the line OP, ¢ 
(see Figure 3) has a limit which is not 0 or 7 and so sin # has a non- 
zero limit. But 

(7) + 67) sin (6-86) — 7, sin d = 0, 

* For the case f’’ (x) =0 see Ex. 11, 4. 

+ See § 3°10 and Ex. my, 4. { See Theorem 2°11, footnote. 
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and therefore as @ — P, i.e. as dr-and 88 tend to zero, 


or sin 66\ /cos ? 1 r, (1 —cos 86) 
= = (+ 8r) ——}{- " - 
36 (r+ ( 30 )E )( Rn \+ . = : 


sin ¢/ \cos 66 66 cos 66 


The right-hand side tends to a limit, since each term has a limit, and 
therefore 67/50 has a limit; i.e. £'(6,) exists. Conversely, the above 
reasoning may be reversed, and the theorem is proved. 

To find the equation of the tangent when /’ (6) exists, we proceed 
as follows. Let (p, a) be the polar coordinates of the foot of the per- 
pendicular from O on PQ. Then p and a both tend to finite limits 
when Q— P. The equation of QP Y is 


(2°712) r cos (6—a)=p; 


and, since P and @Q lie on this line, 


r, Cos (6, -a) =p, 
(7 + 8r) cos (6, + 86 —a) =p. 

Therefore, in the limit, p and a referring to the tangent, 
(2°713) F (8) cos (6) — «) = p, 
(2°714) F' (8) cos (8 — a) —f (8) sin (6, — a) =0. 

To obtain the tangent we find, from 2°712 and 2°713, 

J (%) _cos(O—a) cos (G,-a+ 4=98,) 
r  cos(@—a) cos (6, — a) 
= cos (6 — 6,) — tan (8 — a) sin (8 —4,), 


and so, by 2°714, 


(2°72) £0) _ 003 (0-64) - Z a aie = 6. 

§ 2730, Conventions of sign and differential [formulae in 
polar coordinates. We make the following conventions. 

The initial line of 6 is Oz and @ is measured positive counter-clock- 
wise. When the tangent is continuous, so that the curve is rectifiable, 
s is so chosen as to increase with 6. The angle ¢ between the tangent 
and radius vector is reckoned positive counter-clockwise from the positive 
radius vector* to the positive direction of the tangent. We then have 
in all cases 


(2°731) yy = 0 +¢, (Mod. 27). 


* The positive radius vector is to mean the direction of an arm drawn from O 
making an angle +6 with the initial line Ox. It must be remembered that negative 
values of r have to be allowed for, 


F = 
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The figures 4 (a) and 4 (6) illustrate this equation. 


Sic 

ae 
Fig. 4 (a). Fig. 4(d). 
Referring to Figures 4 and the proof of the last theorem we see that 
p=3T+a—O, 

£6) _ ar 
t(6,) rdé° 
This formula is perfectly general, so that we have in all cases the 
important formula 


cot d= tan (6 -a)= 


(2°732) tan p =. 
To obtain a formula for the differential of the arc, suitable for polar 
coordinates, we have in all cases 
v=rcos 6, y=rsin 8, 
and therefore 
dx = dr cos 6 —r dé sin 8, 
dy = dr sin 6 + 7 d6 cos 6; 
V4: (ds) = (de) + (dy)? = (dr)? + 9° (d6), 
(2738) ds=+ {(dr) +7? (d0)}? = + {r° + (dr/d0y? dd, 


a ("+ ()} 
We have also in all cases 


rao. d 
(2°734) qe 7 in $*, a Cos ¢g. 


* Note that ¢ can only be greater than 7 if r is negative, 
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§ 2°80. Concavity and convexity. Consider a curve given by 
the equation y=/() in rectangular or oblique coordinates, and a point 
P on the curve where /’ (2) exists, i.e. where the curve has a tangent 
not parallel to the axis of y. There are two sides to this tangent, 
which are distinguished by the facts that on one side y+ x along 
any line parallel to the y-axis, while on the other y—»— ©. We shall call 

the side on which y—»+ the upper side, and the side on which 
y——« the lower side, of this line (the tangent). Jf the curve lies 
entirely on one side of the tangent in the neighbourhood of P, it is said to 
be concave upwards or convex upwards at P* according as it lies 
on the wpper or the lower side of the tangent in the neighbourhood of P. 
THEOREM 2°81. The curve y=f/ (ax), for which f (a) possesses a con- 
tinuous second differential coefficient at P, is concave (convex) upwards at 


Py 
f" (a)>0(<0). 
The curve will be concave or convex upwards (see § 2°40) according 


as dy — dy is positive or negative for all sufficiently small values of da 
of either sign. But, by Taylor's theorem, 


(2°811) dy — dy =1 (62)? f” (a + 08x), (0 <6 <1). 
| As f” (x) is continuous, the theorem follows at once. 

A curve y=/ (2) is said to be concave (convex) upwards throughout 
the interval x < # <2, if every point (excluding the end points) of any 
arc of the curve in this interval lies below (above) the corresponding chord. 

This is equivalent to the statement that the curve is concave 
(convex) upwards throughout the interval, if 


(2°82) J (&) +f (és) = 2 f (&) >0 (< 0) 
for all values of &,, &, &, such that 
Wy <6, < &, <& Say. 

It is easily verified that, if f” (@) is continuous throughout the 

interval, 2°82 is equivalent to the condition 
(2°821) St" (a) >0 (<0), (@ $#< %)- 

It follows at once by comparison of 2°811 and 2°821 that 7¢f such a 
curve is concave (convex) upwards throughout an interval it is concave 
(convex) upwards at every point of the interval and conversely. 

* Alternatively, convex downwards and concave downwards respectively. It 
should be remembered that ‘‘upwards” is used simply to denote the direction in 
which y—»+. This is because the positive axis of y is usually so drawn, but the 


word ‘‘upwards” must be applied in accordance with the above definition whatever 
- the direction actually chosen for the positive axis of y. 


2—2 
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Curves that are concave (convex) upwards throughout an interval 
are of considerable importance in analysis; their properties can how- 
ever be discussed without any hypothesis as to the existence of /” (7). 
Their further treatment is out of place here*. 


§ 2°90. Points of inflexion. Drriyirioy. A point of inflexion 
is a point at which the curve crosses its tangent. 
For the curve y=/(a), with a continuous /” (a), we have 
dy —dy =i f" (a+ 0dx) (2), (0<6<1). 
In order that x may be a point of inflexion for such a curve, it is necessary 
and sufficient that dy —dy should change sign with 6z, 7.e. that 


J” (@+ph) 
should change sign with ».. Hence a point of inflexion ts a root of f (a)=0 
at which f" (#) changes sign, and conversely. A suticient condition that 
J (a) should change sign is that, if #7 (a) is the first differential coeffi- 
cient not vanishing with /” (@), m should be odd. For we have 


ay — dy =" po (@ + 682), (0 <8 <1). 


Developments of this nature belong more properly to the theory of 
contact. 

It must be remembered, however, that a curve may have a point of 
inflexion at a point at which the tangent is parallel to the y-axis, 
and at such a point #” (@) does not exist. ‘I'o avoid this:case of ex- 
ception, we may say that, for a curve for which one at least of d®y/da® 
and d’z/dy’ exists and is continuous, the points of inflection are the 
points at which one at least of d’y/da* and d*x/dy? vanishes and changes 
sign. 

Consider now the curve 


v= (t), y=9$.(0), 
for which ¢," (¢), $2 (¢) are continuous. The equation of the tangent at 
ty 18 (@ — dy (to)) py (t,) ha (y — $2 (to)) oy (t,) =0. 


The perpendicular distance of (z, y), a point on the curve, from the 
tangent is algebraically proportional to 


(Hi (#) — 1 Lo) a’ (to) = (ha (t) — be (to)) dh’ (és) 
= 3 @ —to) | di" Gote) dy” (to + p) 
$1’ (to) oy (t,) 
* See d.l.V.P., Vol. 1, pp. 285-291. 


THE ELEMENTARY PROPERTIES OF TANGENTS AND NORMALS 21 


where »=0(¢-%) and 0<6<1. The curve therefore crosses the 
tangent if 
(2°901) iad (¢) ie (¢) 
dp, (t) ps (t,) 


vanishes and changes sign at ¢ =t,. 


§ 2°910. Concavity, convexity and points of inflexion in 
polar coordinates. ‘lhe property of being concave or convex to a point 
may be defined in a similar manner to the property of the being con- 
cave or convex upwards. If the curve lies entirely on one side of the 
tangent at P, and @ is a point not lying on the tangent at P, we say 
that the curve is concave (convex) at P to the point Q according as the 
curve near P lies on the same (opposite) side of the tangent at P as the 
point Q. 

Take the point @ for the origin of polar coordinates, and suppose 
that the curve is 7 =/(@), and that 7” (@) is continuous. The equation 
of the tangent is 

£0) os(@ — 6) — aon ) sin (@ — 6). 


The curve will be concave (convex) to the origin if 


oo — cos (6 — 4) wo a sin (6 — 0) > 0 (<0), 


when | @—6,| is small. This condition reduces to 
(FG)? + 2(F" (80)? —F G0)” (9) > 0 (<0). 
In the same way the condition for a point of inflexion for such a curve 
et (SOP +24' OF -FOF" 
should vanish and change sign at 6 = 4. 
Much of what proceeds takes a simpler form if the curve is ex- 


pressed as u=f (0), 
where w=1/r. The last expression in the condition for an inflexion is 
then replaced by f(0) +f" (0). 
EXAMPLES I 
(1) Prove that the p of § 2620 satisfies the relation 
wr af” &) (Be)? 


for the curve y=f/ (#), and dedice that p=0 (5x)? implies that the curve is a 


straight line. 
[At the point of greatest distance between arc and chord, fhe tangent 


22 THE ELEMENTARY PROPERTIES OF TANGENTS AND NORMALS 


must be parallel to the chord. Hence take the tangent and normal as axes 
and consider the intersections of y=f(x) (f(0)=f’(0)=0) and y=p.] 


(2) Taking c=/(t), y=g (t) for the curve and writing 
a =(f' (OP +9) 


: (8t)3 | ow ge_ gn 
prove that are — chord ~ a4 03 CB ied BE Ec 
= (6s)3/24p?. (see 3°132) 
Deduce that arc — chord =o (6s) 
implies that the curve is a straight line. 
1 
3t ee 
[We have 8 (are)= [ {(f' ())?+ (9 ®)} dt, 


8 (chord) = {(/(¢+ 81) -f (O)F+9 (¢+82)—9 (O94. 
Expand by Taylor’s theorem in powers of 8¢ as far as (6¢)°, and the result 
follows. If (are—chord)=o (8), then f”/f’=g"/g’. Integrating, f’=4g’, 
f=Ag+B, which defines a straight line. ] 


(8) Deduce p= 0 (8s)? directly from 
arc — chord = 0 (6s), 
[Establish and use the fact that 
p? <} {(are)? — (chord)?}.] 


(4) Using polar coordinates, prove that, if f’(@) is continuous at 6= 4), the 
tangent is the limit of the chord @,Q. as Q1, Ys —> P (79, 9%). 


[Combine the proofs of 2°71 and 2°21.] 


(5) With the notation of Theorem 2°624 prove that, in order that 
PT/QT — 1, it is suticient that 7” (#) should be continuous and not zero at P. 
[Take the tangent and normal as axes, and the curve as 


y=f(), (FO)=f' 0)=0). 
The tangent at w is given by 2°11. Find the coordinates of 7. Theorem 2°624 


itself may be established similarly. Note that the condition f” (#)+0 is 
invariant, §1:40.] 


(6) Three neighbouring tangents are drawn to a curve. If 8s,, ds, be the 
lengths of the ares between the points of contact taken in order along the 


curve, dy the angle between the extreme tangents, and A the area of the en- 
closed triangle, then 


Aw} 8s, O85 oy. 
It is assumed that the points of contact tend to a point at which f” (7) is 
continuous and not zero. 
[The lengths of the two sides including the angle Sy are asymptotically 


equivalent to $6s,; and $8s, respectively. This follows at once from Exs. 3 
and 5.] 
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(7) Prove geometrically that, if _P7 the tangent at P exists, then the 
chord @,Q» tends to the tangent at P as Q,, Y2—» P from opposite sides, 
Show where the proof fails when Q,, @.— P in any manner. 

Show that if PQ,, PQ, are equal and opposite ares, and f’” (x) exists at P, 
the chord Q,Q, represents the tangent at P with an error 0 (8s)2; and that some 
condition of equality is essential, 

[The angle between P7' and @,Q> is less than the angle between P7’ and 
PQ. Hence Q,Q, tends to parallelism with P7, etc. | 


(8) Define a tangent of the twisted curve 
L= 1 (t), Y=» (¢), 2= 3 (t), 
and obtain its equations in the forms 
eee aged Dae 50 
oy dy hy ’ 
@—%y _Y-Yo_%-% 


da ay = ae 
If ¢;, my, 2, are the direction cosines of the tangent, prove that 
dz=lds, dy=mds, dz=n,ds. 
({d.L.V.P., Vol. 1, pp. 325-331.] 


(9) The osculating plane of a twisted curve being defined as the limit of the 
plane PQ,Q2 when @, and Q, tend to P along the curve, obtain its equation 
in the forms 


LX YY 2-%|=9, B-%y YY %—%|=9. 
Dir PE mm PS: dz dy = dz 
rn aCe Pe Py We 


Prove that the osculating plane is the limit of 

(a) a plane through the tangent at P and the chord PQ, 

(8) a plane through the tangent at P and parallel to the tangent at Q. 
Alternatively, show that the angle between the normal to the osculating plane 
at P and the tangent at Q is $4 +0 (6s), if py” etc. exist at P, and is $7 +0 (6s)? 
if d," etc. exist at P. 

[d.L.V.P., Vol. 1, pp. 385-337. ] 
(10) If PQ,, PQ. are equal and opposite ares és, prove that under suitable 
conditions the plane PQ, Q, represents the osculating plane at P with an 
error 0 (és), but that if the arcs are not equal the error will usually be O (6s). 


(11) The line of intersection of the osculating plane at P with the oscu- 
lating plane at Q tends to the tangent at PasQ7 P. 
[d.l.V.P., Vol. 1, p. 346: or geometrically, using Ex. 10.] 
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CHAPTER III 
THE CURVATURE OF PLANE CURVES 


§ 8:10. Curvature. The idea of curvature is introduced to afford 
a measure of the rate at which the tangent is turning as the point of 
contact moves along the curve. Suppose that PQ are two points on any 
rectifiable curve which has a tangent at every point of the arc PQ, ds 
the length of the arc PQ, and 6 the angle between the tangents at P 
and Q. Then dy/8s is called the mean curvature of the arc PQ, and 


rae 
Q—> Pp os 
if it exists, is called the curvature at P. If this limit is denoted by 1/p, 
p is called the radius of curvature at P*. 
We shall find in practice that it is necessary to attach a s¢gn to the 
mean curvature, curvature, and radius of curvature. Consider the case 
of two equal circles touching externally at P. The mean curvatures of 


V 


Fig. 5. 


the equal arcs PQ, PQ, are, as at present defined, equal, though the 
tangents turn in opposite directions as the points of contact go from P 


to @ and @. To take account of this we introduce the following 
definitions. 


* Tf the curvature at P is zero, there is no radius of curvature or ‘Can infinite © 
radius of curvature”’ according to choice. 


- 
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Derinirions. With the conventions of § 2°60, the mean curvature 
of the are PQ is defined as 
(ve — wr)/(so- sp), 
the arc s being measured from any convenient point on the curve, and the 
curvature at P is defined as 


. : Ae (ve — ¥p)/(sq— sp); 
Uf this limit exists. 

The radius of curvature at P is the reciprocal of the curvature, 
and is usually denoted by p. 

The centre of curvature at P is a point C on the normal at P 
such that PC=p*. 

The circle of curvature at P is a circle with centre C and radius 
PC p). 

We find in all cases that the coordinates (XY, Y) of C satisfy 


(3°11) AX=x-psiny, Y=y+pcosy; 
or, if (/’, m’) are the direction cosines of the positive normal, 
(3°12) X=ax+lp, Y=y+m'p. 


THEOREM 3°13. The necessary and sufficient condition that the curve 
y= (a) should have a definite curvature at any point x, where the tangent 
is not parallel to Oy, is that. f(x) should exist. The curvature 1/p is then 
given by ‘ 

(3'131) Uae Ba i sey 
oe 1+ @)* 

(1) The condition is necessary. For in order that yp and Wg may 
exist, it is necessary that the curve should have a tangent in the neigh- 
bourhood of P; and in order that Lt (%e@—wWr)/(se—sp) may exist it is 
necessary that We vp, 7.e. that w should be continuous at P. As 


ow) tany=f (2), (+h), 
J (a) must be continuous at P. 
If Q is the point (a + da, y + dy), 


a + bx ° ‘ 4 
a= [+ (FOP ae 
Since /’(€) is continuous at =~, 
(1+ (f= 1+ S@)F +0), 
ds = 6” {1 + (F (w))}? +0 (8a). 
* Of course with due regard to the sign of p and the positive direction of the 


normal Pn. If p is positive C lies on the positive normal Pn; if p is negative C lies 
on Pn’. ; : ; 
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8 teat 
Therefore Lt = = {14+ (f'(x)}~7+0. 
j dx—p 0 OS 
Also Sy/8s = (8y//8a) x (8ar/8s), 


and therefore, as 6¥//8s has a limit, and 6z/ds a non-zero limit, as 62 — 0, 
dy/S¢ must have a limit. But applying the mean value theorem to 
3'1311 we have 
du sec? (Wy + 6 dp) =f (a+ da)-f'(x), (0<6' <1), 
by fF (e@+%)-$@) sy .9 
a Se cos” (W + 6 dy). 


But cos? (w+ 6d) has the non-zero limit (1+{/f "(x)}?)~*, so that 
{Lf (w+ dx) —f (w)}/8a 
must have a limit, 7.e. /’(#) must exist. 


(2) Conversely, the above reasoning may be reversed, and if 7” (2’) 


exists, then Z 
er a 
sr—pooe = 1+{f'(~)}P? 


ut @aa+tr@y7}; 


su—>o OS 
r) 
so that Li hee ais 
ss—>0 0S sr—p0OX = ba — 008 
ie tf" (a) : 


and finally 


p (+{ f(y) 

At points at which dy/ds=0, the curve is said to have a stationary 
tangent. It is easy to see that, if z is such a point, 7’(2,)=0 provided 
J’ (@) exists. At all points of inflexion, therefore, at which 7’ (2) exists, 
the curve has a stationary tangent, but the converse is not true, for at 
a point of stationary tangent the curve may not cross its tangent. The 

‘further consideration of such points belongs more properly to the theory 
of singular points. 

Other formulae for the curvature 1/p are 


, ” , ” 
(3:1 32) i = or by — do by ; 
Po (Gr? + a”)? 

when the curve is v= ¢,(¢), y= $2(¢); and 

(3°133) : eo peur se aE ES Eel +h" ie 

p (F.? + F,?)2 

* If @—>P from the right (left) then f”(x) need not exist, but it is necessary 

and sufficient that f’ (x) should have a differential coefficient on the right (left). 
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when the curve is /(a, y)=0. These are direct deductions from (3°131) 
and the theorems of the differential calculus. The proofs may be left to 
the reader. 


§ 3°20. Properties of the centre of curvature. The centre of 
curvature C has a large number of properties many of which give 
rise to alternative definitions. These are contained in the following 
theorems. 


THEOREM 3°21. A curve is always concave to its centre of curvature. 

The proof of this theorem is left to the reader. 

THEOREM 3°22. If the normal at Q cuts the normal at P in T, and 
C the centre of curvature at P exists, then 0 C0 as QP. 

Take as axes of coordinates the tangent and normal to the curve at 
P. By § 1°40 this does not affect the generality of the argument. Then, 
by Theorem 1°52, the equation of a sufficiently small arc of the curve 
containing P can be put in the form 


y=F(@), (|e|<9), 
where /’ (0) =0 and (0) exists and is not zero*. The coordinates of C 
are (0, p) or (0, 1/7" (0)). The equation of the normal at Q (& /() is 
F'(6) Y-SE@) + a- 4) =9, 
which cuts 2=0 where 
y=h(E) + Elf’ @). 
This is the ordinate of f. As Q— P, €- 0, f(€)— 0, and 
Ef O=E-S(O-7£) 1/0) 
by definition, since /” (0) exists and is not zero. Hence TC. 

TrEorEM 3°23. (A) If the normal at Q, cuts the normal at Q, im T, 
and C the centre of curvature at P exists, then T— C as Q,— P and 
Q.— P, if Q, and Q, are always on opposite sides of P. 

(B) But if Q,— P and Q.— P in any manner, T need not tend to 
C unless p is continuous at P. 

(A) Let QT cut PC inT,, QP cut PC in T,; then, if Q, and Q, are 
always on opposite sides of P, T cannot lie on Q,T, and Q.1, or on both 
Q,T, and Q.T, produced; it can only lie on one of them and on the other 
produced, as in the figure. It is true that T, T,, T, can all coincide, but 
this will not affect the succeeding argument. As Q,TQ,— 0, PPT, 1s 


* The existence of C implies that C is a finite point according to our usage. 
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ultimately greater than }7, and therefore T lies inside a circle on IT, 
as diameter. But T,2C,T,2C as QP, % aa ; it therefore 
follows that T—> Cas Q, and Q, tend to P from opposite sides. 


i 


Q 
oS) Ra eeemley ree 


' Fig. 6 (a). Fig. 6 (8). 


_ (B) The preceding argument breaks down here. Butif pis continuous 
at P, there must exist a centre of curvature C, at Q, if Q, is sufficiently — 
near P. By the preceding reasoning, if Q, is the middle point of the 
three Q2, @, P, then I, T,, T, > Cas Q2— Q,, P— Q,, Q, remaining 
fixed. In other words, given « we can find a number 8, such that PC, <« 
provided only QQ, <6,, PQ; <8. Butsince p is continuous at P,C,3C 
as Q, — P, or in other words there exists a number 8, such that 0,C <e 
if only QP <8. Hence there exists a number 4 (the lesser of 8, and oe) 
such that CT <2 if only Q@,P <8, QP <8. In other words TC as 
required. ; : 
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On the other hand it is possible to construct cases in which, if p is 
not continuous at P, T does not tend to Cas Q,, Q: > P ina suitable 
manner. 


This theorem is an example of the general principle explained in 
Note A to § 1°30 of the Introduction. 

THEOREM 3°24, If a circle whose centre is O cut* a regular are of 
any curve in two points Q,, Qs, then there exists a point P on the curve 
betweent Q, and Q, such that OP is a normal to the curve. 


Q1 
Fig. 7. 


By a “regular” arc we mean an arc along which the curve can be 
' put in the general form 
v=d(t), y= d.(t), 
where ¢,'(#), $2 (¢) exist, and are not both zero, at @,, @, and all points 
of the are between. 
We have, if O is the point (a, b and P any point on the are, 


OP’ = (a— $1(2)) + (6 — be); 
therefore OP? is a continuous function of ¢ while P lies on the are @,Q., 
possessing everywhere a differential coefficient 
— 2 {(a— gr) $i + (0 - $2) be}, 
and taking the same value (2? say) both at @, and @,. ‘Therefore by 


* Nothing prevents the curve and circle from touching at one or both of Q) 


and Qs. 
+ I.e. a value of t such that t}<t< le if t; and to are the parameters of the points 


Q1, Qs. 
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Rolle’s Theorem, there exists a point P between Q, and Q,* such that 
ie : 
di (OP?) =0, t.e. such that 
(a ae pi) py or (b ast 2) py =0. 

This is satisfied at any point at which ¢,' and ¢,' both vanish. But if 
as we have presupposed they do not, it is the condition that OP is 
normal to the curve at the point P as required. 

We can now prove at once two more theorems embodying possible 
definitions of C. 

THEOREM 3°25. If a circle centre O be drawn touching the curve at 
P and cutting it at Q, and if C the centre of curvature at P exists, then 
07> Cas Q> P. 


Pp 
Fig. 8. 


Since C exists, the conditions of Theorem 3°24 are satisfied when Q 
is sufficiently close to P. Therefore there exists a point X between Q 
and P such that OX is normal to the curve. As Q—> P, X— P, and 
as XY > P, O— OC, by Theorem 3°22, as was to be proved. 

In a similar manner we prove 


THEOREM 3°26. If @ circle centre O be drawn cutting the curve at 
three points Q,, Q2, Qs, and if p is continuous at P, then OC as 
Qi, Qe, > PT. 


* Le, a value of ¢ such that t,<t<t, if t, and t, are the parameters of the points 
Q; ’ Pius ; 
+ Note the following enunciation which does not involve the hypothesis of con- 
tinuity :— ; 
If a circle centre O be drawn cutting the curve at three points Q,, P, Q. and C, the 
centre of curvature at P, exists, then O—>C as Qi, Qo—>P from opposite sides ’ 
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THEOREM 3°27. The osculating circle, when it exists, is the same as 
the circle of curvature. 

This is a particular case of theorems on contact. See § 4°40. 

Each of the foregoing theorems embodies a possible definition of C 
the centre of curvature at a point P, but it is clear that some are more 
general than others. Thus any of the definitions embodied in Theorems 
3°22, 3°23 (A), 3°25, areas general as our definition, and accordingly may 
replace it. The others are not so general and so are not suitable. Con- 
versely, it may be shown that if any of these alternative definitions be 
adopted, then, at any point at which the curve has a curvature 1/p by 
the new definition, 

dee 
sv—>0 OS 
It follows that these definitions are completely equivalent. As a speci- 
men of the theorems to be proved we take the following: 

Tf the normal at Q cuts the normal at P in T, and if T tends to a 

finite limit C as Q— P, then 
by 
de> 08 PC’ 
with the proper conventions of sign. 

This is the converse of Theorem 3°22, and the proof is simply the 
proof of that theorem turned backwards, with obvious changes. 

There are a variety of other circles which tend to the circle of curva- 
ture at P as a limit. The following are instances. 

A circle touching the curve at P, and the tangent at a neighbouring 


point Q*. 
A circle touching the tangent at P* and the tangents at neighbour= 


ing points Qi, QoT. 
A circle passing through P and touching two tangents at neighbour- 


ing points Q,, Qt. 
A circle touching the tangent at P, and passing through two neigh- 


bouring points Q,, Qat. 
In each case P may be replaced by a point Q, which tends to P. 
Direct proofs of all these theorems are not difficult (with the obvious 


* T.e., the circle touches Qt, the tangent to the curve at Q, but touches Q¢ not 


necessarily at Q. 
+ There are four circles touching these three tangents, of which three have as 


limit the point P. 
+ There are two such circles in each case, both of which have the aia of curva- 


ae at P as limit. 


32 THE CURVATURE OF PLANE CURVES 


assumptions). They depend on a combination of Theorems 3°25 and 
3°26 with well-known properties of triangles. 


§ 3:30. The closeness of approximations to the circle of 
curvature. It is often useful to know the order of the error involved 
in replacing the circle of curvature by one of the circles which has the 
circle of curvature for a limit, for instance the circle through P and 
two neighbouring points Q, Qo. 


X4 


No P Ny 
Fig. 9. 


Taking the tangent and normal at P for axes, the curve is 
y=F@), SO=F'(0) =0, £0) +0); 


C is the point (0, 1/7" (0)), and T the intersection of the perpendicular 
bisectors of PQ,, PQs. Then T lies on the two lines : 


(fv + my — 3 (&? +m") =0, 
(Gat my — 3 (&? +m") = 0, 
where Q, is (£, m) and @ is (&, m). If fi* (0) exists, we have 
m= 3h'F" (0) + FE?" (0) + O(E5), - 
and therefore the equations (3°31) reduce to 
UH IZES" (0) + eh F'" (0) + OG) y-2 (14 0(&) =0, 
Ut 12 &f"(0) + Gh" (0) + OE} y-26 (14 O18) = 0. 


(3°31) 
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Solving, we have 


tae wee = oe: 
Of) 2&-&) +O) £&-4)/" 0) +8 (G-€) 7" 0) + O®)” 
where & denotes the numerically greater of €, and &,. 


It follows that in general the ordinates of C@ and T differ by a 
length of order € but that if é,=— &, then 


1 
= 2 ot 2 = 2 
(3°32) a= Oe), y PO OE . 
We have therefore proved that if the arcs PQ,, PQ, are equal and 
opposite (say +8s), or more generally if PQ, = 8s, PQ, = — 8s + O (88), 
then 
(3°33) T'C = 0 (8s)*. 


Since both circles pass through P, their radii also differ by O (8s), and 
in fact the circle Q.PQ, represents the circle of curvature at P with an 
error O (8s). 

This fact is important if we wish to apply geometrical reasoning to 
approximate figures. If, for instance, we are going to argue about C 
and C;, (the centre of curvature at @,), representing them in the fore- 
going manner by T and T,, rT, or CC, will itself be a small quantity 
of the first order and, unless T'C and IC, are of higher order than the 
first, no such argument can possibly be legitimate. It is essential to 
take the precaution indicated by the preceding discussion*, When this 
has been done we have for instance 


TT,/CC, =1+ 0 (8s), 
whereas in the other case it is by no means evident even that 
Lt IT, /CC¢, =I, 

In a similar way it may be shown that, if A is the intersection of 

normals at Q, and Q,, 
(3°34) KC= 0 (8s) 

if and only if PQ, and PQ, are, with a possible error O (és), equal and 
opposite arcs. 


* Similar arguments must be applied in the theory of twisted curves when 
approximate geometrical figures are used. The use of such figures can only be 
legitimate when the errors in the approximate representations are of the second or 
higher order. This point appears to be often overlooked. 

3 
F. 


34 THE CURVATURE OF PLANE CURVES 


§ 3:40. Newton’s Method. A formula that is often useful is con- 
tained in the following theorem. 

Trrorem 3°41. If the tangent and normal at P are taken as axes 
of « and y, and p exists, then 


x 


: = Lt —. 
(3°42) ea; 


y. 


Fig. 10. 


Let Q be the point (2, y). Draw a circle to touch the curve at P 
and pass through @; then, by Theorem 3°25, this circle tends to the 
circle of curvature as Q— P, 7.e. as 70. If R is the radius of this 
circle, RN=2R-—y. We have also 


NP =NQ.NRK, 
so that vy = 2h — y— 2p, 
which proves the theorem. 
§ 3°50, The Differentials di, dm, etc. Theorem 3°22 has an im- 


portant consequence. ‘The equation of the normal at (€, 7) may be 
written ; 


(3:501) (81+ (yn) m=0, 


where (/, m) are as usual the direction cosines of the tangent at (& 7). 
C (YX, Y) lies on this line, so that 


(3°502) (X-£)14+(Y 4) m0, 


K 
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But C is the limit of intersections. of neighbouring normals, and there- 
fore* (X, Y) also satisfy the equation 


(3°503) (X- €) di + (Y -n) dm = ldé + mdy = ds. 
But we have also 7? + m?=1, and therefore 
ldl + mdm = 0. 
Hence d/ and dm satisfy 
0 ((Y—») dl-(X-§dm=0 
3°504 i 
ay one) aan dm = ds; 
which may also be written 
m'dl —Vdm = 0 
3°50 
P05) i + mdm = ds|p, 


where (/', m’) are the direction cosines of the positive normal. 
We have therefore 


- di_U dm_wm' 
ey) . ieee as. op? 

. 1 /dl\?\ /dm\? 
(3°52) a=(%) oe 
Remembering that /=dz/ds, m =dy/ds, we have 
at 1 iss aa 2 dy 2 
(3°53) ao (Fe) + (52) 


With our conventions, /’ and m’ are connected with / and m by the 
relations Py 
; F 
* The full reasoning here is as follows. (X, Y) is the limit of the intersection of 
(w—£)l+(y—n)m=0 


and (a — & - 6&) (L+ 61) + (y — 1 — 5) (m+ 6m) =0, 

i.e. of (a —é)1+(y—n)m=0 

and (a —£) 51+ (y — 7) dm={(l+ dl) dE + (m+ 5m) dn}. 

Now when f” (x) exists dy exists, and therefore dl and dm exist. Therefore (X, Y) 
eeisety (a -£) dl+(y-n) dm=ds, 


which is the limiting form of the second equation, 
+ In general (I', m’) satisfy 
‘ V2+m2=1, Il’+mm’=0 
(condition of perpendicularity), and therefore 
V=Am, m’=-DI, 
where \= £1. \=1 when the conventions are chosen so that, the positive tangent 
coinciding with Ox, the positive normal coincides with Oy; 3; \=—-1 when, in like 
case, the positive normal coincides with Oy’. 


3—2 
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Therefore 
dl’ Ll dm m 


(3°54) Ey OF; ee Fy 
It may be noted that we have nowhere assumed the continuity of /* ‘(@) 
or its equivalent. Formulae 3°51, 3°54 are the two- dimensional ana- 


logues of Frenet’s Formulae. 
A more general formula for p, available for any parametric repre- 
sentation of the curve, may be obtained as follows from 3°52: 


a (dy? + (dm)? 


-(«(%2) +(0(@) 


_ dsPx—- dad's) + (dsd°y — dy ds) 


(ds)* 
which reduces to " ay y@ 7 
ek Pa) af *y 2 25 
3°55 : y 
oe oe (ds) 


§ 360. An alternative treatment using moving axes. The theorems 
of § 3°50 can, alternatively, be obtained by the use of moving axes. This 
method has the advantage that it can be immediately generalized to provide 
a simple treatment of the corresponding problems for twisted curves. 

The simplification obtained by this treatment is essentially due to the fact 
that the curve is at each point P referred to its tangent Pt and normal Pras 
axes. Allowance must, of course, be made for the fact that, as the point P 
moves along the curve, the pair of axes Pt, Pn also move; in particular they 
rotate in their own plane; when P moves a distance 4s along the curve the 
angle turned through is dy. If dy/ds exists at P (and is equal to 1/p) the axes 
are said to have the “spin” 1/p at P. For the sake of the kinematic analogy 
we suppose that P is moving along the curve with uniform unit velocity, so 
that s may be regarded as representing the time. 

To obtain the results of § 3°50 we only require a knowledge of the true rates 
of increase of the components of a vector which is defined with respect to a 
system of moving axes. These may be stated in general terms as follows. 

Let (#, y) be the vector components (functions of the time ¢) referred to 
axes moving with a spin @, which is positive when it rotates the axis of « 
towards the axis of y. Let (2’, y') be the differential coefficients of (7, y) with 
respect to ¢, and (Dzx/Dt, Dy/Dt) the true rates of change of the vector com- 
ponents in fixed directions coinciding with the instantaneous directions of the 
moving axes, Then* : 


(3°601) Dx|Dt=x' —yo, Dy/Dt=y' +x. 
Returning to our curve we see that any set of direction cosines defines a 


* The proof of this classical result is left to the reader. 
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unit vector whose components may be regarded as functions of the “time” s. 
The direction cosines of the axes Ox, Oy referred to the moving axes Pt, Pn 
are respectively 
(2, 2’), (m, m’). 
These directions are fixed in space, and therefore (J, 7’), (m, m’) are the com- 
ponents of constant vectors. Therefore 
Di _ Di _Dm_ Dm 
Diet a De 
Applying 3°601, and replacing by 1/p, we find that 
di Uv ad L dm m dn m 
3°602 = =- = =~ == — 
Dee Eig pee ar ae 
But these are equations 3°51 and 3°54, which contain all the results of § 3°50. 


§ 3610. The kinematics of a rigid body with reference to the proper- 
ties of twisted curves. Before leaving the subject of curvature, we propose 
to sketch shortly the manner in which the properties of a twisted curve may be 
obtained with the help of general geometrical theorems, usually applied to the 
problems of the kinematics of a rigid body. There is a special set of three 
lines at right angles through each point of a twisted curve (of which one is the 
tangent to the curve), referred to which the curve has a specially simple form 
near the point in question. These three straight lines or triad may be regarded 
as moving like a rigid body, as their point of intersection moves along the 
curve, and the nature of the curve is therefore closely connected with the 
motion of the triad. 

The discussion forms a natural extension of the preceding part of the 
chapter, especially § 3°60. Proofs are, in the main, only outlined, and the reader 
may, with advantage, construct detailed proofs of any of the theorems 
enunciated. 

It should be borne in mind in what follows that the kinematical language 
may be regarded simply as illustrative. All terms employed are capable of a 
purely geometrical or analytical interpretation. 

In the first place, any displacement of a rigid body, with one point fixed, 
may be uniquely represented by a certain rotation about a certain axis through 
the fixed point, called the axis of rotation*. 

Let us now regard the displacement of the body as defined by certain func- 
tions of an independent variable (the time ¢, say) which specify the direction 
cosines of certain lines fixed in the body referred to axes fixed in space. If, 
then, the differential coefficients of these functions exist at ¢=¢, the axis of 
rotation tends to a limit called the Instantaneous Axis as t—»¢t, and the 
rotation about the axis is asymptotically equal to Q (¢—t,), where is a definite 
constant, which may be called the “spin” of the body about the instantaneous 


axis. 


_ * Buler’s Theorem. See Routh, Rigid Dynamics, Vol. 1, Chap. v, §1; Thomson 
and Tait, Natural Philosophy, Vol. 1, Part 1, p. 69. 
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It follows that the motion of the body from ¢, to ¢ can be aS by a 
rotation Q (t—%) about the instantaneous axis, with an error 0 {| tt |}* 

The “spin” obeys the vector laws of composition and resolution. It can be 
represented as a vector whose direction is the direction of the instantaneous 
axis and whose magnitude is Qt. This may be established as follows. 

If the body has the spin @ about an axis whose direction cosines are 
(1, m, n), a point P in the body, of coordinates (x, y, z), has a velocity whose 
components are 


Q 


m n|\Q, lm 


ye Cae, 
along the axes.of Ox, Oy, Oz. If we agree to call (2, mQ, nQ) the resolved 
parts of the spin © along these axes and write ;=/Q, etc., then the com- 
ponents of the velocity of P are 
— @3Y +22, —@12Z+3%, —@2¥+ OY, 

which are exactly the same components as are got by considering the body as 
having simultaneously spins @;, 2, @; about the three axes Ox, Oy, Oz, respec- 
tively. 

Therefore spin can be resolved like a vector, if the direction of this vector is 
the axis of the spin, and its length proportional to the spin. 

In general a body may be said to have simultaneously two spins about any 
two different axes, if every point P of the body has a velocity which can be 


represented by the sum of two expressions of type (A). The Oz-component is 
then 


Q, 
(A) 


— 03Y + @2%—@3 Y + @2 2, 
or = (@3 at @3 ) z+ (@2+ @: ) y. 
Thus the body is really spinning about an axis and with a spin which is the 
_ resultant by the parallelogram law of the components 

(1+), (@2+@2'), (@3+3'), 
which is identical with the resultant by the same law of (a) (@1, @2, @3) and 
(b) (@1', @', @3'), ze. of Q and 0’. 

Therefore spins may be compounded like vectors. 

The relation between the direction of rotation of the spin Q and the posi- 
tive direction of the axis denoted by (J, m, 2) is chosen to be such that @;, the 
spin about Oz, is positive when it tends to rotate the axis Oy towards the axis 
Oz, The same statement is true of the other components when the letters 
(a, y, 2) are cyclically interchanged. 

Again suppose that a body, moving about a fixed point 0, has an instan- 
taneous axis at ¢=¢). If two lines fixed in the body have positions O7,, OT, 
at time ¢ and O7;', OT, at time ¢), and if 

TOT =T,0OT,+0{|t—t|} 

the aciadanenia axis must lie in the plane 7, 07>}. 
* Routh, loc, cit, Art. 217. The necessary extension of this article is obvious. 
+ Routh, loc. cit. Arts. 230-232. 


{ The reader should draw a spherical figure, and apply the sage Properties 
of the instantaneous axis. 
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This completes the properties of the spin and instantaneous axis that are 
required. We want one more property, the analogue for three dimensions of 
3°601, concerning the true rates of increase of a vector defined with respect to 
a system of moving axes, 

Let (2, y, 2) be the vector components (functions of 4) referred to moving 
axes whose motion may be resolved into spins (6, 62, 63) about the instan- 
taneous directions of these axes. Let (x’, 7’, 2’) be the differential coefficients 
of (#, y, 2) with respect to ¢, and 

Dx/Dt, Dy|Dt, Dz|Dt 
the true rates of change of the vector components in fixed directions coinciding 
with the instantaneous directions of moving axes. Then* 
Da|Dt= 2x! — yO; +262, 
Dy/Dt=y/ — 26, + £63, 
Dz/Dt=7 — x6,+y6\. 

This completes the account of the kinematics of a rigid body, so far as 

required for the discussion of a twisted curve. 


§ 3620. The curvature and torsion of a twisted curve. Frenet’s 
formulae. The set of fundamental axes associated with a point P of a twisted 
curve are :— 

Axis (1). The tangent to the curve at P, drawn in the direction of s in- 
creasing. This direction may be arbitrarily chosen for s. 

Axis (2). The principal normal at P, which is the line through P, in the 
osculating plane, normal to the tangent at P. The positive direction of the 
principal normal may be chosen arbitrarily. 

Axis (3). The binormal at P, which is the normal through P to the oscu- 
lating plane, drawn in a direction such that the two triads, P123 and Oxyz, are 
of the same type, z.e. can be placed so that the positive directions (P1, P2, ESp 
(Ox, Oy, Oz) respectively coincide. 

Referred to axes Owyz let (2;, m,, 2.) be the direction cosines of the tangent 
P1, (lz, m2, mz) the direction cosines of the Principal Normal P2, (3, ms, 3) 
the direction cosines of the Binormal P3. 

The twisted curve is assumed to be given in the form 

r= (8), yY=h2(8), 2=hs (8); 
and ¢y’, $2’, p3' are not simultaneously zero. 

If $1", po”, 3” exist, and s, for the sake of the kinematic analogy, is re- 
garded as the “time”, the triad P123, regarded as a rigid body, has an in- 
stantaneous axis, which lies in the plane P13, z.e. normal to P2f. 


* Routh, (Advanced) Rigid Dynamics, Vol. 11, pp. 1-4. 

+ The directions of P123 may be defined in terms of ($,’, po’, p3') and ($1, $2'", $3"”). 
Hence the instantaneous axis exists. By the theorem of Ex. 198, if Q1’ is the 
direction of the tangent at Q, and PQ =6s, the angle between P3 and Q1’ is 37 + O (6s)”, 
and the statement above follows from the last property of the Instantaneous Axis 


established in § 3°610. 
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The angular motion of the triad P123 may therefore be represented by 
spins —1/r, 0, 1/p about the axes 71, P2, P3. It therefore follows that, if P, 
@Q are two points 6s apart, 5 the angle between the tangents at P and Q, and 
de the angle between the osculating planes or binormals at P and Q, and if 
also (,'", de”, 3”) exist, then 

hae a Lt papas 1 
8s—>0 58 Pp 8s—y»0 88 cf 
We define 1/p and 1/r to be the curvature and torsion of the curve at P. 

The direction cosines of the axes of reference Ox, Oy, Oz referred to the 

moving system 7125 are respectively 


(1,, la, 13), (M1, Mo, M3), (Ny, Ne, Ns). 


These directions are fixed in space and therefore, for example, (;, 7s, 7,) are the 
components of a constant vector. Therefore 


Dl, Dig-— Dmg Dn, _ 
GAG Pipe AR ee i 
Tt follows at once that 
We _d ty 
(3°621) Osean: a} 
aa, _dl, ts ky 
: _ dl, ly 
(3°623) soatee =a 


with similar expressions for the m’s and 7’s. These are Frenet’s Formulae. 
In conclusion we shall establish a few of the more important formulae for 
p and r which follow from Frenet’s formulae. 
Since 37;?=1, 37,/,=0, where 5 refers to summation over the letters (7, m, 2), 
with similar formulae for other suffixes, we have at once 


1 dl,\2 2a? 

3-624 bake {Ve (Ga) 

p” & ayy, z\as? }? 
1 _ /dl,\? 
(3625) a-2(Q2) 
lL dl, di 
(3°626) tee 


Again, since (/3, m3, 3) ave the direction cosines of the normal to the oscu- 
lating plane, it follows from Ex. 19, that 


0, eas Ms aes. Ng 
My Ny Ny i ly my, re 
my ny’ Re ty, qd,’ mm,’ 
" 


< she 
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for the triad P123 or (1,, my, 1), (lz, mg, 9), (Is, Ms, Ns) is of the same type 


as Oxyz. Dashes denote differentiation with respect to s. Therefore 


i yer , a | , | | , 1% 
hen y= 3lyp'| m, m |+p3l| m mm |=p| 4! mi ny’ | 


| my’ ny’ | my" ny" 


Hence 
(3°627) ° | 


| 
| dy my’ my’ 
| 


| 
| 
| 


§ 3°70. Evolutes and involutes*. From here onwards we shall 
need to assume more than the existence of p, and shall therefore assume 
the existence and continuity of all differentials or derivates that are 
mentioned. It is easy to see that, for the curve y=/(z), the continuity 
of dp/ds is equivalent to the continuity of /’’(2), and so on. Such 
details are here of no great interest or importance. 

Derrinitions. The evolute of a given curve is the locus of its centre 
of curvature. Any curve which has a given curve for evolute is called an 
involute of the given curve. 

Thus a given curve is an involute of its evolute, but we shall see it 
is only one of many. 

We shall make a rule of using capital letters for ta etc. belong- 
ing to the evolute, X, Y, P, 8, ¥, L, M, L’, MW af required) having the 
same meanings for the evolute that a, Y, Ps 8, W, J, m, U', m' have for the 
original curve, and all letters referring to corresponding points. Now 


we have X=a+l'p, Y=y+m'p. 
Therefore reach: SP ESE 
= dax + Vdp + pdl’=Tdp, 
(3°701) i Y =dy+m'dp + pdm'=m'dp, 
so that 
(3°71) (dS) = (dp). 


So long as dp does not change sign, we can choose a suitable direction 
in which to measure S on the evolute, and have 


(3°711) dS = dp*. 


* Picard, Traité d’ Analyse, 2nd Ed., Vol. 1, pp. 350sqq. We shall in future refer 


to this book as Picard. 
+ This is of course an exact relation. 
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Now we have as usual 

(Gul) aX = Ld8, dY = Mads, 
and ag a consequence of 3°701 and 3°712 we see that L=/, M=nm’. 
We have thus established the following properties. 

THEOREM 3°72. The evolute touches each normal at the centre of 
curvature. 

Turorem 3°73. The arc of the evolute, corresponding to an are of the 
original curve for which p constantly increases or decreases, is equal to 
the difference of the radii of curvature touching its eatremities. ; 

The last theorem follows at once by integrating 3711; for we thus 
get S=p-+c, where c is a constant. 

It follows at once from 3°711 that every plane curve whose curva- 
ture is constant is a circle, for, since (dS)? = 0, the centre of curvature at 
one point is the centre of curvature at every point of the curve. There- 
fore every point of the curve lies on a fixed circle, 

A formula for P is easily found. For we have 

P = (dS/a¥) = (dp/d¥), 
and it is evident that |d¥|=|dw|. Hence, without regard to sign, 
. dpds dp 
(3°74) mg AS, TTI 

The converse of Theorem 3°72 is also true. 

THEOREM 3°75. A curve which at every point touches a normal to a 
given curve T is the evolute of T (or part of it). 

This is, properly speaking, a particular case of Theorem 5°32 on 
envelopes, but a direct proof is easy. For if'a normal to I’ touches the 
curve at (, then C is the limit of the point of intersection of neighbour- 
ing normals, and therefore a centre of curvature of T. Hence all points 
on the curve are centres of curvature of I', which proves the theorem. 

§ 3°80. THEOREM 3°81. Joa given curve there belong infinitely many 
involutes. 

Let P (2, y) be a point on a given curve, and Q (g 7) a point on the 
tangent at P such that PQ=-—(s+q), where a is any constant. Then 

€=a—-(s+a)l, dé=-(s+a)di, 
n=y—(st+a)m, dn=-(s+a) dm, 
and therefore dé: dn=I:m', 


so that the tangent at @ to the locus of Q is parallel to the normal at 
P; i.e, QP is the normal to the locus of @ at Q. Hence the given curve 
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Q (En) 


Fig. 11. 


touches all the normals to the locus of @, and each of its points is a 
point of contact with some normal. Therefore, by Theorem 3°75, the 
given curve is the evolute of the locus of @, which is therefore an in- 
volute. It is clear that we get a new involute for each value of a. 

The following mechanical description of the involute is of interest. 
Suppose that a thread, inextensible, perfectly flexible, and without 
thickness, is wound tightly round an are of the curve, leaves the curve 
along the tangent at O, and ends on any chosen involute at @,. If the 
thread be then unwound off the curve, being always kept tight, the end 
will describe the chosen involute. For when the thread leaves the curve 
at P, and the end is at @ along the tangent at P, we have 


QP - Q,0 =are OP, 
and therefore @ is still on the involute through @. Hence the end 
describes the chosen involute. 


EXAMPLES II 


(1) Prove that, with due regard to sign, 
p=rdr/dp 
in all cases, p and r being the tangential-polar coordinates of the curve. 
[Lamb, Jnfinitesimal Calculus, 2nd Ed., pp. 401-402. ] 
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(2) By drawing the normals at points PQR such that are PQ=are QR=ds, 
prove that the evolute touches the normals and that 
dS= dp. 
[Let Y,X, be the mid-points of the ares PQ, QF, and C,C, their centres of 
curvature; then C, is represented with an error 0 (és)? by T,, the intersection 
of normals at P and Q, and C, similarly by T,, the intersection of normals at 


@and R. Hence TT, ~ C,C,, and TT, tends to parallelism with the tangent 
to the evolute at C,. Hence the theorem. } 


(3) Taking the tangent and normal to a curve as the axes of x and y, and 
measuring s from the origin in the direction of x increasing, prove that 


L=3— si( 3), +0 (s4), 


dy 88 /d?p i 
Ye = (St), +3 (qe Bey. 
In particular if 


( w) e #) % dy 
\ds MAIS = (G1),7 3 Ys 
(d’y/ds")) +0, and d"*1y,/ds"*! continuous, then 


ag gar tl dy 2 ee 
tie Qr (4r2 —1) eae ) +00 ™ 
Si ess, (5), , 


[We have «= r cos ds, y= YL sinyyds. Expand these expressions by 
0 0 


Taylor’s theorem, remembering that »=0.] 


(4) If P7, QT are the tangents at P and.Q, meeting in 7, and the condi- 
tions of the latter part of (3) hold at P, then P7/QT—>r as Q—> P. 
[Use the result of Example (3) above.] 


(5) If PT, QT are the tangents at P and Q, meeting in 7; the circle PQT 
has, as its limit as @—> P, a circle of radius }p whose centre lies on the 
normal at P. 


[If the normals at P and Q meet at X, PQTK are concyche.] 


(6) If 7, 72, 75 are the three points of intersection of the tangents at 
P, Qi, Q2, the circle 7 7, 73 has, as its limit as Q;, Q aa, a circle of radius 
tp whose centre lies on the normal at P. 
[Use Theorem 2°624.] 
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CHAPTER IV 
THE THEORY OF CONTACT* 


$410. The distance from a curve of a point near it. If two 
curves have a common point P, it is a matter of some interest in itself, 
and of vital importance for further developments, to investigate how 
close the two curves lie to one another in the neighbourhood of P. 


Qy 


Q2 
af 


Fig. 12. Fig. 13. 


More precisely, it is required to determine the order of Q,Q, (Fig. 12) 
when @,—>P and @.—P, i.e. when Q, P and @,P are small lengths 
of the first order of smallness. With this object in view we proceed as 
follows. 

We take the curve in the form 


Fs (a, Y) =0, 
and suppose that P (a, b) is an ordinary point of the curve, ¢.e. that 
f, and jf; are not both zero. Let Q be any point (a, y) near P, not on 
the curve, and Q’ any point (2’, y’) near P on the curve, so that 


I (a b)=f(2', ')=0. 


* d.1V.P., Vol. 1, p. 396 (on whose exposition our treatment is based); Picard, 
Vol. 1, p. 342; Goursat, Vol. 1, p. 530; Jordan, Vol. 1, p. 417 (a treatment which in- 
cludes complex points and curves). 
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Let the length and direction cosines of QQ’ be o and (/, m). We 
proceed to determine an asymptotic formula for o valid as Q—P. 
We assume that f(a, ) has as many continuous differential coefficients 
as may be mentioned. At present our requirements are second order 
differential coefficients in the neighbourhood of P. We have 

v=atle, y=y+mo, 

0=f(a+lo, y+ me), 

=f (@ y) +o (Ye +mfy)*, 

where € is some number between x and 2’ and 7 some number between 
yand y'. Now when Q— FP in any manner, / and m remaining constant 
and equal to J, and mp, or satisfying the relations /—» 1,, m —» m, we 


ave F(a, y) F(a, b) =0, 
(4:101) Ye + mf ho fa + mor - 
If therefore lta + MoJo +0, 


i.e. if QQ is parallel to, or tends to parallelism with, a fixed line Z 
not parallel to the tangent at Pt, then 
(4°102) o— 0, 
as QP. 
Again we have 


i) 


=f (a, y)+o Yo + mf) + 0 (0°) f, 
=f(a, y) +o {fi +m sf,)+0(1)} 
by 4°101 and 4°102, and, since 
ee ACD) 
lof + Mofo’ 
as @—> P. We can therefore enunciate the following theorem. 
THeoreM 4'11. Jf P ts an ordinary point on the curve f (a, y) =0, 


and o is the distance from a neighbouring point Q (a, y) to the curve, 
measured parallels to a straight line not parallel to the tangent at P, then 


o~ Af(a, y); 


we have o 


where A +0\|,as QP. 


* By Taylor’s Theorem, for n=1. : 

+ This condition is sufficient (but not necessary) to ensure that c —> 0. 
+ By Taylor’s Theorem, for n=2. 

§ Or, ‘in a direction that tends to parallelism with’. 

| Or, in the notation of Orders of Injinity, p. 2, 


oF (x, y). 
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The following alternative form may sometimes be more convenient. 

THroreM 4°12. If o is the shortest distance from Q to the curve, the 
other conditions of Theorem 4°11 remaining unaltered, then 

oe—f(a Nf + A, 
as QP. 

If QQ’ is the shortest distance from Q to the curve, it is easily 
proved that Q@ is normal to the curve at Q@. As QP, o-0, and 
therefore Q’—P, so that the direction parallel to which QQ’ is 
measured tends to parallelism with the normal at P. Hence 


Ifa (fa? + fi, m—ofy (fic + 92, 


and the theorem follows at once. 


§ 4:20. Definition of contact of order ». We now make the 
following definition. 

Derinition*. Two curves that have an ordinary point P in common 
are said to have contact of order n at P, if the distancet of a point Q 
of one curve from the other is of the (n+1)th order of smallness com- 
pared to QP. 

They may be said to have contact at least of order n if the 
distance is at least of the (n + 1)th order of smallness compared to QP. 

Another way of stating the same thing is, of course, to say that if 
o is the distance in question, then 

oo (QP), 
or in the second case Tae {OP ye, 

Suppose that the curve on which @Q is not taken has the equation 
J (a, y)=0. Then the results of the last section may be expressed as 
follows. 

TuroreM 4°21. The necessary and sufficient condition that the two 
curves should have contact of order n at the point P is that, when the 
coordinates of Q are substituted for x and y in f(a, y), the expression 
F(a, y) should satisfy the relation 

(4°211) F(a, YSPO™, 
as Q— P along its curve, 

* Tt should be observed that the definition as it stands needs justification, for it 
defines a property symmetrical with respect to the two curves in terms of an un- 


symmetrical property. But it will appear that the conditions of contact are sym- 
metrical, so that @ may be taken on either curve, which affords the necessary 
justification. 

+ Distance may be taken to mean either (1) shortest distance, or (2) distance 
measured parallel to a line not parallel to the tangent of the other curve at P. 
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The following special cases are of the greatest importance. 
I. Suppose that @ lies on the curve 
x=, (2), Y = de (2), 


I (@, y)=9, 
that P is the point of parameter ¢, on Q’s curve, and that P is an ordinary 
point on both curves, Then, if @ is the point of parameter f, 
PQS |t- to], 
as @— P or t->t). Following the general rule, it is necessary and 
sufficient for contact of order » that 
Siti), $2 (Of | t-te |". 
Writing S (b (4), b2(O)} = P(e), 
and applying Taylor’s Theorem, it appears that if @(¢) has n+1 
continuous differential coefficients at t=), the necessary and sufficient 
conditions for contact of order n are that 
(4912) €{4,) =O @,) =. = 20.) = 0; 08 (4) 0. 
II. In particular suppose that the two curves are 
y=h(@), ¥=S2(@): 
If we take the latter for Q s curve, and #=¢ as the parameter, then 
%(t) =f: (@)-A(a); 
and, if the parameter of P is a, the necessary and sufficient con- 
ditions are 
(4213) S2(®0) =fi (0); Ja’ (#0) =f’ (0); 
Sa (@0) =A @o)s Fa" (@o) +A” (Xp). 

It should be noticed that these conditions are symmetrical with 

respect to the two curves. Moreover this form of equation is perfectly 


general unless the tangent to the curves at P-is parallel to the axis 
of y. But in this case the equations may be given in the form 


& =S\i (y); x =So (y)s 
- leading, as before, to symmetrical conditions. It is therefore a matter 
of indifference on which curve @ is taken, and the symmetrical form of 
our original definition is justified. We note in passing the folowing 
theorems. 

THrorem 4°22. Two curves which have contact of order n (i.e. of 
order n and of no higher order) at a point P cross or do not cross at P 
according as n is even or odd. 


that the other curve is 
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THEOREM 4°23, Two curves which have contact of order n with a 
third curve, have contact at least of order n with each other. 

The preceding treatment does not apply directly to the case of two 
curves whose equations are both given in parametric form. As this case 
seldom occurs in practice, and the preceding discussion is theoretically 
complete, we shall content ourselves here with a reference to Picard, 
Vol. 1, pp. 342 sqq. The case of the two curves F(a, y) =0, F.(a, y) =0 
is considered by Jordan, loc. cit., p. 420. 


§ 4°30. Osculating curves. Given a curve and an ordinary point 
P thereon, and any family of curves depending on 2 + 1 parameters, say 

(4°301) JE, Oye Os, 5. Og) = 0, 
suppose that a member 7’ of this family is chosen by determining the 
parameters so that 7’ has contact of the highest possible order for the 
family with the given curve at the point P. Then 7 is said to have 
osculating contact with the given curve at the point P: the two curves 
are also said to osculate or to be osculating curves. 

Suppose that the given curve is 


a $; (), y es $2 (¢), 
and that P is the point ¢,. The conditions for contact of order m at the 
point P are by 4°212 
® (f)) = © (f,) =... =O (Hh) =0, BY (t,) +0, 
where > ® (t) =f {d1 (4), 2 (€), Ais Gay +++) Angi}. 

In general these n+1 equations will be just sufficient to determine 
the n+1 parameters in the equation of the family (not necessarily 
uniquely); and in general it will not be the case that, when the a’s 
have been so determined, ®'* (¢)=0. Therefore im general the curve 
(or curves) of the family f 

(4°301) J (@, Y, Uy Aa, ++, An+1) =0 
that has (have) osculating contact with a given curve at the point P, 


has (have) contact of order n at that point. 
The parameters of an osculating curve q are determined by x +1 


equations which written in full are 
ke (Ge, yy Ue, +++ Qn+1) eS 0, 


A (4-302) ®' (ty, A, A, er Gni1) = 0, 


OM (ty, 1, Ua, +++, (n+) =0, 
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We shall denote a possible set of real values of the parameters, satis- 
fying these equations, by a, o2, .--, Gai, and the corresponding 
osculating curve by 7. Suppose now that K is a curve of the family 
which passes through P*, and m neighbouring points on the given curve 
whose parameters are t,t, t, ---,t,. The parameters (a’s) must 
satisfy the equations 

(4°3038) Di Oreos Ung) HU, AP =O, Iyer 
Without loss of generality we may suppose that t,<#,<...<t,. Then, 
by Rolle’s Theorem, there are at least m distinct values of ¢, between 
t) and t,, for which ® (t, a, >, ---, @nzi)=0; by a second applica- 
tion of Rolle’s Theorem there must therefore be at least 2 —1 distinct 
values of ¢, between ¢, and ¢,, for which ®” (¢,, @, 2, -.-, Angi) = 0, and 
so finally at least one value of ¢, between ¢, and ¢,, such that 
DT (i ai; Gay se) Wage) = 
The system of equations 4°303 may therefore be replaced by the equi- 
valent system 
© (ips Ole Gy, area ees, 
(4304) B' {(do + p41), Oy, Uay +++, Ongrt = 9, 


ee ee ee ee ee rt 


B") {(t)+ Mn), My, Ag, wee Onsit =0, 
where (4, fe, «5 fn —? 0 as h, te, .., tpn —> hy Vie_OS 


OF Os ee Gs OF 
The equations 4°304 may be regarded as a system of m+ 1 equations 
determining the a’s as functions of the p’s. If the Jacobiant of this 
system does not vanish when 
Pa = Pa = ee = Bn =0, GQ =O), ---, Angi = Angi, 
that is in general, the system 4°304 determines a unique set of functions 
@,, 95; .»», Onai, Such that 
ay =a, + 0,,-(r=1, 2, ...5 n+1), 
and 6, is a function of, po, -.-, fm, Teal and continuous when 
pp | SOK = See): 
and such that 6,—>0, (r=1, 2,...3 2), 
when fis Pas oo ee 0. 


* It is convenient to take this form of hypothesis, but not necessary. K may be 


taken to be a curve through Q;, Qs, ..., Ooi n+1 points near P, and Q1, Qa, ..., Qaia 
made to tend to P. 


+ Goursat, Vol. 1, Chap. m1, in particular, pp, 96-97. 
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It follows that, if Q,, Qs, ..., Qu bé sufficiently near P, a unique* curve 
K of the family can be drawn through P, Q,, Qs, -.., Q,, which is such 
that, when Q,, Oo, ..., Q, »P, K has the limit 7. 

In particular if the parameters appear in f(a, y, a, -.-, Uy) in 
such a way that o, a, ..., 4,4; are determined uniquely by the con- 
ditions for contact of order n, as is usually the case in practice, the 
curve K will be genuinely unique and tend to the unique limit 7. 

With the reservations that the foregoing analysis has disclosed, we 
can enunciate the following theorem. 

THEOREM 4°31. Jn general, the member of the family 4'301, which 
has osculating contact with a given curce at P, is a limit of curves of 
the family which pass through P and n neighbouring points on the given 
curve. 

This theorem enables us to attach a meaning to, and renders per- 
missible, the use of such statements as “Two curves cut at P in 
n coincident points”, statements which are formulated for the sake of 
generality, ¢.g. in order to enable us to say that any two conics have 
four common points real or complex. Their permissibility being 
established, such statements are frequently useful and illuminating. 


§ 440. Examples of osculating curves. We have defined a tangent at 
Pas the limit of the chord PQ when @—>P. Since any straight line can be 
put in the form av+f8y—1=0, the osculating straight line at the point P is 
by the last theorem the tangent. 

We can of course arrive at this fact directly as follows. Suppose the 
given curve is 

r= h1(t), Y= ho (t): 
then ® (t) Sag, (t)+Pp2(t)-1; 
and the conditions for first order contact at f are 
ads (to) + Bps (to) —L=0, adr’ (to) + Boz’ (%)=9, 
so that the osculating straight line is 
£ y il =o 
$i (to) a (to) 1 | 
1 (to) 2’ (to) 0 
which is the tangent. It should be remembered that, ¢) being an ordinary 
point, dy’ (é) and ¢4' (f) are not both zero. 


* It must not be supposed that K is necessarily the only curve of the system 
through P, Q,,... Q,- K is the only curve of this nature whose parameters are 


“nearly equal to the a’s”. 
- : 4—2 
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We should also observe that in general the curve does not cross its 
tangent. If however it happens that the contact is of the second order at to, 
z.e. if also ady” (to) + Bobs" (to) =0, 
ees fi (to) 2’ (4) |=0, 
pr" (f0) pa!" (to) | 
so that ¢) is a point of inflexion, the curve will, in general, cross its tangent. 

In §§ 3:10, 3:20 we defined the circle of curvature at a point P(t) and 
proved that, if ¢,” (¢) and ¢»" (t) are continuous at ¢,, the circle of curvature 
is the limit of a circle passing through P and any neighbouring points Q, and 
Q,, when @,, 2 P. The equation of any circle can be put in the form 

(w= a)?-+(y—b)2— K2=0, 
and a, b, R? are determined uniquely by the conditions of second order 
contact, except at a point of inflexion*. 

It follows from the last theorem (as for a tangent) that the circle of 
curvature and the osculating circle are identical. 

Or directly, for the curve y=/ (x), supposing that f” (x) +0, we must have 


(v-a?+{f (x) — bP — =0, 


(4°41) v—atf’ (x) {f(x)—b}=0, 
1+f? (7) +f" (x) {f(x) — B}=0, 
BG eres ed 
so that f(#)-b= 7’)? 
gut (MF? @)} 
Bere ie Irs. 


R= +f (aii f"2(2); 
which agree with the equations of § 3:10. We notice that the circle of 
curvature has in general second order of contact, and therefore crosses the 
curve except at points at which, besides 4°41, the equation 
; of fe +f" (f- b)=0 
is satisfied. These are the points at which 
(442) sf’ (1+) f"=0; 
and it is easily verified that 4:42 is the same as dR/ds=0. 
A direct corollary of Theorem 4:23 may be noticed, namely that two 


curves which have second order contact at any point have the same osculating 
circle at that point, and so the same radius of curvature. 


§ 4-430. Extension of the theory of osculating curves. In § 4:30 we 
defined those members of a given family of curves which have osculating 
contact with a given curve at P, and showed that, in general, any such 


* At a point of inflexion the tangent has second order contact and the curvature 
is zero. This may be conveniently expressed by saying that “the radius of curva- 
ture is infinite and that the circle of curvature is the tangent”. 
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osculating curve is the limit of members of the family which have n+1 points 
of intersection with the given curve, when these n+1 points of intersection 
tend to P. This property may be extended as follows. Let 
(4431) G (Ly Ys By) Ae, 0.64 Any) =O 
be a family of curves, depending on »—X parameters, all of which curves 
have contact at least of order A with a given curve x=, (6), Y= (Ft), at the 
point P(¢,). Then, as before, we say that the osculating curve* of the family 
is that member of the family which has contact of the highest possible order 
with the given curve at P. This osculating curve* will, in general, have 
contact of order » and, if 
® (t)=¥ {hy (2), Pot), 1, Gay «++y In=ahy 
the conditions for contact of order n which determine the a’s are 
(4-432) EAT) (4)=0, (r=1, 2 ..., 2—D)- 
It will be observed that 
® (ty) =8() (t))=0, (r=1, 2, ..., A); 
for all values of the parameters, since all members of the family have contact 
at least of order }. We can now argue exactly as before in § 4:30 and arrive 
at the following theorem. 

THEOREM 4°433. Jn general, the member of the family 4:431, which has 
osculating contact with a given curve at P, has contact of order n with the given 
curve, and ws the limit of curves of the family which [have contact of order 
d at P and] pass through n—» points on the given curve in the neighbourhood 
of P. 

As an example, the foregoing theorem maybe used to identify the 
Newtonian circle of curvature with the osculating circle. The Newtonian 
circle of curvature (§ 3°40) is the limit as @ > P of the circle touching a given 
curve at P and cutting it at Q. The foregoing discussion shows that this limit 
is a circle with second order contact with the given curve at P, that is, as 
’ such a circle is unique, the osculating circle. 


§ 4:50. Similar problems in three dimensions. ‘The treat- 
ment of the distance of a point Q from a surface 
ai (a, Y; Z) =0, 
when Q is near an ordinary point P of the surface, is substantially the 
same as the treatment for plane curves. We obtain the following 


theorem. 
TuroreM 4°51. If P (a, b,c) is an ordinary pointt on the surface 


sf (a, Y; 2) =0, gre 
and o is the distance from a neighbouring point Q (a, y, 2) to the surface, 


* Or, curves. 
+ That is, a point such that f,’, fy’, f,' are not simultaneously zero. 
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measured parallel* to a straight line not parallel to the tangent plane 
at P, then o~ Af (a, y, 2) 
where A +0, as Q—>P. 
Under the same conditions, if « is the shortest distance, 
2; a 
ou—f(a, y, (fa? + fot fe")? 
as QP. 
On the other hand, a slight complication is introduced into the 
treatment of a twisted curve 


Sees Y; z)=0, g (a, Y; z)=0 

by the fact that there are two equations. Defining P, Q, Q’, and 
(1, m, n) as in § 4°10, P and Q’ lie on both the surfaces f= 0 and g=0, 
and @ lies off at least one surface, say f=0. It is moreover assumed 
that QQ’ is not parallel to, and does not tend to parallelism with, the 
tangent to the twisted curve at P. If P is an ordinary point, and 
(u, v, w) are the direction cosines of the tangent to the curve at P, 
(u, v, w) satisfy and are determined by the equations 


(4°511) Ufa + My + wf =0, Ua + LF, + WG = OF. 
Since by hypothesis (/, m, m) or the limits of (/, m, 2) do not satisfy 
the relations 
u/l=v/m=w/n, 
at least one of the expressions 
a + ify + rfc, ga + mgr + nge 
is not zero, and does not tend to zero; in particular if Q lies on g =0, 
but not on f= 0, 
fd + mfy + nf. + OF. 
We then prove that « — 0, and then that 
I (a, y, 2) + 0 {fe + mf + nf! +0 (1)}=0, 
9 (&, Y, 2) + 0 {lga + mg + ng: +0 (1)} =0. 
* Or, in a direction that tends to parallelism with. 
¢ Since f=0 and g=0 do not touch at P. Points at which f=0 and g=0 touch 
cannot be regarded as ordinary points on the curve of intersection. The equations 
f=0 and g=0 may be regarded as a pair of simultaneous equations determining say 
« and y as functions of z. Such a determination requires that the Jacobian 
a (Ff, 9)/2 (2, y) 
should not vanish. At a point of contact of f=0 and g=0 all the three Jacobians 
(Ff, NlO(zy), F(A N/A (y, 2), O(F g)/A (2, a) 


vanish and no pair of coordinates can be determined by the usual theorems as func- 
tions of the third, 
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We thus have two expressions for o of which dhe at least gives an 
intelligible result. x 

If for example, /g,'+ mg,’ + ng,’ is equal to or tends to 0, g (a, Y, 2) 
will be of a higher order of smallness than f(a, y, 2) [z.e. g/f— 0], and 
then « ~ Af (a, y, 2) is correct and ¢ ~ Ag (a, y, 2) is false. We sum 
up in the following theorem. 

THEOREM 4°52. With the notation of Theorem 4°51, the distance ¢ 
Jrom an ordinary point of the curve 

F(a, y,Z)=0, g(#, ¥, 2)=0 
satisfies whichever of the relations 
oF ~ Af (a, Y Z), g ~A'g (a, Ys z) 
gives a yreater value to o (i.e. the lower order of smaliness). 

We can now extend our definition of contact of order 2 to any pair 
of curves plane or twisted or to a curve and a surface. They are said 
to have contact of order n at a common point P if the shortest distance 
JSrom a neighbouring point Q on one curve to the other curve or to the 
surface is of the (n+ 1)th order of smallness compared to PQ. 


§ 4°60. Contact ofacurveandasurface. Osculating surfaces. 
After § 4°50 the following statements offer no difficulty. 

THEOREM 4°61. The necessary and sufficient condition that a curve 
and a surface f (x, y, 2)=0 should have contact of order n at a common 
point P is that, when the coordinates of a neighbouring point Q on the 
curve are substituted for (a, y, 2) in f(a, y, 2), F(a, y, 2) should be of 
the (n " 1)th order of smallness compared to PQ. 

If the curve is given by 


a= (t), y=d2(t), 2= $s (0), 


and P(t)=f{hi(t), g(t), bs}, 
and P is the point ¢, the above condition reduces to 
(4°611) ® (t)) = ® (4) =... =O" (4) =0, 


together with the inequality (+) (¢)) +0. 

By taking z=/ (a, y) for the surface and z=/2(x), y =/:(@) for the 
curve, we can prove that if a curve has contact of order n (and so of 
no higher order) with a surface, it crosses or does not cross the surface 
according as n is even or odd. 

Given a surface depending on » +1 parameters, we can define the 
osculating surface to a given curve at a given point, and prove that it 
is in general the limit of surfaces of its type which intersect the given 
curve at P and n neighbouring points. 
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§ 4:70. Contact of two twisted curves. Osculating curves. 

Suppose one of the curves is given in the form 

F(a, y, 2)=9 9 (@, y 2) =; 
and consider an ordinary point P. The reader can easily prove the 
following theorem. 

TurorEM 4°71. The necessary and sufficient conditions that two 
twisted curves, one of which is given by f(a, y,2)=9, 9 (4%, %; ) =), 
should have contact at least of order n at P* is that, when the coordinates 
of a point Q on the other curve are substituted for (a, y, 2) in f(a, Y, ) 
and g(a, y, 2), both these expressions should be of the (n+ 1)th order of 
smaliness at least compared to PQ. 

Tf the contact is of order n, one at least of f(a, y, z) and g(a, y, 2) 
must be of the (n + 1)th order of smatiness exactly. 

If the other curve is given in the form 

w=(t), y=¢2 (4), 2=43(8), 
and ® (t) =f iv; (6), coy) (¢), ds (@)}, 
¥ (¢) = g {hi (2), d» (4), ds (é)}, 
then these conditions reduce to 
‘ G,)= Oo (G) =... = Sy =0, 
V(t.) =V' (t,) =... =¥ (4) =0, 
while one at least of 


(4°711) 


@ (2+) (to), Wes) (€) 


is different from zero. Therefore there are exactly 2n+2 conditions to be 
satisfied in order that two twisted curves may have contact of order x. 
By considering two curves whose equations are given in the form 


y=h(@), %=h(@); 

Y=Nn(2), 2=92(2), 
we can show that the conditions of contact are symmetrical with respect 
to the two curves ; for the conditions for contact at least of order x at 


Xo are 
(4°712) | Si (20) = 1 @o)s A’ (0) = 9! (@a)y +9 A (aa) = gal” (x0); 
Ja (0) = 92 (0); A’ (a0) = Ga (@o)y +++; Fa (@o) = ga (a0). 
These conditions may be stated thust: The conditions for contact 
at least of order n at 2 are that y, z, and their first n differential 


* P must of course be an ordinary point. 


+ There is an obvious case of exception. We must naturally suppose that the 
tangent to the curves is not perpendicular to the x-axis. 
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coefficients with respect to a should be the same at 2, for both 
curves *, 

Given a twisted curve depending on 2n+2 parameters, we can 
define the osculating curve to a given curve ata given point, and prove 
that it is in general the limit of curves of its type which intersect the 
given curve at P and n neighbouring points. 

Given a twisted curve depending on 2n+1 parameters, we can in 
general only satisfy the conditions for contact of ordern—1. We then 
have a family of curves with contact of order » —1, but no curve with 
contact of order n. 


EXAMPLES III 


(1) The locus of the foci of parabolas which have second order contact at 
a given point of a given curve is a circle. 

[From Ex. II 6 deduce that, if p is the radius of curvature at any point of 
a parabola, a circle of radius $p touching the parabola at that point passes 
through the focus. All the parabolas and the given curve have the same circle 
of curvature. Hence deduce the theorem. ] 


(2) Find the locus of the centres of spheres having second order contact 
at a given point of a given curve. 

[The locus is a line parallel to the binormal through the centre of curvature. 
Use the results of § 3-620 to identify this locus, choosing the fundamental triad 
as axes of reference. | 


(3) If a surface S touches a plane P along a curve C, the tangent to C at 
any point has third order contact with S. 

[If C is y=f (x), z=0, the surface S in the neighbourhood of z=0 can be 
put in the form z=/'{y—f(x)}, #(0)=F" (0)=0, and we may suppose that 
f(0)=f' (0)=0. The tangent to C at the origin is s=t, y=0, z=0, and 

 (t)=0-F{0-f())}= -—3F" O/{FOP+O/).] 

(4) At each point J/ of a surface S, and through each tangent line to the 
surface at I, passes one (and only one) circle which has third order contact 
with S. Show that if J/ is not an umbilic there are in general ten circles which 
have fourth order contact with Sat J. 


[Darboux, Bulletin des Sciences Math., ser. 2, tome Iv, p. 348.] 


(5) Define the osculating plane (after chapter Iv) to a given curve at a 
given point. Show that it is unique, has in general second order contact with 
_ the curve, and is crossed by the curve. Show that this definition is consistent 
with previous definitions, e.g. that of Ex. I 9. 


* For the case of two curves both given in parametric form, see Picard, Vol. 1, 
p. 359. 
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An osculating plane having contact of a higher order is called stationary ; 
find the condition for a stationary osculating plane, and show that if all the 
osculating planes are stationary the curve is a plane curve. 


[d.1.V.P., vol. 1, p. 335, vol. 11, pp. 405 and 221.] 


(6) Define the osculating line and the osculating circle to a twisted curve 
and prove that they are the tangent and circle of curvature respectively, 
having in general contact of the first and second orders with the given curve. 


(7) If two curves have contact of order 7 at P, and Q, Q’ are two points, 
one on each curve, such that QQ@’<(PQ)"*1, show that PQ/PQ’—1 as 
QP. 

[Picard, vol. 1, pp. 342, 359.] 


(8) Find the conditions for contact of order 7 for the curves 


r=f (8), r=g (6), 
and use these conditions to obtain the tangent and the circle of curvature at 
any point of the curve. 


CHAPTER V 
THE THEORY OF ENVELOPES* 


§ 510. The definition of the envelope of a family of plane 
curves. Consider a family of curves depending on one parameter, vz. 


(5°101) I (@, J 4) =, 


where (2, y, 2) has as many continuous differential coefficients with 
respect to 2, y, and a as may be mentioned: usually the first two orders 
will be sufficient. We suppose further that any singular points on any 
curve (a)+ that may exist, é.e. points (@, y) satisfying f=/,' =/,' = 0, 
are isolated points. We proceed to investigate the way in which the 
curve (a) is placed with respect to a “neighbouring” curve of the 
system, @.¢. the curve (a+ 8a), where da is sufficiently small. 

Let M be a point (#, y) on the curve (a) which is an ordinary point 
of the curve, so that, for these values of a, y, and a, at least one of es 
J, is not zero. It follows that a region of values of a, y, and a can 
be determined including J, and containing no singular point of any 


PO. 1.V.Ps Voluatepn408¢ 
ft Ive. the curve f(x, y, a)=0, for which the parameter has a particular value a. 
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admissible member of the family*. The equation of the neighbouring 
curve is /(#, y, a+6a)=0, which can be written in the form 


(5°102) J (a, y, 2) + 8af,' + O (da)? = 0. 

The shortest distance o of MW from this curve satisfies the relation t 
o=Af(a, y, a+ da) (1+), 
where A +0, (z, y) are the coordinates of M/, and «0 when o 30. 
Since J is an ordinary point, it is easy to see that o> 0 when 8a 0, 
so that «—» 0-when da 0. Therefore, as 8a — 0, 
o ={Af,'ba + O (da) {1 +0(1)}. 

This distance will be of the second or higher order of smallness if 
and only if S06. 


An ordinary point on the curve (a) whose distance from the curve 
(a + 8a) is of the second order of smallness at least is called a 
characteristic point of the curve (a). These points are ordinary 
points at which f.’=0. It may happent{ that a curve (a) is entirely 
composed of characteristic points, but in general they will be isolated. 


Derinition. The envelope of the family 
S(&, Y a)=0 
is the locus of its isolated characteristic points. 
If there is an envelope, its points satisfy the equations 
(5°11) S=fa' =0, 
and the equation of the envelope must therefore be sought for by 


eliminating a between these two equations, or by solving them for a 
and y in terms of a and so obtaining the parametric representation 
w=a(a), y=y(a). 

The complete result of such an elimination or solution is called the 
a-discriminant of £ We cannot, however, be certain that any curve 
contained in the a-discriminant forms part of the envelope. For 
instance, it may be possible to satisfy both equations 5°11 by a value 
of a independent of w and y, and then the corresponding curve («) will be 


* T.e. there exists a 6 such that if 
|é-2|<6, ln-y|<6, |A-a] <6, 
it is never true that fe (fy, 4) = te (& 7, 4)=0. In this region of values of (x, y), no 
curve of the family whose parameter satisfies | 4 —a| <6 has a singular point. 


+ See Theorem 4:12. 
+ This and similar statements are illustrated by examples in § 5°20. 
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composed entirely of characteristic points. Such a curve will be in- 
cluded in the eliminant of 5°11, and so is part of the o-discriminant, 
but not part of the envelope. Again, suppose that the family contains 
a locus of singular points given by 2 =a (a), y=y (a), the point on this 
locus corresponding to a being a singular point on the curve (a). The 
coordinates (a, y) of these singular points satisfy the equations 

f=0, fi =0, fy =0. 
They also satisfy the equation obtained by differentiating the first 
equation with respect to a, vz. 

ax OY co ape 

Se da +fy da. +fa 0, 
where dz/da and dy/do are determined from the equations of the 
singular point locus. Therefore at all points of this locus, 

Ja =0: 

Hence any locus* of singular points of curves of the family will be part 
of the a-discriminant, and must be distinguished from the envelope. 
When, however, these two classes of curves have been identified and 


discarded, any remaining curve or curves obtained in the foregoing 
manner constitute the envelope of the system. 


§ 5°20. Examples. (i) Consider the family 
a?f+(2a+1) h=0, 
where f=0, h=O are the equations of any distinct regular curves. The 
equations to be satisfied by a characteristic point are 
af+(2a+1)h=0, 
af+h=0, 


which are satisfied by every point on the curves a=0, which curve is h=0, 
and a= -—1, which curve ish=f. Theeliminantis _ 


h(h—f)=0, 
so that in this case there is no envelope. 


* In general no such locus exists. Singular points of members of the family are 
all the points determined by the equations 


fHfr =f, =0. 
We have assumed that such points occur for isolated values of x and y for any given 
value of a. In general they will also occur only for isolated values of a, t.e, for 


isolated members of the family. It is easy to see by constructing examples that such 
isolated singular points may or may not lie on the a-discriminant. 
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f=(y-aP—2=0. 
The curve (a) has a cusp at (0, a) and therefore the 7=0 is a locus of singular 
points. But fa! = —2(y—a)=0, 
so that the eliminant is 2=0, 


which is the cusp locus, and therefore not an envelope. There is in fact no 
envelope. 


§ 5°30. Properties of the envelope. Suppose that the curve (a) 
is not entirely composed of characteristic points. In this (the general) 
case, the equations #=/,'=0 determine a number of isolated points 
(€, 7) on the curve (a) which are in general characteristic, but may be 
Singular points. Let (a, y) be any point of intersection of the curves 
(a) and (a + da); then w and y are determined by the equations 


(5°301) J (a, y, ©) =0, f(a, y, a+ 8a) =0, 
By an application of Rolle’s theorem, these may be reduced to the 
equations 

(5°302) S(@ H 2) =9, fa’ (@, J a+) =0, 
where 0<|p| </| 8a}. 


When »=0 the solutions of equations 5°302 are the points (é 7) 
specified above. In order, therefore, to prove that the limit, as da — 0, 
of any point of intersection (a, y) is a characteristic or singular point 
of f=0, it is only necessary to show that any solution of 5°302 deter- 
mining w and y as functions of », is such that a—é€ and y—>7 as 
p20. This necessary fact follows at once from implicit function 
theorems* if the Jacobian J of the system does not vanish, 2.¢. if 
Sais ag 1 EO, 
Jy Fay" 

when the variables (a, y, ) take the system of values (& 7, 0)T. 
Even if, however, J=0, it still remains true that w— € and yn as 
y»—» 0. Consider for example a characteristic point (g, 7) at which 
J=0. We may suppose without loss of generality that an arc of the 
curve f= 0 including this point can be put in the form y=g (a). Sub- 
stituting this value of y in fi’ we see that possible values of 2 must 
satisfy the equation 

(5°303) h(a, we) =Sa {x, 9 (@), a+ p} = 0, 

a Goursat, Vol. 1, Chap. 111, pp. 96, 97. 


+ The geometrical meaning of J+0 is that (é, 7) is not a singular point of f=0, 
or of fa’=0, and that the curves f=0 and fa’=0 do not touch at (é, 7). 
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where / (x, 0) vanishes for 2 =é It may be verified that the condition 
J=0 is equivalent to h,/=0. The point (é, 0) may perhaps be a 
singular point on the (a, ») curve*. But whether it is or not, h(a, 7) 
vanishes by hypothesis for values of » in the neighbourhood of »=0. 
We can, therefore, by the arguments of chapter vi, prove that there are 
one or more real branches of the (2, ») curve in the neighbourhood of 
(g,.0) such that 


Ci é + 6, (1), 
where 6, (2) > 0 as »—> 0. The corresponding value of y takes the form 
y = air 6, (H), 


where 6,(#)—>0 as »—> 0, and @,() is uniquely determinate when 
6, (%) is known. The proposition follows as before. 

We have so far excluded singular points of f=0. An examination 
of Example (11) above shows that the limit of a point of intersection 
may in fact be a singular point of f=0. Since, however, singular point 
loci are excluded from the envelope, we need not discuss this case 
further, admitting that it actually occurs. We have proved therefore 
that the limit of any point of intersection of neighbouring curves is an 
isolated characteristic (or perhaps singular) point. 

The converse-of this proposition is not always true. We shall coutint 
ourselves with proving it with the help of the explicit assumptions that 
J +0, and faa” +0t. We wish to prove that if (€, 7) is such an isolated 
characteristic point on the curve f= 0, and (a, y) a neighbouring point 
on the curve, then a value of da can be found such that 

I (a, ¥, a+ da) =0, 
and da—>0 as a—>» é and y > yalong f(z, y, 2)=0. Since J/+0, there 
exists a unique solution of the equations 
S(@ y, 2) =0, fa’ (a, y, 2+) =0, 
near (&, »), such that 
v='+6(u), y=n+ 0 (u), 
where 4, (4)—» 0 and 6,(#)—»0 as »—>0. Since faa” +0, 6 («) and 
0, (4) are not identically zero. Given a point (2, y) near (é, 7) on f=0 
we can therefore find a unique number py, near 0, such that 
Ja’ (X,Y, @+ py) =0. 
* The point will be a singular point when in addition 
hu! =faa"’ =0. 
+ When J=0 for all values of ge there may be an envelope in spite of the fact 


that neighbouring curves do not intersect. See § 5:50, We call points at which J +0 
and faa’ -+-0 completely ordinary points. See § 5:310. 


* 


THE THEORY OF ENVELOPES 63 


By an application of Taylor’s theorem ji’ (a, y, a+ 2) can be cast 
into the form 


(5°304) a (a -— é) (1+ €,) — bp (1 + &). 
In 5'304, y has been eliminated by using f=0; @ can only vanish 


with J and therefore a+0; 6 can only vanish with fu.” and therefore 
b+0; and «,«— 0 as x é and p> 0. 


Now since J (a, y, «)=0, 
Me 
F(@, 9, 0+ ms) = [Pl (a yy 0+ m) ds 


= Aply (vw — €)(1 +e) —Fbp2 (1 + &). 

Since 5304 must vanish for p= ,, a(a—&) and by will have the same 
sign, which may be supposed positive. It follows that, as », is unique, 
Sa (x, y, 4+) is positive when 0 <p» <p, and vanishes and changes sign 
at »,. Therefore f(a, y, a + »,)>0, while by taking p, sufficiently large 
we can ensure that f(a, y,a+p.)<0. At the same time the requisite 
value of #, can be made as small as we please by suitably diminishing 
|a—-é|. There exists therefore a value of 5a, such that 


f(a, y,0+8a)=0, (|p| <|8a|<|p|) 


moreover 6a—>(0 as w—»é, y—>7, and therefore the proposition is 
proved. We summarize this discussion in the following theorem. 


THEOREM 5°31. The locus of the limits of the intersections of neighbour- 
ing curves is in general the envelope, but may be a locus of singular 
points. Conversely, the envelope is in general (J +0, faa +0) the locus 
of the limits of these intersections, but there may be an envelope when 
neighbouring curves do not intersect. 


It should be observed that ‘“‘the locus of the limits of the inter- 
sections of neighbouring curves which are not singular points” is not 
suitable for a definition of the envelope of the system, for, as is shown 
in § 5°50, on that definition a curve is not the envelope of its circles of 
curvature. 


§5°310. Properties of the envelope continued. Contact with 
members of the family. We now proceed to consider the behaviour 
of the envelope in relation to members of the family at ordinary points 
of the envelope. It is necessary to start with a warning. It is natural 
for such arguments to take any arc of the envelope as expressed in 


the form z=a(a), y=y(a), 
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where a is the parameter of the point on the envelope corresponding 
to the curve (a). In order that we may do so without detailed investi- 
gations, it is necessary to apply the Implicit Function Theorem to 
the equations 
SF (@, Y, 0) =9, fa (a, y, «)=0, 
so as to express @ and y as functions of the parameter a. 
This is possible as above* if 
(5°311) J=| fn fax’ |+9 
| Sy Soy" | 
for the system of values, (a, Y, 4) say, in the neighbourhood of which 
we wish to discuss the behaviour of the envelope. The behaviour of the 
system in the neighbourhood of an isolated point at which J =0 is very 
interesting geometrically, and we shall return to this case later. When 
J =0, we cannot assert without further investigation that the envelope 
can be represented by w= 2:(a), y=y(a), where x(a) and y(a) have 
differential coefficients at a=a,. In general we shall find that in such 
a case 2’ (a) and y'(a) tend to infinityas a—» a). We therefore assume 
for the present J +0. 

Let M be a point on the envelope, of coordinates (2, y) and_para- 
meter a, at which J+0. It is therefore an ordinary point on the 
curve (a). Then in the neighbourhood of this point the envelope can 
be put in the form 

v=x(a), y=y (a), 
where x’ (a), y’(a) exist and are continuous. 
The coordinates of M are functions of a which satisfy identically 


I (a; Y a) = 0, Ja (a, Y) a) = 0. 
On differentiating with respect to a, we find that they also satisfy 
a(a)fe +y'(a)f, +fa' =0, 
x' (a) fax’ + y' (a) fay +faa"=0. 
N ow fai = 0, and therefore, since J+0, the necessary and sufficient 
condition that (a) and y'(a) should not be simultaneously zero is 
Jaa’ +0. 
Let us therefore suppose that M is a poimt on the envelope at 
which J+0 and fae” +0. Such a point may be called a completely 


ordinary point ; and in general all points will be such with the exception 
of isolated points. At M7 


a'(a) fr +y'(a) fy =0, 


* Goursat, loc, cit. 


. 
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but as neither both /,/ and jf, are zero, nor both a’(a) and 4 y'(a), it 
follows that the tangents to the curve and the envelope are parallel, 
z.é. identical. Therefore the envelope touches thé curve (a) at MV, 

Conversely, let # be a curve which at every point* touches a 
member of the family. Then # is a locus of points of contact with 
members of the family, and therefore, assuming that in general only one 
member of the family touches # at a given point, the coordinates (a, 7) 
of a point of # may be expressed as functions of a, a (a), y(a) say, 
which satisfy identically 

I (@, Y a) =0. 

By definition, the curve # has everywhere a tangent, but we cannot 
therefore assert that 2’(a) and y'(a) must in general exist and be not 
both zero; and in fact no obvious method of proof on these lines 
presents itself. We therefore abandon the symmetry of the parametric 
representation and proceed as follows. 

Let (a, y) be any point on # at which £# is touched by the unique 
member of the family (a,). Let (#, y) be a neighbouring point on # at 
which # is touched by (a). We have therefore 


I (2%, Yo ay) =0, S(@, Y; a) =); 
Now let (2, y) (a, y). Since f(a, y, a) is a continuous function of 
the variables, 

J (a, Y; a) =f (x0, Yo, a) +0 (1). 
Therefore, as (a, y) — (a, Yo), 


SF (Hos Yor a)—> 0. 

If a, is the only root of the equation f(a, y, «)=0, then, since 
J (@5 Yo; 4) is a continuous function of «, it follows that a—ya) as 
(x, y) — (a, Yo). In other words, neighbouring points on the curve # 
correspond to neighbouring values of a. This result however still 
remains true when the root a, is not unique, provided that, as we have 
assumed, the curve (a,) is the only member of the family which touches 
E at (x, Yo) 

Suppose for simplicity that there is only one other root a, so that 
F (@0s Yo) %) =0, but the curve (a;) does not touch # at (%, y). The 
‘argument can be extended at once to the case of any finite number of 
other roots, so that there is no loss of generality. In this case we can 
establish as before that, as (a, y)—> (0, Yo), either (1) a—>a, or 
(2) a—>a,, or (3) there exists an infinite sequence of values of a. for 


* With the possible exception of isolated points. 
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which «—> a,, while the remaining values are such thata—>a). Cases 
(2) and (3) may be ruled out by the following arguments. In the 
neighbourhood of (a); y%), H is a curve having everywhere a tangent. 
Since this tangent is always also the tangent at (a, y) to the curve 
I (a, y, «), for values of a in the neighbourhood of a, and o,, we may 
suppose without loss of generality that it is never parallel to the axis 
of y. Hence we may suppose that # is represented by an equation of 
the form y= g(a), where g’(a) exists at all points of the interval. Let 
m, and m, be the slopes of f(2, y, %)=0 and f(a, y, a) =0 at (a, Yo). 
Then m+. Moreover g’(a) =m, and, in cases (2) and (3), g‘(2) 
assumes a series of values tending to m, for values of z in the neighbour- — 
hood of 2). This however is impossible by a theorem due to Darboux*, 
which states that, 7f f(a) has a differential coefficient at all points of an 
interval (a, b), f'(«) cannot pass from one value to another in this interval 
without assuming every intermediate value. It follows that a—a, in 
all cases, which is what we required to prove. 

Now consider the points (2, y, a) and (a +62, y+ dy, a+6a) on £&. 
Then £ has a tangent at (a, y) which may without loss of generality be 
supposed not parallel to the axis of y. 

Since f(a, y, 2) =0, f(a + 8a, y + dy, a+ 8a) =0, we have 

Safa (G) + Byfy (8) + Safa (8) = 0, 
where f, (9), ..., denote f, (a + 68x, y + O3y, a+ 68a), ..., and 0<6@<1. 
Now let 82, 8y 40 along #. We have 


; oy 2, da ., 
f(0)+ 2550) =- Ef) 


But Fi(0)+ 4 F/O) fl 9h, 
~where y’ refers to the curve Z. The limit y’ exists because Z has a 
tangent at (a, y). Since # touches f(a, y, «)=0 at (a, y), f/ +y/f/ = 
Also fa'(0) fa’. Therefore either /.’=0, or 5a/8x —» da/da=0. The 
latter alternative may happen at isolated points, but cannot happen 
everywhere in an interval unless the curve Z is identical with a 
member of the family. Hence in general /,’=0. 

If follows that #' is a locus of isolated characteristic points or 
of singular points, and this latter case may actually seas © We have 
therefore proved the following theorem. 

* 4.1.V.P., Vol. 1, p. 97. 

+ The family of curves y?=(x—a)% have cusps at (a, 0). The line y=0. touches 
all members of the family and touches one and only one at every point, and is also — 
the cusp locus. 
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THEOREM 5°312. The envelope touches the curve (a) at all its isolated 
characteristic points that are completely ordinary points of the en velope. 

Conver sely, a curve which touches just one member of the family at 
every point is in general the envelope (or a part of it), but may be a locus 
of singular points. 


This theorem supplies a possible alternative definition of the envelope, as 
“the most complete curve that touches a member of the family at every point, 
and which does not contain a locus of singular points”. The theory is de- 
veloped from this point of view by Goursat (Vol. 1, p. 511); owing however 
to the difficulty of avoiding a priori assumptions as to the nature of w’ (a) and 
¥ (a), in the proof that on the envelope fa’=0, this definition does not appear 
to be so suitable as the one chosen here. 

A corollary of this last theorem is that any curve is the envelope of its 
tangents. A direct proof is not without interest. Let y=f(#) be the given 
curve, so that the tangent at the point a is 


y —f (a)—(#—-a) f' (a)=9, 


and the coordinates of the characteristic points satisfy 


(w—a) f” (a)=0. 
If f” (a)=0, every point on the tangent, which is then inflexional, is a char- 
acteristic point: discarding this case, the isolated characteristic point of the 
tangent at ais the point =a, y=/ (a), and the locus of these points is the 
given curve. 


§ 5°40. Order of contact of the envelope and the curves. Meaning 
of J=0. We have already proved that, at any completely ordinary point a of 
the envelope, the envelope touches the curve (a). It is easily seen that the 
contact is necessarily first order contact at such a point, for J/=0 is a necessary 
condition for contact of higher order than the first*. 

We now consider a point a on the envelope which is an ordinary point e 

_ the curve (a), but at which J/=0; in general f..”+0 at such a point ; we shall 
suppose that this is the case. Near such a point we cannot assume.at once 
that the parametric representation of the envelope «=w (a), y=y (a) is possible, 
‘where « (a) and y (a) possess differential coefficients. We can prove however 
by differentiating along the envelope, exactly as in the latter part of Theorem 
5312, that a’ =da/dx exists at this point and, because J=0, vs in fact zero, and 
‘that the envelope touches the curve (a). 

One aspect of the geometrical meaning of the conditions J=0, faa” +0 at 
an isolated point of the envelope is therefore that the distribution of points 
of contact of members of the family along the cabs is exceptionally sparse 
near such a point. 

- We can however go further than this. We can oe step \by step, with 

- suitable assumptions as to the nature of f(a, y, a), that a’, a”,... exist when 


* A proof is sketched in Ex. IV, 3. 
5—2 
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we differentiate along the envelope. Now the envelope satisfies identically 
f (a, y, a)=0 and fa’ (x, y, a)=0, and therefore satisfies identically 

Cro hity fi +d fa=0, 

(5-402) Sus +9 fay! + faa!” =0. 
Differentiating 5-401 again along the envelope, and using 5°402 to simplify the 
result, we obtain 

(5403) Tce’ SLE 2Y' Faey"” ty? Fry" +y" fy cae a® aa. =f a’ fa = 0. 
Differentiating 5°403, and using the facts that a’=0 at the point a, and that, as 
always, fa’ =0, we obtain 


(5404) fire” +3Y foray” + 3Y 2 heyy +Y fry” 
+3Y" fry” +3 Y Fay +Y" Fy =0- 
Equation 5°403 itself reduces to 
(5°405) Face +2Y fry" + Fy" +Yy" Jy =9. 

But 5°404 and 5°405 are precisely the expressions we obtain when we de- 
termine y” and zy” for the curve (a) by differentiating f(#,y,a)=0 with a con- 
stant. It is easily verified that in general y'" is different for the curve and 
the envelope. At this point therefore the curve (a) and the envelope have in 
general contact of the third order, i.e. two orders higher than normal. We can 
collect these results into the following theorem. 


THEOREM 5°41. At isolated points a on the envelope at which J=0, faa” +0, 

and the curve (a) has an ordinary point, 

(i) the envelope has in general third order contact with the curve (a), 

(ii) da/dx=da/dy=0*, so that the distribution of points of contact of 
members of the family along the envelope ts exceptionally sparset. 

The condition f,,”=0, J/+0, is in general satisfied at isolated points of the 
envelope. On referring to § 5°310, we see that this condition implies that 
a’ (a)=y' (a)=0, so that the point is a singular point on the envelope. It is in 
fact in general a cusp of the first species (see Chapter VI). 

If both the conditions J=0 and fi.” =0 are satisfied at an isolated point of 
the envelope, the state of affairs is more complicated. In general the envelope 
has two branches through the point, both of which have second order contact 
with the curve (a). In certain cases one of these branches may coincide with 
the curve (a)t. It is then no longer part of the envelope, but still remains 
part of the a-discriminant. For the further study of these and other singularities 


of the envelope, or more generally of the a-discriminant, the reader should 
refer to Bromwich and Hudson, Joe. cit. 

* Assuming that the tangent to the curve or envelope is parallel to neither axis 
of coordinates. 

+ In this connection the reader should refer to a paper by Bromwich and 
Hudson (Quarterly Journal, Vol. xxx, p. 98) called ‘The discriminant of a 
family of curves or surfaces.” 


+ An inflexional tangent is the simplest example. The reader should verify 
that J=0 and faa” =0 in this case. See p, 67. 


THE THEORY OF ENVELOPES 69 


$5420. Envelopes with contact everywhere of high order. 
We have so far considered the behaviour of ‘the envelope at isolated 
exceptional points. It may happen however that every point is ex- 
ceptional, so that J=0 for all values of a. By definition, no are of the 
envelope can coincide with any member of the family, and therefore a’ 
can only vanish at isolated points. We have as usual, differentiating 
along the envelope, 

Te is VY Sy =0, 
FG fee 0, | 

so that J =0 for all values of « if and only tf faa” = 0 for all values of a. 

In general f= 0 and fa.” =0 will determine (by the implicit function 
theorem) a parametric representation of the envelope,.v = (a), y=y(a), 
possessing differential coefficients near any value of a except those iso- 
lated values at which 


(5°421) J,=| Te, Saaz” |=0. 
| Ie ee | 
When J,+0, the point is an ordinary point on the envelope unless 
nea = =(). 


The conditions for contact of order m between the eny elope and the 
curve (a) are, by 4°212, 


a” Bt 2] 
"422 7 + =) eae). 
_ (6422) | re he ) 
oot, a 
(5°423) [ae Fo 
where 


: ®(t,a)=f(w(¢), y@) 4). 
We observe that the equations 
(5'424) ®(¢,t)=0, 2. (6,f)=0, Baa’ (t, ¢) =0 

are satisfied for all values of ¢, where ®,’ (¢, ¢) denotes 

[fa (w(t), y (2); #) Ja=t. 
Making use of the identities 5-424 and the similar identities obtained 
by differentiation, we verify that 5°422 and 5423 are satisfied for m = 2. 
The envelope therefore has in general second order contact with all 
members of the family. At isolated pounts atewhich. J7=0, au. 20; 
we can show as in the last section that «’=0 and the envelope has in 
general third order contact with the curve (a). In this case the contact 
is only one order higher than usual. 
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Conversely, if the contact is in general second order with all mem- 
bers of the family, then J=0 and faa” =0 for all values of a, for other- 
wise contact is in general of the first order only. It therefore follows 
that the necessary and sufficient conditions that the envelope should in 
general have contact of the second order with all members of the family 
are that 

Sn 0 


gerne ze 0 


except for isolated values of a. 

The same arguments can be extended step by step to prove that the 
necessary and sufficient conditions that the envelope should in general 
have contact of order n with all members of the family are that 

a & o” 
(5°425) J go) eee 


da? da? a” 


for all values of a, and 


for all values of a, and 


nm+1 
(5°426) = +0 
except for isolated values of a. 

It should be observed that these conditions 5°425 and 5-426 bear no 
obvious relation whatever to the necessary and sufficient conditions for 
contact of order m at an isolated point of an envelope for which contact 
is in general of order n—7, where 7 5 1*. 

In accordance with Theorem 4°22, the members of the family in 
general cross the envelope at their points of contact when m, the order 
of the contact, is even, and do not cross the envelope when m is odd. 
It can also be shown that in a family for which is in general odd, 
neighbouring curves must intersect, while in a family for which » is in 
general even neighbouring curves do not intersectt. To prove these 
assertions an extension of the analysis of § 5°30 is required to the more 
complicated cases in which J=0, We shall content ourselves here with 
proving that, when z= 2, neighbouring curves do not intersect. In this 
case we have J=0, fa.” =0 everywhere and in general fra” + 0. 

The proof of § 5°30 that, when z =1, neighbouring curves must inter- 
sect depends essentially on the fact that, if (7, y) is any given point on 


* It is stated by Goursat (Vol. 1, p. 549) in an example, that if 5-425 and 5-426 
are satisfied for an isolated value a, they are the conditions for a contact of order 2 
between the envelope and the curve (a), This is incorrect. 

+ This is geometrically obvious, or almost so, as can be seen by drawing a figure. 


THE THEORY OF ENVELOPES fol: 


the curve (a) near a characteristic point, a value , of p can be found, 
near 0, such that 
Ja’ (&, Y, &+ py) 

vanishes and changes sign when » passes through the value »,. The 
failure of the argument for n =2 (and in general when z is even) is due 
to the fact that the lowest order terms in fa’ (a, y, a+) (except for a 
constant factor) form a perfect square, and no value of » exists for 
which /.’ changes sign near »=0, Taking for simplicity the point (0, 0) 
as the characteristic point under discussion on the curve (a), it is easily 
verified that the lowest order terms in the expansion of fi’ (a, y, a+), 
near (0,0) and near »=0, are second order terms in 2 and p, which 
can be put in the form 


54? Sac!” + 29) fans” +9" Sani" +9" fay") 

+ 2ap (faax” + Y' Saay”’)o +P? (Saaa’”)9}; 
where y’ and y” refer to the curve (a). But both y’ and y” in this case 
have the same values for the envelope at (0, 0); also at all points of the 
envelope fa’ =faa =0. By differentiating these equations along the 
envelope we obtain finally 

(fart + 2Y fons” +9" fon" +9 Soy y= 999 fase” 
(i cas te yi oney ane Oy Gy anus os 
where a, = (da/da),, taken along the envelope ; in general a,’ is not zero. 
The second order terms therefore reduce to 


1 we , o 
21 hace )o (ay = BL) 


- It follows that, for any given values of w and y on the curve (a) near 
(0, 0), fa’ cannot change sign for any value » such that |~|<.A, where 


Me 
A is a constant independent of # and y. For such values of p, [ Ta dy 


can never vanish. No value therefore of da can be found for which 
St (a, y, a + 8a) = 0, while da tends to zero as (a, y) tends to a characteristic 
point on (a). Therefore no characteristic point is the limit of points of 
intersection of neighbouring curves. If such curves intersect at all 
they can only do so near a singular point. These results may be sum- 
marized thus : 

THrorEM 5°427. Under the conditions 5425 and 5°426, the contact 
between the curve and its envelope is of order n, except at isolated points 
at which the order may be higher. Neighbouring curves (a) in general 
intersect and do not cross the envelope when n is odd, and do not intersect 
but cross the envelope when n is even, ; 
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§ 550. The envelope of a system of circles. We will now give an 
eats of a family for which neighbouring curves do not intersect, but which 
still possesses an envelope. Such a family is formed by the circles of curvature 
of any plane curve. For since the plane curve touches each circle at an or dinary 
point, it is the envelope (or part of it). Moreover, on referring to § 3°70, we 
see that the difference between the radii of curvature at Scpepouding points 
is equal to the arc of the evolute between the two centres of curvature, and is 
therefore in general greater than the distance between these centres. One 
circle therefore completely encloses the other, and so there are no points of 
intersection. 

It follows from § 5-420 that contact between members of the family and the 
envelope must in such a case be of even order, and therefore the typical case 
of an envelope not generated by limits of points of intersection is that in which 
this contact is in general of the second order. A family of circles is. the 
simplest possible family of the kind, for the three conditions of second order 
contact require just three arbitrary functions of a in the equation of the curves 
of the family. : 

It is of interest to study a family of circles directly. We shall, among 
others, arrive at the foregoing results, and also find that a given curve is the 
complete envelope of its circles of curvature, a point at present in doubt. Let 
the system be 

(5'501) (@=a)?+(y—b)?— h?=0 
where a, b, R are functions of a. There are no singular points on any member. 
The characteristic points are the intersections of this circle with the straight 
line 

(5°502) (v-a)a'+(y—b) WV +RR'= 
Denoting the locus of the centres of the circles by C, we see that this line is 
perpendicular to the tangent to C at a, ze. the point @(a), b(a), and distant 
from this point by 

| RR'|(a2-+b2)2*, 

This is greater than, equal to, or less than & according as R” is greater than, 
equal to, or less than a?+46, and there are no, one, or two characteristic 
points respectively. In the first case there is no envelope for that part of the 
family, and, if A’ >a’?+° for all values of a, no envelope at all. Next suppose 
that for all values of a, R®<a@?+b2 There is then an envelope, composed 
in general of two branches; an obvious example is provided by the case 
7 a moving circle of constant radius &#’=0. Finally suppose that for all values 
of a 

(5°51) R2=a2+b? 


* Supposing a’ and b’ not both zero. If they both are, and R’+ 0, there is no 
characteristic point, but if also R’=0, this particular circle is entirely composed of 


characteristic points. This can only norte for isolated values of a, which may be 
neglected. 
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There-is then an envelope composed of the points of contact of 5:501 and 5-502. 
It follows that (#—a) a’ +(y—b) b'+#R'=0 is the tangent to the envelope at 
the characteristic point of a, and therefore that normals to the envelope are 
tangents to C. In other words C is the evolute of the envelope, and therefore 
the circles are the circles of curvature of their envelope. It is easily seen that 
the condition 5:51 is also necessary for this relationship. Any plane curve is 
therefore the complete envelope of its circles of curvature. 


§ 5°60, Other rules for envelopes. (1) The equation of the 
family may be given in some other form such as 


(5601) — F(a, Y % B)=0 
with the condition 
(5°602) ¢ (a, 8) =0. 


We apply the usual rule, regarding 8 as a function of a, and must 
therefore have 


(5-603) fer B fy =0. 
But we also have = 
: ry ap ,,- 0 
(5°604) $a’ + 5 $9! = 


and we have therefore to eliminate a, £, a between the equations 
(5°601—5'604), or, what is the same thing, a and B between 


af, $) 

(5°61) f=0, =0, 56 gy =O. 
All the former exceptional cases must be taken account of, with the 
addition of singularities of ¢ (a, 8) = 0, but these, being isolated points, 
are not of importance. 

(2) The curves may be given in the parametric form 

(5°611) —  @= (6,4), y=bo(t o). 
We can apply the usual rule, regarding ¢ as a function of y and a. We 
have therefore 


iby Oy 
dt da da 


corresponding to fa’ = 0, and also the identical relation 


By Gt App _ 
ee =O, 


0, 


which lead together to 
O(di, be) _ 0 
a(t, a) : 
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The envelope is therefore to be looked for, with the usual precautions, 
among the results of eliminating ¢ and a from 


(5:62) b= ies = Solte ee 


EXAMPLES IV 
(1) The envelope of the straight line 
(1) zcosat+ysina=f (a). 


The characteristic point lies on the straight line 
(2) —asina+ycosa=f' (a), 
Show that (i) the line (2) is normal to the envelope, (ii) the envelope of the 
line (2) is the evolute of that of the line (1), and (iii) that the curvature and 
arc of the envelope of the line (1) are given by 
p=ds/da= +{f(a)+f” (a)}. 
(2) Families of circles, such that R'?=a'? +b? (§ 5°50). 
The family is 
(v—a)?+(y—6)?— R?=0, 
Calculate 52 and {(3a)2-+(8b)3}2, corresponding to a positive change of a in a, 
as far as terms in (Sa)’, and thus verify that neighbouring circles do not intersect. 


[We find dR=Abdat+ B (Sa)? + CO, (Sa)? + O (8a), 
{(Sa)? + (86)3}2 = A 6a+B (8a)?+ Cy (8a) + O (8a)4, 
where A=(a2+b2)2, B=(a'a"+b'b")/24, 


C,={(Sa' a" +30") A?—(Sa'a")?t/6.A3, 
On={(h2a'a" +33 a") A? (Bal'a")/A8, 
where = denotes summation over the functions a and 6; so that 
23q!"—(sa'a’)? 
24 A3 


bh — {(8a)?+ (8b)3}2 ESL (da)> + O (Sa)4, 
which is positive when da is small.] 


(3) Curvature of the envelope. Let y’, y’ ... denote the derivatives of y along 
the curve (a), and Yes ye’... the derivatives along the envelope. Then 


¥'=¥e = —fe lh’; 
and the difference of the curvatures is given by 
th i oe: Ye —y" 


Differentiating f=0 twice along the curve (a) we obtain 
(1) Saat! + 2Y' fay" +9 fy" +Yy" fy =9; 
and differentiating along the envelope 
(2) Trex” + ee Pe +y" fay” Hye" fy +2! fax” <e 2a’ y’ a +a? aa ta’ f, =0, 


THE THEORY OF ENVELOPES 75 


Subtracting (1) from (2) and using the facts that for the envelope 
ta’ =0, Jax’ ae o fay” xe Cifoa. =0, 
L = 1 = (Se Fay” my Fas) J? 


” , 19 3 a ” 12 19 = : 
lend Toa (fe*® +fy?)* Soa Coes Male 
We thus arrive as before at the fact that the curvatures cannot be equal unless 
J=0. Equality of curvature at a point of contact is equivalent to second 
order contact, 


we have 


(4) Verify that, for the family of circles 
(w—a)?+ (yb)? = R9=0, 

the condition J=0 reduces to R?=a’?2+ b’, 

(5) Show that the curvature of the curve whose tangential equation is 
> (1, m)=0 is 

Coil + mom’)? 
3 % 
(P ae m*)? (bu Pin? a, 21m" py Pin’ aa Pmm_ py ) 

at its point of contact with lx+my=1. 

[The curve is the envelope of 7x+my=1 under the condition ¢ (J, m)=0. 


Take / as parameter and let m,, mz, ... be the derivatives of m with respect to 
l. We have 


OS gi/Pm' UL ra (pu oe 2bim’ pi Pm SF Daan $17) om. 


The coordinates of the characteristic point satisfy 


le+my=1, x+myy=0. 
Apply the general formula of Example 3, remembering that 1/p=0.] 


(6) If A, B, Care functions of x and y, show that in general the envelope 
of Aa?+2Ba+C=0 is B?=AC, Examine the exceptional cases, [See § 5°20.] 


(7) The envelope of the family 
p (2, ¥, 4, B, y)=9, fi(aB,y)=9, fo (a, B, y)=0 


is to be found in the result of eliminating a, 8, y from these equations and 


(Gs fuh)_o 
0 (a, B, y) 


(8) The first positive pedal of a plane curve is the envelope of circles 
described on the radii vectores as diameters. The first negative pedal is the 
envelope of a straight line drawn through any point of the curve and at right 
angles to the radius vector to the point. [Lamb, Infinitesimal Calculus, 
2nd ed., p. 382. ] 

(9) Caustics. The caustic of a curve C with respect to a luminous point A 


is defined as the envelope of the rays from A after reflection by C. Prove that 
the caustic is the evolute of the pedal, with respect to A, of the curve C’, 


Ie 
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similar to C, which is obtained by producing each radius vector from A to the 
curve Ca distance equal to itself. Deduce that 

Lael ese 

Lf eR E08 2, 
ry being the length of the incident ray AP, 7 the length of the reflected ray 
from P to the caustic, 2 the radius of curvature of C at P, and 7 the angle of 
incidence. 

In particular, if the rays of light are parallel 


1=3Rcosi, 


and the normal to the caustic passes through the middle point of the radius of 
curvature of 0. : 

[The normal to the pedal of a curve passes through the middle point of the 
radius vector (Ex. 8). Hence the reflected ray is normal to the pedal of C’ with 
respect to _4. Use the relation between the curvatures of a curve and its pedal 
(d.1.V.P., Vol. 1, p. 323, Ex. 8).] 


§ 5°70. Similar problems in three dimensions. Many three- 
dimensional problems on envelopes are direct extensions of the two- 
dimensional ones already treated. We shall consider some of the 
simplest. 


(1) Envelope of a family of surfaces 
ST (a, y, 2, %) = 0. 


We define a characteristic point exactly in § 5:10 and show that it is an 
ordinary point of the surface satisfying 


(5°71) f=0, fa =0. 

For certain values of a, the whole surface may be composed of 
characteristic points*, but in general there will be an isolated curve of 
characteristic points lying on each surface f= 0. Such a curve is called 
the characteristic of the surface f=(. We then define the envelope 
of the family as the surface generated by the characteristics. Following 
the lines of §§ 5°10—5°60, we then prove that the envelope is obtained 
by eliminating a from /=0, f.’ = 0, taking care to discard the stationary 
surfaces, and surfaces composed of singular lines of the surfaces (a); 
that when neighbouring surfaces intersect, the limits of the curves of 
intersection are, in general, characteristics, but that envelopes may exist 
when neighbouring surfaces do not intersect; that a surface (a) touches 
the envelope at every point of its characteristic; and that a surface 
consisting of curves of contact with members of the family is in general 


* These may be called “stationary surfaces,” if a name is required. 
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the envelope (or part of it). Am alternative enunciation of the last 
assertion is that a surface which, at every point, touches one of the 
surfaces of the family is, in general, the envelope (or part of it). 

In particular, a surface whose tangent plane depends on one para- 
meter, is the envelope of its tangent plane. Such a surface is, of course, 
a developable surface. 


(2) Envelope of a family of surfaces 
J (a, Y, 4, a, B) = 0. 
We define a characteristic point as an ordinary point of the surface 
whose distance from the surface 
S(&, 4; z,a+6a, B+ 5B) =0 
is small compared to |éa|+ |88|. Such points are ordinary points 
satisfying 
(5°72) J= 0, J.’ = 0, Je = 9, 
and are, in general, isolated, but whole surfaces or whole lines on 
particular surfaces may be composed of characteristic points. The surface 
composed of all isolated characteristic points or lines of characteristic 
points is called the envelope. As before, the envelope may or may not 
be generated by the limits of points of intersection of the surfaces 
F(z, Y; %s 4; B) =0, 
F(@, YY, % a+ da, B) = 0, 
S (&Y, 4, a, B+ 6p) =0, 
and touches every surface of the family. Conversely, a surface touching 
every member of the family is, in general, the envelope (or part of it). 


In particular, a surface whose tangent plane depends on two para- 
meters (7.e. any surface) is the envelope of its tangent planes. 


(3) Envelope of the family of twisted curves 
(5°73) Ie, Y; 2; a)=0, g (@, Y, %, a)=0. 
We define a characteristic point of the curve (a) as an ordinary point 


‘whose distance from the curve (a + 8a) is of order higher than the first 
in 8a. We find, by the former method, that such a point must satisfy 


(5°731) fl =0, Ga’ =0. 
In general, the equations 573 and 5°731 are incompatible (except 


perhaps for a number of isolated values of a), and there are no 
- characteristic points. But if, as may happen, the equations 5°73 and 
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5°731 effectively reduce to three, and so can be satisfied by the con- 
tinuous functions of a 
“=a (a), y =y (a), z=2(a), 

the twisted curve, of which the above functions give the parametric 
representation, is called the envelope of the family. We can then prove, 
as before, that the envelope, if it exists, touches all the curves at their 
characteristic points, and, conversely, that if a curve exists which at 
every point touches one member of the family, then this curve is, in 
general, the envelope (or part of it). 

There is one important particular case in which the envelope in 
general exists, and that is the case of the characteristics of a family of 
surfaces depending on one parameter. The characteristics satisfy the 
equations 

f=; a=, 
and therefore the four equations 5°73 and 5°731 reduce in this case to 
three 


(5°74) i= 0, a = 0, Siem = 0, 


which in general will just determine the isolated characteristic points 
whose locus is the envelope. his curve which touches all the character- 
istics of the family, lies on the envelope and is called its edge of re- 
gression™. 

For proofs of many of these assertions and for further developments 
in the region of Solid Geometry the reader is referred to de la Vallée 
Poussin, Picard, and the paper (already quoted) by Bromwich and 
Hudson. 


EXAMPLES V 


(1) The edge of regression has, in general, second order contact with any 
surface of the family on the characteristic. 
[Use Theorem 4°61.] 


(2) Discuss the problem of the envelope of a moving sphere, whose 
centre lies on a twisted curve, (i) when the radius is constant (wne surface 
canal), (ii) when the radius varies. 

[Extend § 5°50 from circles to spheres. | 


* Fr. Varéte de rebroussement. Plane sections of the envelope have in general a 


cusp (point de rebroussement) where the plane cuts this curve. See Picard, vol. Ts 
|p. 822, 
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(3) The wave surface, The envelope of the plane 


at + By + yz= | 
where a+p2+y=1 
2 2 
and Or Se = 
faa B Bt Rp ce o; 


is the surface 
2 42 22 2,2 
ax by? ce 
a ara 5=0, (7? =x? +y? +422). 
Bot Sp a +y? +2) 


(4) The direction cosines of the normal to the surface obtained by 
eliminating a between f (x, y, z,a)=0 and g (2, y, z,a)=0 are given by 
heme LP OUD AG 
"O(a, a)" 6(y, a) O(2, a) ° 
Obtain the corresponding result for a surface obtained by elimination of two 


parameters between three equations. Apply these results to the proof of the 
contact of a surface with an envelope. . 


(5) The envelope of 
F (2, Ys % a, B, y)=9, 
where $ (a, B, y)=9, (a, B, y)=9, 
is given by 
f=0, $=0, y=0, GEV —o, 
(6) The envelope of 
I (#,Y; 2, 4, B, y) =9, 
where ¢ (a, B, y)=9, 
is given by 


f=0, p=0, fallha' =fe'lbs =fy/Py'- 


(7) Given a surface S, suppose that with each point m of S as centre a 
sphere 3 is drawn with variable radius &. Prove that this sphere = in general 
touches its envelope in two points Mand MM’ such that MM’ is normal to the 
tangent plane at m to S. 
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CHAPTER VI 
SINGULAR POINTS OF PLANE CURVES* 


$610. Exceptional cases in general. Singular points. In 
the course of the preceding chapters we have encountered cases of ex- 
ception in which, when some particular relation is exactly satisfied, the 
general treatment usually applicable breaks down. These cases of ex- 
ception correspond to exceptional points on the curve, usually such 
that there are only a finite number in any finite region, at which the 
curve has some peculiar. property such as a stationary tangent, a point 
of inflexion, exceptionally high order contact with its circle of curvature, 
or its envelope, etc. All such points at which the curve possesses peculiar 
properties may be considered to be singular points on the curve, but 
it is usual to reserve this name for a particular class of exceptional 
points—the most important class—which consists of the points at which 


ae ms ae es =0 
when the curve is f(z, y) =0, and 
pi (¢) = dy t,=0 
when the curve is z= ¢;(t), y= .(¢). The former case is more general, 
and we shall be mainly concerned with it. For the neighbourhood of 
such points the general existence theorem 1°51 breaks down, and 
further investigation is needed. 

We shall again in this chapter, as in Chapters IV and V, tacitly 
assume the existence and continuity, in the neighbourhood of the 
singular point under discussion, of all the partial differential coefficients 
of f(a, y), or differential coefficients of , (¢), $2 (¢), that are mentioned. 


§6:20, Form of /(z#, y) =0 in the neighbourhood of a singular 
point. Without loss of generality we may suppose that the singular 
point is the origin, so that 

F (0, 0) =Fa (0, 0) =fy (0, 0) = 0. 

It follows from T'aylor’s Theorem that in the neighbourhood of the 

origin f (#, y) can be put in the form 
(6°21) S (&, Y) = ba + byt oe +n + Ry. 
* This chapter follows d.1.V.P., Vol. 1, Chap. rx. 


- 


SINGULAR POINTS OF PLANE CURVES 81 


In this equation 


= 1 alt of zW—1 o"f ) n or 
Pa aa (2 (Fan), + 002 ee Pa (a),) 


= An &” + bya” y +... thyy”, 


the latter form being used for the sake of shortness, and &,, is the 
remainder after n terms. The most useful form of R, for our purposes 
is the exact form* 


(6-211) R=" [ Fe) (tz) (1-8)"dt 


where 
F(a)=F (@, u)=f (a, ux) (w=y/x), 
or the corresponding os 
(6-212) R, = —[ G+ (ty) (1 —£)"dt, 
where : 
GY)=Gy,r)=S(ey,y) (v=2/y). 

Provided that, as is generally the case, ¢, does not vanish identically, 
the singular point is said to be of the second order. When $2, $3... ba—1 
are identically zero, but ¢, is not, the singular point is said to be of 
order n. 

The fundamental form of the curve will not be altered by any trans- 
formation of the axes of the type 


zw=ax+by, y=ca'+dy’; 


and the properties of the transformed function /’ (2’, y') will be the same 

as those of f(z, y) near (0,0). We may therefore at any stage make, 
without loss of generality, any such transformation that simplifies the 
discussion. 

Certain properties of the transformed functions F(a, u), G (y, v) 
should be noted. The function (a, w) has as many orders of partial 
differential coefficients as f(x, y) near «= 0 and any finite value of U, 
for all such points belong to the neighbourhood of #=0, y=0. A similar 
statement holds of G (y, 7) near y= 0, and any finite value of v. Any 
point near z= 0, y=9, corresponds to a finite value of one at least of 
u OY v. ee 

If we suppose for example that w is finite, and apply 6°211, we see 
that in such a neighbourhood 


(6°22) Ry, = O(a"). 
* d1V.P., loc. cit., and Vol. 1, p. 432. 
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§ 6-30. Nature of the curves defined by f(a, y)=0. A discussion 
of the following simple case will illustrate the nature of the curves 
defined by f(a, y)=0. Let 


F(a, y) =(y — ax) (y — Ba) = 0, 
where a and f are real constants. Then the equation f(z, y)=0 defines 
the two straight lines 
Y= 0k, Y= Pz. 


These are two independent solutions of f(z, y) =0, which are continuous 
in the neighbourhood of the singular point (0, 0). These solutions, 
however, are not the only functions of the type y=¢(«) which satisfy 
(a, Y) Al 

The function (or curve) 


y =anx (x rational), y= Bw (x irrational) 


also satisfies f(a, y)=0. This is a difficulty that does not occur in the 
non-exceptional case (Theorem 1°51). It is essentially due to the fact 
that in this case there are two independent solutions near (0, 0). We 
see therefore that it is necessary to make the a priori restriction that 
we are concerned only with continuous solutions of f(a, y) =0, 7.e. such 
curves as can be put in one of the forms 


y=o(x), w=$(y), 


where $(#) or $(y) is a continuous function in the neighbourhood of 
x=0, or y=0, except perhaps at «= 0, or y=0 itself. There may be 
an infinity of other solutions of /(, y)=0, which are of no present 
interest. 

It is not necessary to assume a priori that, for example, ¢ (2) is 
continuous at a=0, i.e. ¢(@)—»0 as x—>0. Since we are considering 
solutions of f(a, y) =0 in the neighbourhood of (0, 0) it is only necessary 
a@ prior’ that zero should lie between the limits of indetermination of 
$ (x) as 7—»0. It is, however, easily proved, by establishing contradic- 
tions in the alternative case*, that as 2—> 0, ¢ (7) 0. 

We therefore have to consider solutions of f(a, ¥)=0, of the type 
y= (x) or e=$(y), for which 6-40 as e—+0, or y->0, and ¢ is 
continuous near #=0 or y=0. Such a solution we may call a con- 
tinuous solution, or from the geometrical point of view, a branch of 
the curve, 


* Hardy, P.M., p, 192, 
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§ 6310. The fundamental property of branches through a 
ettanat point. ‘The necessary discussion is simplified by establishing 
in the first place a certain general property of any branch (i.e, continuous 
solution) of f(x, y)=0, without reference to questions of existence. 
Questions of existence are treated later on. 


THEOREM 6°311. Any branch must touch at (0, 0) one of the straight 
lines defined by 
dn = 0, 
where n is the order of the lowest order partial differential coefficient of 
J (a. y) which does not vanish near (0, 0). 
The straight lines defined by ¢,=0 may all be put in one or other 
of the forms 


y =a, . 

where A is a root of 

(6°312) RW ej, se +, = 0, 
or n=Nry, 
where 2X’ is a root of 

(6°313) GX + by NL +. + hn = 0: 

If y is any branch of f(z, y) =0, it is required to show that either 

(6°314) y ~ 2, 
where A is a root of 6°312, or 

(6°315) anrwdy, 


where is a root of 6°313. In the case of A =0 or \’=0 the es ae 
relation must be replaced by y=0(a) or v=0(y). 

The theorem may be proved by establishing contradictions in every 
alternative case, for if neither 6°314 nor 6°315 is satisfied, then either 

(i) yla—> por aly > Ps 
where » is some finite number, zero included, which is not a root of 
either 6°312 or 6313, 
or (ii) there exist a constant », not a root of 6°312 or 6°313, and an 
infinite sequence of values of x, which tend to 0, such that for these values 

ya = pe 

In, either case it may be proved that* o, ~ Aa" (A +0) and at the 
same time* R,=O(a#"*!), and since ¢,+&,=0 these relations are 
contradictory. 


* It may of course be necessary to replace x by y in both these relations. 
6—2 
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§ 6°40, Singular points of the second order. Existence of 
branches. We now proceed to consider questions of existence, starting 
with the simplest case of a singular point of the second order, This 
case is governed by the homogeneous quadratic form 

fh, = A,x" + boxy + Coy”. 
Let 
(6°41) A — b.? re Ain Co. 

If A <0, the straight lines represented by ¢.=0, which provide all 
the possible tangents to the curve at the origin, are Imaginary; 1f A> 0, 
they are real and distinct; if A=0, ¢, is a perfect square and ¢,=0 
represents only one straight line. 

The nature of the singularity is described by the following theorem. 

* TEoREM 6°42. Second order singularities. 

(1) [fA <0, the singularity is an isolated point. There is no branch 
(real) of the curve f (x, y) =0 through the singularity. 

(2) If A>0, the singularity is a double point with distinct 
tangents*. The curve has two branches through the singular ity, one 
touching each of the distinct lines defined by $.=0. 

(3) If A=0, the form of the curve is still uncertain but, in general, 
unless a particular condition is satisfied, the singularity is a cusp of 
the first species. The cwrvehas two branches which tend tothe singularity 
Jrom one side only, and have as their common tangent there the line de- 
Jined by $.=0. The branches lie on opposite sides af the tangent. 


(1) A<0. 'This case is covered by Theorem 6°311; for since there 
is no real line which the branch can touch there can be no branch through 
the singularity. 

(2) A>0. In this case there are two distinct real roots, and we 
may suppose (§ 6°20) that 

2 = @Y; 
the necessary axes may be oblique. Any branch must either touch the 
line y =0, satisfying y =o («), or touch v=0, satisfying v=o (y). ee 
the former case and put y= wa, so that w>0. The equation f(a, y) = 
transforms into 
wu + a Fy (au) =0 
or : . 


(6°43) H (a, u) = ut @F, (a, u)=0, 


* Frequently called a node. 
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where the function /, possesses continuous partial differential coefficients 
near (0, 0). Moreover 
: oH 
H (0,0) =0 (=) = 
( ’ ) ? Ou 0 1, 


and therefore the Existence Theorem 1°51 may be applied. There 
exists therefore a unique branch 


u = d; (x) 
such that ¢,(¢)—¥0 as x0, The equation f(a, y)=0 has exactly 
one branch 
y = #9, (2) 
touching the line y=0 at the origin. Similarly there is exactly one 
branch 
v= yb. (y) 
touching the line 2 =0 at the origin, There cannot be other branches, 
(3) A=0. In this case ¢, is a perfect square and we may suppose 
(§ 6°20) that 
dy» = y, 
J (a, Y) =Y° + (aga* + bsa?y + cay? + dsy*) + Rs. 
Any branch must touch y=0 at the origin. We therefore write 
y=ux, where u—>» 0, divide by 2*, and obtain 
(644) HA (a,u)Sw+2(a,t+b,u+ceuw + du’) + a° B, (a, u) =0, 
where F(a, w) possesses partial differential coefficients near (0, 0). 
If a;+0, the Existence Theorem 1°51 applies, and establishes the 
existence of a unique function y such that, near (0, 0), 
a=wy(u) (4 (0)=4+0). 
Making the substitution 2/a = 7’, it is easily seen that the origin is 
an ordinary double point with distinct tangents for the (¢, w) curve. 
There exist, therefore, two branches of the (w, 2) curve of the form 


u=(a/a)* g {ajay}, w=—(a/a)* 9 {-(a/a)*}; 
and so two branches of the (y, a) curve 
(6:45) y= 42 (a]a)* 9 {+ (w/a), 
where g(0)=1. It will be observed that y is real for real « when and 
only when 2/a>0, #.e. on one side only of the origin. Further, y has 


opposite signs on the two branches near (0, 0), and therefore the two 
branches lie on opposite sides of the common tangent. Such a point is 


called a cusp of the first species. 
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§ 6460. Discussion of the doubtful case. When a;=0, 7.4. 
f/x? = 0 for the particular axes chosen, the above discussion does not 
apply, and the nature of the singularity remains doubtful. If we return 
to equation 6°44 giving H (a, w), regard it as an equation between x 
and w and rearrange the terms in a new Taylor’s series we obtain 


(6°461) (u?+ dywa + 42°) + (a5a* + b,a?u + ¢,0u?) + Rs (@, “)=0. 


We are concerned with branches through (0, 0) and 6°461 shows 
that (0, 0) is a singular point of the second order on the (w, 2) curve. 
We therefore apply de nove the preceding discussion. 


Case (1). If the quadratic form w?+b,wa+a,a° has no real roots, 
the origin is an solated point on the (wu, 2’) curve and therefore also on 
the (y, #) curve. 

Case (2). If this quadratic form has two distinct real roots « and , 
there are two distinct branches of the (w, 2) curve passing through (0, 0) 
and such that 

urar, ur Bu 
respectively. There are therefore two. distinct branches of the (y, 2) 
curve through (0, 0) such that 
yrat’, yr Ba’. 

It is easy to see that if one root (a say) is zero, the corresponding 

branch of the (y, 2) curve takes the form 
ywoan" (rs). 
It will be observed that both of these branches are real on both sides 
of the origin, which may be called in this case a double point with 


coincident tangents, The two branches are distinguished by their 
necessarily different curvature at the origin. 


Case (3). If the quadratic form is a perfect square (w— az)’, we 
again return to the doubtful case. If, however, as is in general the case, 
as+0 in 6°461, the (w, x) curve, after the last section, has two branches 
near (0,0) touching w—az=0 and such that 

u-ox~ ta(Be)* (B+0). 
It follows that the (y, 2) curve has two branches near (0,0) such that 
yan? ~ $2 (Bx)?. he . 
These two branches exist only on one side of (0, 0), have (of course) 


the common tangent y = 0, but now lie on the same side of the tangent. 
Such a point is called a cusp of the second species. Such a cusp is 
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an essentially more complicated singularity than a cusp of the first 
species, 

In the exceptional case, however, a;=0, and the nature of the curve 
is still doubtful, for the origin is still a double point of the curve obtained 
by transformation from the (w, 2) curve. It is necessary to start the 
discussion yet again at the beginning, and to continue until a decision 
is reached. If the curve is algebraic f(a, y) is a polynomial, and the 
process must eventually terminate, for each step consumes more terms. 
If, however,./ (a, y) is not a polynomial, the process may never terminate, 
and the nature of the singularity remains undecided. In all cases in which 
the process terminates (whatever the stage) the resulting singularity 
may be classified as one or other of an isolated point, a double point 
(with distinct or coincident tangents), or a cusp of the first or second 
species. 


§ 6°60. Singular points of order n. ‘The discussion of such points 
is very similar to the case m= 2, and may be rapidly sketched. We have 
already proved that any branch touches one of the lines defined by 
¢$,=0. We have therefore only to consider the existence and form of 
the branch or branches associated with any given factor of ¢,. Let the 
given factor be y, of multiplicity <n. Then f(a, y)=0 takes the form 

oy Wn—x e y) + nit (a; y) a5 Rava = 0. 
Put y=uz, so that w— 0 for the branches in question, and 
Uw Wn—x We uw) +L On+1 (1, w) + Bayi =0, 
where Vari Wy OVO: Fag Oe") 

Case (1). k=1. The origin is an ordinary point of the (w, #) curve 
and Theorem 1°51 applies. There exists exactly one branch touching each 
line defined by a simple factor of $n. 
| Case (2). k>1, but dna:(1,0)+0. Theorem 1°51 applies and shows 
that there exists a unique function of w such that 

v=u'p(u) (¢(0)+0). 

Tf kis odd arguments similar to those used in Theorem 6°42, Case (3), 

show that the relation between w and w can be put in the form 

w= ag (a) (9 (0)+0) 
‘so that w is real for real 2 near (0, 0) and changes sign with z. Hence 
7 ; y= girl g (a), 7 
and ydoes not change sign witha. There is thus one branch corresponding 
to this factor of , which touches it at the origin without an inflexion. 
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If k is even, we obtain in the same way 
u=t (ax) g {+ (ax)*} (a=1/$(0)). 
Here w is real only when « has the sign of a, and y has opposite signs 
on the two branches. There are therefore two branches to the (y, x) 
curve corresponding to this factor of ¢,, which touch it and form a 
cusp of the first species at the origin. 


Case (3). k>1 and bn4,(1, 0)=0. In this case the (u, x) curve has 
a singularity of order not greater than / at the origin (4 <2), We make 
a fresh start to analyse the (w, 2) singularity, and proceed as before. If 
the curve is algebraic, the process will terminate at some stage, since 
k <n and each step consumes more terms. 


EXAMPLES VI 


(1) The various species of singular points of the second order are illustrated 
by the following algebraic curves at the origin of coordinates, 


Isolated point: 2?+y?+.43=0. 

Double point with distinct tangents: 2°+73 —3axy=0. 
Cusp of first species: 7?—a°=0. 

Double point with coincident tangents: y?(1+.) -«*=0., 
Cusp of the second species: (y—.x*)? =#5 =0, 


(2) Sengularities of r=, (t), y=d2(t). A singular point is one at which 
pi (t)=2' (4)=0. It may be assumed that the point corresponds to ¢=0, and 
that $,(0)=q¢2(0)=0. By suitable change of axes we can arrange that 


w=atP f(t) (ps2, f,(0)=1), 
y= bir + fa(t) (a>0, 2 (9)=1). 
Any existent branch touches y=0,. 


Case (1). p odd. The relation between « and ¢ can be replaced by a unique 
relation 


=(2)"9{(2)"t (9 (0)=0), 


so that ¢ changes sign with #. We have also 


y=b Gyn {(2)"} (h(0)=1). 


If ais odd, y does not change sign with x. If ais even, y changes sign with 
#, In either case, there is one branch of the curve through (0, 0) touching 
y=0, with in the latter case y=0 for an inflexional tangent. There is apparently 
no singularity, but really one of a concealed nature, for d2y/dxa2—» 0 as 7 —> 0, 


if a <p, and whatever value a has, some differential coefficient is discontinuous 
at (0, 0). 
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Case (2). p even. We have 


eee a a\'P) 
i=+() aE: ({) ce 


scarf) a2 6)" 


Thus ¢ and y only exist for values of w on one side of (0, 0), such that #/a > 0. 
There are two branches touching y=0 at (0,0) and forming a cusp of the first 
species if a is odd and a cusp of the second species if a is even, provided it is 
not the case that A(A) is an even function of A. In this latter case, there is 
only one branch when a is even. 


(3) Radius of curvature at a cusp, 

Let P be a cusp, Y a point which tends to P along either branch of the 
curve, and p the radius of curvature at @. Then as @—> P, p—>0, if P is the 
simplest type of cusp of first species. 

On the other hand p uwswally has a finite limit (different from zero) if P is 
the simplest type of cusp of the second species though exceptionally p—> 0. 
Consider the more complicated cases. 


(4) Discuss the form of the evolute of a curve near the point corresponding 
to a stationary value of p (dp/ds=0) on the original curve. Show that in general 
the evolute has a cusp of the first species. 


(5) Show that in general a cusp of the second species on a given curve 
corresponds to a point of inflexion on the evolute. 


CHAPTER VII 
ASYMPTOTES OF PLANE CURVES* 


§ 710. Derinition or “P—x.” If P(x, y) is a point on the 
curve f (a,y)=0, and if P moves along the curve so that one at least of 
x and y tends to + ~ or to — x, then P is said to tend to infinity, and 


we write Pesta 

DEFINITION oF AN asymptote. Jf P be point on the curve y =f («) 
and P— «x, and if the shortest distance of P from the curvet (or a 
branch of it) g (w, y) =0 
tends to 0 as P—y~, then the curve (or the branch of the curve) 
g (2, y) =0 is said to be an asymptote of the curve y =/ (2). 


* d.1.V.P., Vol. 1, pp. 391-393. 
+ This shortest distance will exist provided the curve (or branch) is continuous, 


> 
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If the curve g (a, y) =0 is a straight line ; 
ax+by+e=0, 
then this straight line is said to be a rectilinear as ymptote ¢ of y=f (a); 
this name may be shortened to asymptote when there is no possibility 
of confusion. . 


$720. Properties of asymptotes. The following theorems explain 
the definition and are of general utility in obtaining asymptotes to a 
given curve. 

THEOREM 7°21. In order that g(a, y)=0 may be an asymptote to the 
curve y =f (a) it is sufficient that,as P + x along y =f (a), the distance of 
P tog (a, y)=0, measured parallel to a fixed direction, should tend to zero. 

For such a distance is certainly not less than the shortest distance, 
which therefore tends to zero. 

In the particular case of a rectilinear asymptote, which is the im- 
portant case, this condition is also necessary*, if the proviso be in- 
serted that the fixed direction is not parallel to the given straight line 
g(#, y)=0; for then this oblique distance bears a constant finite ratio 
to the shortest distance. 

THEOREM 7°22. In order that the straight line x=a may be an 
asymptote to the curve y =f (a) (with coordinates rectangular or oblique), 
it is necessary and sufficient that 


\F@)|> @, 


either as x—>a+0, or as x—a- Ot. 


The two cases do not need separate treatment. Suppose «—a—0. 
If P be the point (#, y) on the curve, then Px as x a—0. 
Moreover, the shortest distance from 2? to a—a=0 is (a—a#)sin», 
where o is the angle between the coordinate axes, and therefore tends 
to0as P—»«. ‘Thus the condition is sufficient, and it is plainly also 
necessary. 

A similar theorem could be given for asymptotes of the type y= b, 
but this case is covered by the next theorem. 

THrorEM 7°23. Jn order that the curve y=g(«) should be an 
asymptote of the curve y=f(x), it is sufficient (but not necessary) that 
J (@)-9 (2) 0 


aX wo, 


* The condition is not necessary for general asymptotes. See Theorem 7°23. 
+ Or both, of course. «—>a+0 means that «>a,and «—»a, while r—y»>a-—0 
means that «<a, and «—>a, 
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This is merely a simplification of Theorem 7°21, so far as the 
sufficiency of the condition is concerned. 'I'o show that the condition 
is not necessary, we have only to prove that, eg., if a>1, y=.2* is 
asymptotic to y=a*+1. We have, in the first quadrant, for the former 
curve x=+y"%, and for the latter e=(y+1)"*. Hence the difference 
between the curves measured parallel to the z-axis, for a given value 
of Y; is (y + 1B a = y a, 
which tends to 0 as y— », if 1/a<1. 

In the case of rectilinear asymptotes, however, when g (a) = ca + d, 
this condition is necessary as well as sufficient, as we have already 
stated. 

Before passing on, it is well to state explicitly the following almost 
obvious facts, which are constantly used in the following sections. 

If the straight line y=cx+d is an asymptote to the curve y=f (x) 
then S(a)~cx, f(a@)-cad 
and conversely. 


§ 7240. Asymptotes as the limits of tangents or chords. An 
asymptote is sometimes defined as the limit of a tangent whose point 
of contact tends to infinity. Asymptotes however may exist in the sense 
of the definition of § 7°10 when the tangent has no limit*, as its point 
of contact tends to infinity. This fact shows that ‘‘the limit of the 
tangent” is not a suitable definition of an asymptote. The precise 
relations between asymptotes and tangents are defined by the following 
theorems. 


THEOREM 7°241. If a tangent to the curve 

. y =F (2) 
whose point of contact is P, has the limit 

y= ca +d 
as P—» ~, then y=cx +d is an asymptote. 
- The tangent at the point P (€, 7) is 
yf (eer -(e)p = 9. 

Suppose for example that, as é—» + , this tangent tends to the limiting 
position y-ca-—d=0; 


i.e. suppose that 
ete a.) O76 SO-E' (Od. 


* The curve need not even have a tangent. 
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If c+0,f' (é) ~«, and therefore* /(€) ~ c&. Therefore 


eke ee 
EXE T(E) PETS) EF(E))’ 
Ne Bae eA 
f.F(6) of of ). 
On integrating we have F 
A +logé-log f()+4=0 (3), 
> Bé exp (d/cé) 
3 bos [Fey 1-2) 


Bé exp (d/cé) 1 
ri) =1+0(2). 


But, as f() ~ cé, we must have B=c. Therefore 


ee +0(g)}=1+0(3), 


J(=cé+d+0(1); 


? 


and so finally 
or in other words 
y=cartd 


is an asymptote. The case c = 0 alone remains to be considered. 
In this case we have to prove that if 


J’ (0, S@)-Ef 4, 
then f(€)—>d. Let us write 
SO=9 ()-€; 
g (71, 9O-&' €)4. 
Therefore, by what we have already proved, 
g (€)=€+d+0(1), 


J (6) =d+0(1), 


as was to be proved. It follows that y=d is an asymptote and the proof 
of our theorem is completed. 


If the tangent has a limiting position, it follows from the proof of 
the last theorem that 


(7°2411) J’ (=e+0 (=) 


This condition is however not in itself sufficient to imply the existence 


then 


so that 


* By Hospital's theorem, a.1.V.P., Vol. I, p. 124. 
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of a limit. For example, if f(#) = ca + log log , f’ (£) satisfies 7°2411, 
but no asymptote y = ca + d exists. 

The geometrical meaning of this necessary condition 7°2411 may be 
mentioned in passing. It is that, unless the slope of the tangent tends 
sufficiently rapidly to its limit, the point of intersection of the tangent 
and the y-axis for example will not remain within a finite distance of 
the origin and “the limit of the tangent will lie wholly at infinity ”, 


THEOREM 7°242. Under the same conditions as in the last theorem, 
the asymptote is the limiting position of a chord two of whose points of 
intersection with the curve, say P, Q, together tend to infinity in a 
direction in which the curve is asymptotic to its asymptote. 

Let P be (&, m) and Q be (&, 7), and suppose that 


&7+e0, £910, 
Then the chord is 


saw Race : ) 
=f’ (é (#- &), 


where &>&>&, by the mean value theorem, supposing that é > &. 
Since f’ (£) ye, we have only to prove that 

&é(f' (6)-0e) 3 0. 
But this follows at once from the facts that (by 7°2411) 

E(f’ ()-0c) 30 
and & <&, and so the theorem is proved. 

The restrictive hypothesis needed in the two last theorems is of some 
interest. Its necessity may be illustrated by the curve 
y =F (@) = cw + w~* sin (2). 
If a>0, y=/(z) has the asymptote y=cw as e— ~, but /’ (a) has no 
limit asw— ~~ unlessa>1. Ifa>1, 
J’ (a) -—¢ =22-* cos (a) — az-*~* sin (a”) 4 0, 


u(f' (x)-¢) 30 
if and only if a>2. In this case only (a > 2) the iengent tends to the 
asymptote. This example illustrates what we stated above, namely vad 
the “limit of a tangent whose point of contact P is such that P — 
or “the limit of a chord etc.” are unsuitable as definitions of a rectilinear 
asymptote except perhaps for algebraic curves, where the restrictions 
are always satisfied. 


but 
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§ 7250. The preceding definition and theorems have been stated as 


referring to a curve y=/(a). They all apply without change to any 
branch of the curve /(, y)=0 which satisfies the conditions of the 
implicit function theorem, and so can be expressed in the form 


y=(a) (w> a), or w=h(y) (Y> Ho): 
As some such conditions are essential to enable us to assert the existence 
of the branch in question, they form no restriction on the generality of 


the foregoing discussion. 
For a curve given in polar coordinates by the equation r =/ (6), the 


fundamental theorem is the following. 
THEoREM 7°251. [fr—o as 6a and if 
F(A)(a- 8) 9b, 
rsin(a—6)=b 


is an asymptote to the curve; and conversely. 
The proof is left to the reader. 


then the straight line 


§ 7:30, Asymptotes of algebraic curves. In the case of an algebraic 
curve, the behaviour of any branch as 7—»o or (and) y—y @ can always be 
reduced, by a suitable substitution, to the study of the branches of an algebraic 
curve in the neighbourhood of the origin. For example, suppose both 2 —> 0 
and y—» 0. The equation of the algebraic curve can be written in the form 


(7°301) Pn (%Y)+Pn—-1 (L,Y) + +. + ho=9, 
where ¢,(#, y) is a polynomial in # and y, homogeneous and of degree r. 
Write »=1/x', y=1/y'. Then 7°301 in general transforms into 


a ease (y' J i / I 
(ay) n YO) + cr ayani Pam 1 Ys @) +... + ho=0, 
or dn (YL )+LY hn-1 (y's &) +... + (a y')" bo=0. 


We have therefore to study the form of the branches of this curve in the 
neighbourhood of the origin, which is a multiple point of order x. This is the 
problem whose solution was sketched in § 6°60. It is convenient however to 
develop an alternative direct method of attack, though it should always be 
borne in mind that the study of the asymptotes of algebraic curves is identical 
theoretically with the study of the form of the branches through a singular 
point. 

When we discuss the existence of branches belonging to any possible 
asymptote, we shall in. general reduce the problem by a substitution to the 
problem of the existence of a branch touching a definite straight line through 
the origin; for to any chosen asymptote a definite tangent at the origin is 
made to correspond by the substitution. This provides a convenient way of 
specifying precisely what is meant by a single branch or branches of the 


ASYMPTOTES OF PLANE CURVES 95 


algebraic curve near infinity. The branch associated with a particular asymptote 
means the branch corresponding to that which touches a particular tangent at 
the origin of the transformed curve. 

Suppose that f(x, y)=0 is the equation of an algebraic curve of degree 1, 
which may be put into the form 7°301. We shall attempt to find the rectilinear 
asymptotes of the various branches of this curve which are not parallel to the 
axis of y, .e. asymptotes of the form 

y=cutd. 
It is clear that an exactly similar procedure, on interchanging w and y, will 
find for us the asymptotes of the form 

x=cy+d, 
z.e. those not parallel to the axis of x. The apparent exception does therefore 
not limit the generality of the discussion. 

As P—» o along a branch of the curve f(z, y) =0 in a direction (v —¥+ 
say) asymptotic to the asymptote y=cv+d, we have 

yrok, y—cu—>d. 
Writing y=tx, c=1/x’' in equation 7-301 and dividing through by x”, we have 
(7302) dn (1, 1) +2 da—-1 (1, +...=0, 
an equation giving ¢ in terms of 2’. 


Now by hypothesis t > ¢ as v—4 w, 2.2. a8 x —>0, so that ¢ remains finite 
as vz —> 0. Moreover, it satisfies an equation of the form 


ayth+a,t—-14...4+(a,+0(1))=0, (A<n). 
Now the roots of such an equation are continuous functions of a, the constant 
term. Therefore, as 2’ —> 0, t—»a, where a is the root of the equation 
— Mth+...+a,=0, 

.e. of 

(7'303) Only a) —O: 
We have therefore found that the first condition to be satisfied by the asymptote 
y=cutd is 

(7°31) nicl, 6) —0, 

Unless this equation has real roots there will be no asymptotes of the 
assumed form, Let us suppose therefore that ¢ is a real root of this equation. 
Writing y=cx+v=v+c/2’, and substituting for y in the equation of the curve, 
we have : 
dn (L, CL+0) + hn—1 (%, C@ +0) + = 0. 

It is required that v—>d, as x» ©. On dividing through this equation by 
a”, we have 
gn (1, c+ 00) +4 hn-1 (1, 64.20) +...=0, 
and, by applying Taylor’s theorem, 
xv hy! (1, C)+F L202 hn" (1, 0) +. +2 Gn—1 (1s C) +27 1G 'n=1 (1, 0) + 1 =0. 


96 ASYMPTOTES OF PLANE CURVES 


The number of terms in each expansion is finite, so that there is no question 
of validity. Suppose now that 

gn (1, ¢) +0, 
ze. that c is a simple root of the equation ¢, (1,#)=0. Then v satisfies the 


equation 
von (1, ¢)+bn-1(1, e) +4’ p (, #)=0, 


where yw is a polynomial in v and «’ of degree m at most. Since v—» di, v re- 
mains finite as a’ —> 0, and therefore 

wp (v, 2)=0 (1). 
Therefore, by a repetition of our preceding arguments, d must be a root of the 


equation 
: addy (1, ¢)+¢Gn-1C1, c)=0, 
1.6. 
(7°32) d=— Pn-1 ‘Gs €)/ Pn’ Q, 2) 
provided ¢,’ (1, ¢)+0. We have therefore found that 7f y=cx+d is an asymp- 


tote then 
Dads c)=0; 


and vf cvs a simple real root of dy (1, ¢)=0 then 
d= — dn—1 (1, ¢)/n' (1, ©). 
We must now consider the case 
gn. i, c) =0, 
in which ¢ is a multiple root of d, (1, ¢)=0. Suppose first of all that 
Pn-1 qd, c) +0. 
Then the equation satisfied by v may be written ¢,_ (1, ¢) +2’ (2, 2’) =0, and 
as v is to remain finite as xv’ — 0, we have 
ni (1, ¢) +O (2) =0, 
which contradicts @,-; (1, ¢)+0. There is therefore in this case no rectilinear 


asymptote. 


Let us now suppose that 
$n-1 (1, ¢)=0. 
Then the equation satisfied by v may be written 


1 / * 1 J we J x 
yo pr’ (1, C) ba ere dn @, c)+...F¢02 0h n—i(1,.c) 
1 a ” J 
+5 eeu el C) +e Fe? png (1, c)+...4...=0, 


or $v7 ph,” (1, c) + 0G'n-a (1, ¢€) + n—g (1, c) +O (x')=0. 
It follows that, provided either ¢,.” (1, ¢c)+0 or $’,_3 (1, c)+0, d must satisfy 
the quadratic (possibly linear) equation 


(7:33) 30 hn’ (1, c)+dgh'n—1 (1, ¢) + Gn—2 (1, ec) =0; 
that if dr” (1,c)=0, o’n—-1 (1, ¢)=0, and @y-s (1, c)+0, there is no rectilinear 


asymptote of this type; while if $n” (1,d)=¢n4 (1, e)=,g-2(1,¢c)=0, the 
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matter is still uncertain. We then continue the above process and, since the 
degree of the equation is finite, the process must eventually terminate, leaving 
us either no asymptotes of the assumed type, or else equations by which to 
determine ¢ and d. We can sum up the results of the preceding discussion as 
follows. 
In order that 
y=cutd 


may be an asymptote of the curve 
Pn (2 Y) + hn (”, y) +...=0, 
it is necessary that ¢ should be a real root of 
pads) —90; 
and that, if ¢ is a simple root of this equation, 
d= — Pn—1 (1, C)/ Pn (1, C). 
If cis a multiple root, there is no asymptote unless 
Pn—1 (1, ec) =0. 
Tf also py, (1, ¢)=0, then d must satisfy the equation 
bd?py (1, 0) +d G'n (1, ¢)-+Pn—a (1, 2)=0 
provided this equation contains d; and so on. 
A less explicit but more compact statement of these facts may be made as 
follows. We first of all notice that, on substituting y=v+c¢/z’ into the equation 


of the curve, and reducing, we eventually obtain in all cases an equation of 
the form 

(7331) v (x, c) +2" (v, ¢)+...=0, 
where y(v, c) is polynomial in v and ¢ which is not identically null, but which 
may or may not contain v. It follows that d must be determined by the 
equation z 


(7°332) wy (d, c)=0, 
and that if this does not contain d then there is no rectilinear asymptote for 
this particular value of c. Then we may say that in order that 

y=cut+d 
may be an asymptote of the curve 
hn (MY) + hn-1 (VY) +1 =; 

it is necessary that c should be a real root of 
=e hn(1, #)=0, ata 
and that, when a value of ¢ has thus been determined, d should be a real root of 
eae vp (v, ¢)=0. 
Tf there is no such real root there are no rectilinear asymptotes for this value 


of ¢. ee 
F. 7 
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There is yet one more necessary condition that follows from the assertion 
that y=cv+d is an asymptote, namely that there should exist a real branch 
of the curve f (x, y)=0 of the form 

. y=cutd+u, 
where u—>0 as 4 —> © (or as —>— © as the case may be). On substituting 
d+vw for v in equation 7°331 we have 
(7333) W (d+, c)+a'Wi(d+u, e)+...=0, 
or for the sake of shortness 
x (d+u, ¢, #’)=0, 
and the necessary condition that we require is that equation 7-333 admits at 
least one real root w (2) such that w(x’) 0 as 2’ —»+0 [or as vz’ —»—0 as the 
case may be]. The problem is thus reduced to the ordinary problem of the 
existence of implicit functions, and admits the solutions of Theorem 1°51 or 
Chapter VI. 

It may be noticed that the sign of w(z’) determines whether the curve lies 
above or below its asymptote for large values of x, and that if w (2’) exists and 
u(x’) —> 0 as x’ —>+0, or as x —»-0, the curve approaches its asymptote as 
v2—>+o or as x—»— © respectively. 

It is easily seen that, wth the addition of the last condition, the foregoing 
necessary conditions for the existence of rectilinear asymptotes are also 
sufficient. We may therefore enunciate the following theorem, which embodies 
one of the usual rules for obtaining rectilinear asymptotes. 


THEOREM 7°34. Rule I for Asymptotes. Jn order that 
y=catd 
may be an asymptote of the curve 
Gn (%, YF Gna (% Y) +... =0, 
vt is necessary and sufficient (1) that c shouldbe a real root of 


Gn (1, t)=0; 
(2) that when c has so been chosen, d should be a real root of 
¥ (2, c)=0; 


and (3) that when d has so been chosen 
x (d+u, c, v')=0 
should admit at least one real root wu («') such that u(x’) > 0 as x’ —»+0 or (and) 
as x2’ —>—0. 
Here ¥(v, c) and x (d+, ¢, x’) are certain polynomials which have been 
defined in the course of the foregoing discussion. The existence of the branch 
u(#’) may be discussed when necessary by the methods of Chapter VI. 


§7°40. Asymptotes parallel to the axes of coordinates. It is of interest 
to consider in greater detail the case in which zero is a possible value of ¢, é.e. 


in which dn (1, 0) =0: 
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We note that ¢,, (1, 0) is the coefficient of 2. In this case 
d= — hn—z (1, 0)/pn' (1,0) (gn (1, 0) +0). 


Now ¢,’ (1, 0) is the coefficient of ¢ in gn (1, t), and d,_; (1, 0) is the term 
independent of ¢ in d,_; (1, ¢). Hence 


Yn (1, 0)+ dna (1, 0) 
is the coefficient of 2"~1, z.e. of the highest power of x in f(x,y). Moreover 


YPn' (1, 0)+n-1 (1, 0)=0 
is a possible asymptote, and effectively one if condition (3), that a suitable real 
solution of 
x (d+u, 0, x~’)=0 
exists, is satisfied. Again if ¢,'(1,0)=0, and ¢,_,(1,0)=0, d is determined 
by the equation (unless meaningless) 
: SO hp” (1, 0) +d @’p-1 (1, 9) + Pn—2 (1, 0)= 
and the asymptotes if they exist are given by 


SP hn’ (1, 0) +9 P'n-1 qd, 0) Ss Pn—2 qd, 0) =0, 

where the expression on the left is the coefficient of w"~%, z.e. of the highest 
power of x in f(z, zy). It is easy to see that this holds in general, and therefore 
that all possible asymptotes of the form y=d may be obtained by equating to 
zero the coefficient of the highest power of « occurring in the equation f(z, y)=0. 
It should be observed that this rule can only be effective when the term x” 
does not occur. We may therefore state the following theorem embodying 
this rule. 

THEOREM 7°41. Rule II for Asymptotes. Rectilinear asymptotes parallel 
to the axis of y (x) can only exist if the term in y" (a") does not occur in f (x,y). 
When they exist, they can be obtained by equating to zero the coefficient of the 
highest power of y(x) occurring in f(x,y). Condition (3) must be shown to be 
satisfied for each line so obtained, before we may assert that such a line ts actually 
an asymptote. 


§ 7:50. Existence of branches of the curve, asymptotic to the asymp- 
tote. It is important to call attention to certain general cases in which con- 
dition (3) is automatically satisfied, and in which, therefore, when we have 
obtained ¢ and d we can at once assert that y=cv+d is an asymptote*, This 
we do in the following theorem. 

TurorEM 7°51. Jf d is a simple root of y(v, ¢)=0, or in particular of ¢ ts 
a simple root of (1, t)=0, then 

—— y=ca+d 
is an asymptote, and moreover asymptotic to a single branch of the curve both as 
x—>+o andasx—>—x%. The branch in general lies on opposite sides “s the 
asymptote at the two ends. 


* Cf. § 6°60. 
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If cis a simple root of ¢ (1, 4)=0, we have already seen that the equation 
determining d is linear, and therefore that d is a simple root of y(v,¢)=0. 
When this is so, the equation determining wv, namely, 

W(d+u, c)+a' Wi (d+4, c)+...=0, 
may be written 
x (u, 2) = ub (d, c) +4" (d, c) +... 4.2’ i (E44, ¢)+...=0, 

where y’ (d, c)=£0, and the values (0, 0) satisfy the equation. The origin of the 
curve x (wv, w’)=0 is therefore an ordinary point, since (%)+ 0. It follows by 
the Existence Theorem 1°51 that a unique function w(w’) exists for values of 
a’ such that | «| < k, and that u(x’) —> 0 as | x’|—» 0. Further w (#’) in general 
changes sign with 2’. Condition (3) is satisfied, and our theorem is proved. 
This corresponds to the case k=1 of § 6°60. 

We may apply the preceding reasoning to Rule II, and obtain the following 
theorem analogous to 7°51. 

THEOREM 7°511. Jf the highest power of x is x"—1, and @f its coefficient is 
ay +b (a+0), then ay+b=0 is an asymptote, asymptotic in both the directions 
Y +0, y¥—-~-&@ to a single branch of the curve. 

- We may observe here that the need for condition (3) is simply in order to 
exclude the possibility of w(x’) being complex for real values of wz’ however 
small. Since (0, 0) is always a point on the algebraic curve 

x (d+, ¢, x) =0, 
there always exist one or more functions wu (2”), such that wu (2) 0 as | a” | 0, 
if complex values are admitted. In this case too, complex values of c and d 
may also be admitted, and to such a pair will correspond a branch of the curve 
(necessarily complex). The need for condition (3) arises from the fact that 
while to complex asymptotes correspond complex branches of the curve, to 
real asymptotes do not necessarily correspond real branches. The corresponding 
phenomenon in the case of singular points is the occurrence of an tsolated point. 

If we strike out all conditions of reality for real values of 2, Theorem 7:34 
takes the simpler form. 

In order that y=cu+d may be an asymptote of the curve 

Pn (2; ¥) + Pn-1(%, Y) +... =0 
it is necessary and sufficient (1) that ¢ should be a root of 
hn (1, 1) =0 
and (2) that when ¢ has been so chosen d should be a root of 
v (%, ¢) =0, 

In general , (1, #)=0 has x distinct roots. We may therefore, with due 
caution, say that in general a curve of degree 7 has x rectilinear asymptotes real 
or complex. 

§ 7-60. After what precedes, the reader should have no difficulty in giving _ 


a strict proof of the validity of the following rule for the rectilinear asymptotes 
of an algebraic curve. 
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THEOREM 7°61. Rule III for Asymptotes. If the equation of an algebraic 
curve can be expressed in the form 
Tn (sy) + In—2 (% Y) =0, 
” 


where Fn (% Y)= Tl (4,2 +b,y +¢,), 
r=1 


and fy (#,y) is of degree n—2 at most in « and y, and if no factor of fy (x, y) 
as a constant, and no two factors of fn (a,y) represent identical or parallel 
straight lines, then the curve has n asymptotes whose equations are 
a, 2+ b,y+-¢,.=0  (r=1, 2, ... 2). 
It should be noted that in this case all the lines are necessarily asymptotes 
to real branches of the curve (Theorem 7°51). 


§ 7:70, Curvilinear asymptotes. We have seen that under certain con- 
ditions, although ¢ is a real root of @, (1, t)=0, yet there cannot exist any 
corresponding rectilinear asymptote. [In fact in such cases there cannot exist 
any such asymptote even if complex values are taken into consideration.] An 
investigation similar to the preceding shows us that in certain cases there 
exists a real branch of f(r, v)=0, which satisfies the relation y~cr,as Po, 
but which does not satisfy the relation y—ex —d for any finite value of d. 
In order to obtain a knowledge of the form of any branch of the curve 
f(@%,y)=0 as P—» «, it is necessary to undertake a further investigation of 
such cases. We shall find that instead of having a straight line as asymptote, 
the curve has, in the simplest case, a parabola as asymptote. We proceed to 
discuss this simplest case before passing on to the general one. 


Parabolic asymptotes. The simplest case left over from the last section is 
that in which ; 
gn (1, ec) =n (1,0)=9, dn-1 (1, ¢) #0; 


and the simplest form of this case is obtained by supposing 


gn” (1, 6) £0. 
We write y=v +cx=v+¢e/x’, and note that we must have 
(7:72) e=o(a) 
The curve then takes the form 
1 yi wt U y 
52g (Qe 0) + aie hn (1, ¢) +... +4’ hn—1 (1, c) +0 (x) =0, 
or $v? {hn (1, ¢) +0 (1)} +2 {ora (, c) +0 (1)}=0. 


In order that this equation may have a real solution it is necessary that 
#pn—1(1, ©)/pn (1, €) <0, 

Ze. that x—»— if hy—y (1, ¢)/Pn” (1, ¢) > 0, and 7—>» +00 if 
Pn—1 (1; ¢)/Pn” (1, ¢) <0. 

It will be sufficient to consider one of these cases, for instance the latter. We put 


(7°73) a={—2bq-1 (1, €)/pn" (1, 0)}? 
—-s 
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Then, as 7—>+o, it is necessary that either y~axd, or v~ —ax2, both of 
which hypotheses fulfil the condition 7°72. We must therefore have 
y=cu bark (1+0(1)), 
as w—>+, while as v —»— there can be no real values of y satisfying 7°72. 
We have still to go a step further before we find an asymptote to the branch, 
Putting v= +arv2+u, where w=o (w), we find that ~ must satisfy 
+ avd u {dn (1, €) +0 (1)} + av? [b'n-1 (1, c) +407,” (1, €) +0 (1)]+0(1)=9, 
or Ur —P'n—1 (1, 0/bn” (1, €) — a? hy” (1, €)/6hn” (1, ©). 
Therefore we must have 
y=ca tax? +8+0(1), 
as 7—> ©, where a={—2n-1(1, ¢)/dn’ (1, c)}, 
and B= —'n-1/bn" + hn-1n'"/3hn'™, 
where h',—1 etc. stand for ',-1 (1, ¢), so that the two branches of the curve (if 
they exist) must be asymptotic to the two arms of the parabola 
(y —ca —B)*=a" x. 
It only remains to show that if we write 
y=cetaxe+B+u, 
there exists in both cases a real function w for large positive values of w, such 
that w—»0 as 7 —»+ 0; this follows at once from the fundamental theorem 
1:51 in the manner of 7°50, for @ is the root of a linear equation. The reader 
will have no difficulty in supplying the details. Wehave therefore proved the 
following theorem. ; 


THEOREM 7°74. Parabolic asymptotes. Jf c is a root of dy (1, c)=0 such 
that 


dn (1, ¢)= gn’ (1, ¢)=0, dn—1 (1, €) +0, gn’ (1, ¢) +9, 
then there exist two branches of the curve 


hn (X,Y) + Pn—1 (*% Y) +... =0 
which possess the two arms of the parabola 


(y —CL+ P'n - Pr” = Pn -1 bn” Bn?) = -—22 Pn— /Pn’ 
for parabolic asymptotes. 


The best possible parabola. Before leaving this simplest case it should be 
noticed that the arms of any parabola of the form 


(y-exr—B) =a +p, 
where p is any constant, are asymptotic to the two branches of the given curve. 
We can in fact determine » in such a way as to give the closest possible 
approximation to the two branches, and as the parabola is in no way rendered 
more complicated by a value of » other than zero, it is worth while to determine 
this best possible parabola. We shall find that, while in general the shortest 


distance between the parabola and the curve is 0 (#~ +), for one and only one 
value of p it is O (1/2). 
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Proceeding as in the last section we find that w~+ya'~ 2, and that if 
w=+yn-2+z then z=O0 (1/2). 

It follows that 

y—cx -B= +axd+yx~- S40 (1/2). 
Moreover, if (y— cx —8)*=a?a+p, 
y—cr—B= tan8+4} (pla) a? +40 (1/2). 
If therefore 
H=2ay, 
the ordinates of the curve and the parabola differ by O (1/2), while for all other 
values of » the ordinates differ by 0 (w~ 4). It follows that the best possible repre- 
sentation of these branches of the curve by a parabola is afforded by the parabola 
(y—ca— 8)? =a’ x+hp, 

where p=2ay. 

The general case. The following theorem covers all cases. 

THEOREM 7°75. General curvilinear asymptotes. Jf c¢ is a root of 

dn (1, t)=0 

to which no rectilinear asymptote can correspond, but to which correspond one or 
more real branches of the curve 


Pn (a, Y) + Pn—-1 (2, Y) +...=0 
satisfying 


y~ en, 
ds @ +0 or v—>—@ as the case may be, then uny one of these branches takes 
the form 
yp ) 
y=cu+dt? ! os att} +0 (t7), 
i=1 


where p is a positive integer, d+0, and t is determined in one of the following 
ways : 

~ (1) t=alt (q>p); 

where q is odd, and the curve has one real branch of the given form both as 
“sto andasvu—y—-o; 

2) t=ola (9g >p), 

where q is even, and the curve can have two real branches of the given form as 
4—>+o0 and none as 7—>-K ; 

(3) t=(-a#)"4 (Gg >p), 

where q is even and the curve can have two real branches of the given form as 
2 —y—ao and none as H—>+0. 
The corresponding asymptote 1s of course 


p 
y=ou + at? {1+ > at~*| F 
i=1 : 


This theorem is obviously merely a natural extension of the fundamental 
existence theorem, on the lines sketched in Chapter VI, especially §§ 6-40, 
6-60. The details may be left to the reader. 
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NOTE A 
A PROPERTY OF DIFFERENTIAL COEFFICIENTS 


In pursuance of our general policy we define, for instance, the tangent at 
_P (a), to the curve y=f (a), as the limit of the chord PY when @— P. For 
this purpose we require merely the existence of f’ (vz). The important question 
then arises “when does the chord Q,Q, tend to the tangent at P as Y;—> P 
and @,— P?” Similar questions occur in connection with curvature. [Theorems 
2-21, 3°23. ] 

In general, of course, a more stringent condition than the mere existence 
of f’ (ap) is required. But cases of geometrical interest occur in which actually 
no more stringent condition is required for two moving points than for one. 
In the example quoted, if 9; ~ P and @,— P from opposite sides, then the 
chord @, Qs does tend to the tangent at P provided only 7’ (a) exists. 

The cases that occur all reduce to the following question: “ When can it be 
asserted that the existence of f' (a ) implies that 


at a (#2) 


—>f" “o)s 


GS &y, Gy, —> xy?” The question is ee in a simple manner by the following 
theorem which it is convenient to state and prove-here. 
If f' (0) exists, and |a—a2| 1s never small compared to the smaller of 
a“, and %5*, then f (ay) —f ( 
c ‘A 7) cr ‘ 
pia S77 (0) hae cotees Moreen eenee (A) 
1— v3 
U8 £, %—»0. In particular Uf x, and x2 have always opposite signs then (A) 
as certainly true. 
Suppose for simplicity that f(0)=0. Then as w,—»0, by definition, 


F(a) _ tr) - FO) 
See aera 


since f’ (0) exists. Therefore f ())=2,f' (0)+0(2,). Similarly, 
- f (%2)=22f" (0) +0 (a2), 
SF (ey) =F (a2) fe =f’ 


Hy — HX 


and therefore (0) +0 {a/| v,- 22 |}, 


where # is the larger of | 2 | a ||. If now, as #,; a—>0, | 2)— a2 
some fixed positive value of &, then 0 {w/| 2 - x.|}=0(1/k) > 0, and therefore 
Ekeay 7 al 


Uy — &y 


— f' (0). 


* T.e. there exists a constant k, independent of x, and‘x,, such that 
%— @|>hk| a, |, | %y—XQ|>h| xo. 
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If in particular x, and x, have opposite signs, which is the geometrically 
interesting case, then |a—w,| >| ,|, |v,—#2|>|a.|; the extra condition is 
automatically satisfied, and the mere existence of /’ (0) is sufficient to ensure 


om f(a) — f (ws) 
JA@1) ~J (9 F 
ore 710) 
NOTE B 


* THE REMAINDER IN TAYLOR'S THEOREM 


We have made use in Note A of the equation f(#)=2/"(0)+0(#), or more 

generally 
S (2) =f (0) + af (0) +0 (x), 

as equivalent to the existence of (0). Similar equations are used frequently 
in this tract when we wish to avoid unnecessary assumptions, for such equations 
just contain all the information provided by the hypotheses. In general we 
can obtain an O- or o-result for the remainder in Taylor’s expansion with less 
assumptions than are required for the use of any of the standard forms of 
remainder, 

For example, suppose that /( (0) exists. This is equivalent to the equation 


SO-N(@) =fO—) (0) + af (0) +0(a). 
Integrating this equation from 0 to x, we obtain, by L’Hospital’s theorem, 
FO- (a2) = fe" (0) + af 9 (0) +4.2°F (0) -+0(2) 
If we repeat the integration n—2 times more, we get 


fla) =B— a f10(0)-+ 0(0") 5 


in other words we have proved that 
Ry 41=0(2"). 

For this o-result, Ry4,=0(x"), the only hypothesis required is the existence of 
70). In the same way we can prove that for the O-result, Ry 41=O(x"*"), 
the only hypothesis required is that all the upper and lower derivates of f\)(a) 
should be bounded at x=0. 

To obtain a result at least as good as either the o-result or the O-result 
from, for example, Lagrange’s remainder form, we must assume that f("*) (2) 
exists over an interval containing #=0. 
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PREFACE 


Aaa object of small treatises of this kind is to enable the general 
student to gain rapid access to the various branches of Modern 
Mathematics, thereby preventing this science from breaking up into 
a number of disconnected parts, each belonging to its own specialist 
and closed to the outsider. Mathematics must form a whole, any progress 
in one of its parts stimulating advance in the others and raising new 
problems ; when a branch is severed from the tree, it dies. 

In writing this book, I have therefore tried above all to simplify the 
work of the student. On the one hand, practically no knowledge is 
assumed (merely what concerns existence of real numbers and their 
symbolism); on the other hand, the ideas of Cauchy, Riemann, Darboux, 
Weierstrass, familiar to the reader who is acquainted with the ele- 
mentary theory, are used as much as possible. 

I have also hopes that it will be of some use to the initiated, 
who may find here new points of view and greater generality in the 
treatment, owing to the idea of ‘integration with respect to a function 
in space of n-dimensions. I have not however included what Hobson 
and others call the Fundamental Theorem of the Integral Calculus, 
namely the connection with the Theory of Derivation. 

The Theory of Integration, which forms the subject of this book, has 
long been one of the most useful tools of Mathematics. Its methods 
were already employed with success by the ancient Greeks, in their 
investigations about Areas and Volumes. They possessed the method 
of exhaustion, the method of series. They were very clear about the 
idea of limit and this perhaps made them suspicious of the unsound 
method of infinitesimals, as results thus obtained were always estab- 
lished independently. 

After the Dark Ages the rediscovery of this last method and the use 
of the symbolism of Algebra rendered possible the creation of the 
Calculus by Newton and Leibnitz. Unfortunately, believing they had 
reduced everything to symbols, they did not realise the need of examining 
the ideas these represented and testing their soundness. They conceived 
their Calculus to be purely formal; limiting process, a mere operation 
on symbols. They were very clear as to the properties they expected of 
such operations: possibility of operation, existence of inverse operation, 
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reversibility of order of two consecutive operations. But they were not 
so clear as to the properties implied of the entities operated on, which 
in their case were functions, loosely defined as numbers depending on 
variable quantities. 

This conception of Mathematics persisted for a long time. In the 
nineteenth century, however, the feeling that Mathematics is not the 
entire property of the mere Calculator, but rather that of the Thinker, 
revived at last. The result was the development of Geometry, the Theory 
of Groups, the Theory of Vectors, the systematic use of the Imaginary. 

The Mathematicians of that century naturally also perceived the need 
of reforming the Infinitesimal Calculus. The reform was started with 
Cauchy’s Theory of Limits, based on Inequalities. Cauchy also intro- 
duced the notion of Continuity and attempted to use it as a foundation 
for the Calculus. He saw the unsatisfactoriness of the notion, hitherto 
adopted, of Integration as Inverse Differentiation: a definition which 
is not constructive requires a theorem ensuring the existence and 
unicity of the entity in question. Cauchy defined Integration for a 
continuous function by an always possible limiting process and he proved 
that it could be considered as the inverse of Differentiation. 

But the occurrence of discontinuous functions in certain simple 
problems and the discovery, by Weierstrass, of continuous non-differ- 
entiable functions,—by Riemann, of discontinuous integrable functions, 
showed that continuity is both inconvenient and unnatural for the 
foundation of the Calculus. 

The Theory of Integration and that of Differentiation have since been 
built up separately as parts of the New Calculus, the Calculus of Real 
Functions, whose great generality, far from being due to a love of com- 
plication on the part of its founders, as was at one time asserted, is to 
be attributed to the simplicity and straightforwardness of its methods 

This New Calculus would never have been possible but for the wonder- 
ful ideas of Cantor, at first completely unintelligible to the Mathe- 
maticians of the Older School, some of whom even wilfully misunderstood 
them and sought to lead others into error with regard to them; but 
which, fortunately, very much influenced a few younger men since 
become famous. Only too often have ideas of the greatest value been 
left for a long time unheeded, while their authors remain in obscurity. 
Galois, the founder of the Theory of Groups, was ploughed at the en- 
trance examination of the Ecole Polytechnique through knowing more 
than his examiners, and this was only the first of a series of disappoint- 
ments which embittered his short life. Grassmann, the creator of the 
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theory of vectors, remained a schoolmaster most of his life, and his book, 
the “Ausdehnungslehre,” was burned by the publishers, who could find 
no buyers. 

Cantor’s Theory of Setsof Points and Borel’simprovement of the theory 
of content or measure of such sets, paved the way to the semi-geometric 
definitions of Integration, given almost simultaneously by Lebesgue and 
Young. These definitions represent an extension comparable to that of 
Arithmetic on the introduction of irrational numbers. They are sub- 
stantially equivalent to the more direct one here adopted, later given by 
Young, using the work of Baire on functions. 

My father had long thought of writing a connected account of his 
theory. In carrying out this task myself at his suggestion, I have tried 
to do justice to his ideas and to introduce a few minor improvements 
of my own. If I have succeeded in my endeavours, it will have been 
largely owing to his encouragement, and to the constant assistance of 
my mother and of my sister Miss R. C. H. Young. 


L. C. ¥. 


September 1926. 
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CHAPTER I 
THE METHOD OF MONOTONE SEQUENCES 


§ 1. Successions of numbers*. 


A set of numbers is said to be bounded if there exist a finite number greater 
and a finite number less than all those of the set. The smallest number such 
that no number greater than it belongs to the set is called the wpper bound of 
the set of numbers ; the greatest number such that no smaller number belongs 
to the set is called the lower bound of the set. If there is no finite number 
greater than all those of the set, the set of numbers is said to be unbounded 
above, and we shall agree to say that its upper bound is +; similarly, if 
there is no finite number less than all those of the set, the set of numbers is 
said to be wnbounded below, and its lower bound will be —o . 

A countably infinite set of numbers, written down in a definite order, 
is called a succession, e.g. 

Gy, Ug, - 05 Any one 
Repetition of a number is allowed. 

A succession is said to be monotone ascending if each term is greater 

than or equal to the preceding, — 

Oy Sig S «02 Sn S383 
a succession is said to be monotone descending if each term is less than 
or equal to the preceding, 

pe Oy Se Oe ce 

In either case the succession is said to be monotone, or to be a mono- 
tone sequence. One of the bounds of a monotone sequence is clearly its 
first term a,. The other is called the wnique limit of the monotone 
sequence, whether finite or infinite. 

Given any succession S 

Pniateatine tes 
the succession S, obtained from it by leaving out its r first terms, has 
its bounds K,, k, lying between those of the succession S,—1, i.e. 
we have 
Kept S hip S Ky S Kya 
‘Thus, the succession of the upper bounds 
Ky, Kay 1+) Kay + 


* We are dealing with real numbers; + and —o are regarded as distinct. 
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is monotone descending. Its unique limit is called the upper limit of 
the succession S. Similarly, the unique limit of the monotone ascend- 
ing sequence of the lower bounds is called the lower limit of S. 

The upper and lower limits of a monotone sequence are equal and 
coincide with its unique limit. 

For one succession of bounds coincides with the given sequence and the 
other consists of terms all equal to the unique limit. 

A succession whose upper and lower limits are equal is called a 
sequence, and their common value is called the wnigue limit of the 
sequence. A sequence having a finite limit is said to converge; otherwise 
it diverges. A succession which is not a sequence is said to oscillate. 

Given any succession S, we call subsuccession of S a succession of 
numbers all belonging to S and occurring in the same order as in S. 
We call subsequence of S any subsuccession of S which is a sequence. 
The unique limit of any subsequence of S is called a Limit of S. 


TurorEM. The upper and lower limits of a succession are limits of 
that succession. 


It is sufficient to prove this for the upper limit. 

If the numbers X,, all belong to the succession, the theorem is obvious. 

If any one of them does not belong to the succession, all the following 
are equal to it, and it is the upper limit*. Let 7, be its index, 7, that 
of the first term after @,, which is greater than a,,, 72 that of the first 
term after a,, which is greater than a,,, and so on. Then the sub- 
succession of S, 

Aros Ary +++y 

is a monotone sequence whose unique limit is X,,,, because, by construc- 
tion, no term of S after a,, can exceed this limit which, being the upper 
bound of a subsequence of S,,, cannot exceed X,,,. 


Txxorem. The upper and lower limits of a subsuccession of S lie 
between those of S. 
Let 8’ be the given subsuccession. Let S,’ be the succession obtained 


from S’ by leaving out its r first terms, and let S.. be obtained similarly 
from S. 


Then 8,’ is a subsuccession of S,, and its bounds K,’ and ,’ lie 
between those of S,, K,, and ,., 


hk, Sk, <E, © K,. 
This holds for all 7; the theorem follows. 


* Omitting from a set of numbers a finite number of its elements none of which 
coincide with the upper bound, does not affect the upper bound. 
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CorotLary. All the limits of a succession lie between its upper and 
its lower limits *. 

As a kind of converse of the preceding theorem, we have: 

TuroreM. If a finite number of subsuccessions of S together contain 
all the elements of S, they have among their upper and lower limits 
those of 8. 

It is sufficient to prove this for the case of two subsuccessions and to 
consider only the upper limits. Let U be the upper limit of S. Then 
there is a subsequence having U as limit and we can so arrange that it 
belongs entirely to one of our subsuccessions (see footnote*). U is there- 
fore a limit of that subsuccession. By the preceding theorem and its 
corollary it must therefore be its upper limit. 

e-definitions of limits and convergence. 'To define by this method the 
upper limit of a bounded succession S, 

Gage ie 
U is said to be the upper limit if given any positive number e however 
small, an index WN can be found such that from and after n= N, 
an< U +e, 
while an infinite succession of n’s can be found such that 
Gn > U0 -e. 
Similar definition for lower limit. 
Thence the e-definition of limit of a convergent sequence 
UO -e<a,<U +e, 
for all m from and after N. 

This method, which was known to the Greeks, is probably familiar to 
the student, who will easily prove the equivalence of the definitions so 
obtained with our former ones. 

The characteristic advantage of our method is to reduce the considera- 
tion of all successions to that of monotone sequences. 


§ 2. Successions of functions. 

Corresponding to any set of numbers, we have on the straight line a set of 
pointst; we need only choose an origin, a sense, and a unit of length. 

We shall say a point is a limiting point of our set of points, and that the 
corresponding number is a limit of the set of numbers, if every interval of 
which it is the centre contains an infinite number of points of the set. This 
agrees with our definition of limit in the case of a succession. 


* In particular, all the limits of a sequence coincide with its unique limit. 
+ This is equivalent to what is called the Cantor-Dedekind axiom. 
1—2 
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A set containing all its limiting points is said to be closed. A point belonging 
to a set and not a limiting point is called an ¢solated point of that set. 

After the finite sets, consisting of a finite number of points, and the sequences 
and successions of points, the simplest sets are the intervals. An interval con- 
sists of all the points between its endpoints. If it includes these it is closed, 
if neither, open. 

Corresponding to any pair of numbers, we have a point in the plane; corre- 
sponding to any set of pairs of numbers, a set of points in the plane. Similarly 
any set of numbers given ” by n, may be taken to represent a set of points 7 
n dimensions. We may agree to represent the 7 coordinates of a point by a 
single symbol, and let x stand for the ensemble of the n numbers 2, £2, 
aga 

Two points a=(d1, a2, ..., @n) and b=(6,,..., b,) such that each coordinate 
of a is less than the corresponding one of 6, define an interval (a, 6), consisting 
of all the points z whose coordinates all lie between the corresponding co- 
ordinates of a and 6, that is the set of points belonging to the rectangle or to 
the n-dimensional parallelopiped whose sides are parallel to the axes and which 
has a and 6 for its endpoints. The interval is open if it consists only of the 
internal points, closed, if of all the points. We shall call length of an interval 
the length of a principal diagonal. It is convenient to define a stretch to be 
either an open interval or the limiting case of an open interval when one or 
more of the inequalities between the coordinates of a@ and 6 are replaced by 
equalities. Thus in one dimension a stretch would be either an open interval 
or a point ; in two dimensions it would be an open interval, or an open side of 
an interval, or a point, etc. 

When distinction is necessary, we use the symbol ¢ to denote a point on the 
straight line. : 

Definition of a function. A quantity y is said to be a function of 2, in an 
interval (a, b), if to each x of that interval corresponds a single value y. 

We use the symbol f() to denote a function of x. 

A function is said to be bounded if the set of numbers consisting of all its 
values is bounded. 


If corresponding to each point # we are given a succession of numbers 
A: (2), f:(@), ..., these may be said to define a succession of functions. 

The upper bound K (x) of the numbers corresponding to the point 
define a new function, which we call the upper bounding function of 
the succession of functions. 

Similarly we define the lower bounding function. 

The upper limit U (2) of the numbers f(a), f(a), «-- corresponding 
to the point x defines a new function, which we call the wpper function 
of the succession of functions. 

Similarly we define the lower function. 

The succession of functions is called a seguence, if its upper and lower 


THE METHOD OF MONOTONE SEQUENCES 5 


functions are identical. They are then called the limiting function of 
the sequence. 

The succession of functions is said to be a monotone ascending 
sequence if the numbers corresponding to each a form an ascending 
Sequence; it is said to be monotone descending if they form a monotone 
descending sequence. In either case the succession of functions is 
called a monotone sequence of functions. 

Given any succession of functions, the upper bounding function K,(z) 
of the succession obtained by leaving out the r first functions, generates 
as 7 increases a monotone descending sequence which converges to the 
upper function U («), and the corresponding monotone ascending se- 
quence of the lower bounding functions, converges to the lower function. 

We have thus again reduced the consideration of all successions of 
Junctions to that of monotone sequences of functions. 

In the case of monotone sequences of functions one bounding function 
is the first function, the other is the limiting function. 

The convergence of a sequence of functions is said to be bounded if 
the bounding functions are bounded. The functions of the sequence 
are then said to be uniformly bounded. 

The convergence of a sequence of functions f, (7) to a limiting func- 
tion f(z) ina closed interval is said to be wniform if, given any positive 
number ¢, an index WV independent of x can be found such that, for all 
nm from and after JV, 


| Sn (a) —f (x) | <e for all a. 


It is uniform in an open interval if uniform in every closed com- 
ponent interval. (See Appendix, 1, p. 44, last 18 lines and seq.) 


§ 3. Limits of a function at a point. The upper and lower 
bounds of a set of numbers consisting of all the values of a function in 
an interval are called the upper and lower bounds of the function in 
that interval. Between them lie the bounds of the function in any 
interval interior to that interval. 

Let 2, be any point interior to the interval of definition (a, 6). Let 
W,, Way +++, Wr; --- be any succession of intervals having 2 as internal 
point and whose lengths converge to zero, each interval being contained 
in the preceding. Let M,, m, denote respectively the upper and lower 
bounds of the values of the function in w,, eacluding the point x». 
Asr increases they form two monotone sequences of numbers and their 
limits, U and L respectively, are called the upper and the lower limits 
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of the function at the point x. These limits are independent of the 
choice of the succession of intervals*. 

For consider two successions of intervals ,, we, ... and wy’, We, ---3 
let the corresponding limits be U, L and U’, L’. 

There cannot be more than a finite number of intervals of the second 
succession not interior to w,. Since r is arbitrary U’, L’ therefore le 
between U and L. 

But, reversing the roles of the two successions, U, L lie between U’, L’. 
Hence V=U'", L=L'. 

If in the definition of upper and lower limits at a point 2, instead of 
intervals containing the point 2, we consider intervals (open or closed) 
having 2, for a corner-point and as before each contained in the pre- 
ceding and with length decreasing to zero—this defines corresponding 
to each quadrantt (open or closed) at x a unique pair of wpper and 
lower limits (or limits of approach) in that (open or closed) quadrant. 

In the case of an internal point of the interval of definition the upper 
and lower limits at the point are respectively equal to the greatest and to 
the least of the upper and lower limits in the various closed quadrants 
at the point. We may use this to define the upper and lower limits 
at every point of the closed interval of definition. 

We thus have, in all cases, corresponding to each point 2 of the 
interval of definition, three numbers, the value of the function and its 
upper and lower limits. 

It is obvious that the greatest and the least t of these three numbers 
are respectively the limits of the upper and lower bounds of the function 
in any succession of intervals of lengths decreasing to zero, the point 2 
being internal to all of them (the value at xz is not excluded). If the 

* Also each interval need not lie in the preceding provided they ultimately shrink 
up to x. For let uw, be the smallest interval containing all those of the succession, 
ug the smallest interval containing all except w,, etc. Then w,, wg, ... are each 
inside the preceding and shrink up to x). Again if v, is w,, v, the largest interval 
inside w: which has no points outside 2}, ..., v,, the largest interval in w,, having no 


points outside v,_,, then v1, v2, ... are a succession of intervals each inside the pre 
ceding and shrinking up to a). Also clearly 

: Un > Wy > Vy. 
Hence the limits for w, lie between the corresponding limits for u, and v, which 
coincide. 

+ By quadrant at a point we mean, in one dimension, one or other of the two sides 
of the point; in n dimensions, an angle determined by n parallels to the axes through 
the point. ; 

$ They are sometimes called the maximum and minimum limits and their 
difference is sometimes called the jump of the function at the point «. 
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value at the point is the greatest, it is also the limit of the upper bounds 
of the function in any succession of closed intervals which have a as 
corner-point, and whose lengths decrease to zero. In that case the 
function is said to be upper semicontinuous at the point 2. Similarly, if 
the value of the function is the least of the three numbers, the function 
is said to be lower semicontinuous at the point. 

Similarly we may define upper and lower semicontinuity in a closed 
or open quadrant at a point. 

If a function is both upper and lower semicontinuous at a point and 
its value there is finite, it is said to be continwous* at the point. Other- 
wise the function is discontinuous at the point. 


§4. Semicontinuity and the theorem of bounds. A function 
is said to be upper semicontinuous in an interval if it is upper semi- 
continuous at every point of the interval. We shall call it a U-function. 

A function is said to be lower semicontinuous in an interval if it is 
lower semicontinuous at every point of the interval. We shall call it an 
L-function. 

In either case it is said to be semicontinwous in the interval. A function 
which is both an Z and a U and assumes only finite values is said to 
be continuous. 

e-definition of semicontinuity at a point. A function f(z) is said to 
be upper semicontinuous at the point 2 if, given any positive quantity ¢, 
there is an interval having 2, as middle point throughout which if f(a) 


is finite LONE (ee, 
while, if f(a) is -—2, (0). 
SI (a) <—Il/e 


A function f(a) is said to be lower semicontinuous at the point 2, if, 
given any positive quantity ¢, there is an interval having 2 as middle 
point, throughout which, if f(a) is finite, 
F(a) =F (a) -¢, 

(L). 


J (a) > 1/e 
If f(a) is +, then f(a) is certainly upper semicontinuous at 2; 
if f(a) is —«©, then f(z) is certainly lower semicontinuous at 2. 
Tarorem. An L-function assumes its lower bound in every closed 
interval; a U-function, its upper bound. 
Divide the given interval into two equal parts. If m is the lower 
bound of our Z-function in the given closed interval, it is also its lower 


while, if f(a) is +, 


* See Appendix, 1. 
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bound in at least one of these closed subintervals. Let W, be the first 
having this property. Again divide W, into two equal parts, and let W, 
be the first of these closed subintervals of W, in which m is again the 
lower bound. And so on. 

The succession of intervals 

WEW ae ee 
consists of closed intervals, each contained in the preceding, and whose 
lengths decrease to zero. There is exactly one point common to all of 
them. The value of our L-function at that point is therefore the limit 
of its lower bounds in the succession of intervals, that is to say m. Q.E.D. 

Similarly, we may prove the corresponding theorem for U-functions. 

The theorem of bounds. 

If A(z), fo(#), ..., is a monotone ascending sequence of functions 
having /(z) as limiting function; if w, and /, are respectively the upper 
and the lower bounds of f(z) in a fixed closed interval, w and 7 those 
of /(#) in the same interval, then 

limw,=u while limd, <2. 
Moreover, if the functions are all Z-functions, then 
lim /,=/, 

It is obvious that if 7, is never greater than /., the same is true of 

their bounds. Hence 
, Ste Sus S43) ESQ Sh 

Therefore limw,<u; lm, <2. 

But if A is any quantity less than w, there are points 2 such that 
J(@)> A. Atany such point z, we have, since /, (@) converges to f(z), 
Jn(#) >A from and after a certain fy (a). Therefore, a fortiori, 


lim wp > A, 
or, since A was any quantity less than w, lim w, > u. 
Therefore limw,=u, while limd, </. 


In the case in which the functions /, are Z-functions, we can find a 
point 2, where f, assumes its lower bound. Let 2’ be any limiting 
point of the z,, and let B be any quantity less than f(2’). Then 

In(@)>B 
from and after a certain fy. There is therefore an interval surrounding 2” 
throughout which, since fy is an Z-function, fy (x) is greater than B. 
In that same interval, by monotony, 


Jn(v)>B 
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from and after fy. In this interval there are an infinite number of the 
points 2, with indices greater than NV’. Therefore, if V” is the first of 
these, then 

Fue tye) =Lyo> B. 


lim J, > B. 
Since B was any number less than f(a’), 


f(a") <lim |p, 


Therefore, a fortiori, 


and, a fortiori, 
Z<lim Z,. 


CHAPTER II 
THE GENERATION OF FUNCTIONS 


§1. The simple functions. The simplest functions are the con- 
stants; the value of y is the same for all z. 

The next simplest functions are the functions constant in stretches, 
whose interval of definition is the sum of a finite number of stretches 
inside each of which the function is a finite constant. By a stretch we 
mean, as explained on p. 4, an open interval or a kind of limiting case 
of an open interval, such as a point. 

A function constant in stretches is not in general semicontinuous. 

For example, the function defined in the interval (0, 1), whose value in the 
open interval (0, 1/2) is 0, whose value at the point 1/2 is 1/2, whose value in 
the open interval (1/2, 1) is 1, is not semicontinuous at the point 1/2. 

A function constant in stretches will certainly be lower semicon- 
tinuous at every point of its interval of definition if its value in every 
stretch which is not an interval is equal to the least of the values in the 
neighbouring intervals. It is then called a simple L-function. 

Similarly, we call simple U-function a function constant in stretches 
whose value in every stretch which is not an interval is the greatest of 
the values in the neighbouring intervals. 

These two types of s¢mple functions have the following properties : 

(i) The sum of two functions of the same type is of that type. 
(ii) The function equal to the greater of two functions of the same 
type, and the function equal to the smaller of two functions of the same 


type, at each point, are of that type. 
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(iii) Change of sign transfers each type to the twin type. 
These properties we shall refer to as the three fundamental properties 
of class. 


§2. The generation of general semicontinuous functions 
by monotone sequences of simple functions. 

Turorem. Any Z-function bounded below is expressible as the limit 
of a monotone ascending sequence of simple Z-functions and also as the 
limit of such a sequence of simple U-functions. 

Let f(z) be the given L-function, defined in the interval (a, b). Let 
m be its lower bound. 

We divide (a, b) into two equal parts and we call m’,, m’, the lower 
bounds of f(z) in each of these parts, the common boundary points 
being taken to belong to both. 

We again bisect each of the parts. 

(In the case of several variables we bisect in turn the range of each 
of them.) 

Let m’,, m’,, m2, ms, be the bounds so obtained, and so on. 

If at any stage, the nth say, one of these numbers be infinite, we 
replace it by the greatest of all the preceding plus m. In that case f(x) 
would have to be infinite (+ 0 ) in the whole of the corresponding interval. 

Let a, (x), 6) (x) be the constant m. 

Let a (x), b, (a) be respectively the simple Z-function and the simple 
U-function which are equal to m’, in the first half of (a, 6) and to m”, in 
the second half, their values at the common boundary points* being of 
course respectively the smallest and the largest of these two numbers. 

Let a, (a), b, (x) be respectively the simple Z-function and the simple 
U-function equal to m’, in the first quarter of (a, 6), to m”, in the second, 
and so on. 

The two sequences of functions, 

(x), M(x), a(@),---, 

bo(z), 0, (@), ba (a), ..., 
aremonotoneascending. The values of their limiting function atany point 
a are in both cases equal to the limits of the lower bounds of f(a) in one or 
more successions of closed intervals each contained in the preceding and 
whose lengths tend to zero, and such that 2 is common to all of them. 

Since /(#) is semicontinuous the limiting functions therefore both 
coincide with f(a). Q£5.D. 

Similarly we can establish the corresponding 

* At which alone they differ. 
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Tuxorem. Any U-function bounded above is expressible as the limit 
of a monotone descending sequence of simple U-functions, and also as 
the limit of such a sequence of simple Z-functions. 

. The converse of these theorems is not true. Monotone sequences of 
simple functions do not in general define semicontinuous functions. 
It is, however, easy to show that monotone ascending sequences of simple 
£-fanctions always define £-fanctions, while monotone descending se- 


quences of simple U-functions always define U-functions. More generally, 
we have 


Turorem. The limiting function of a monotone ascending sequence 
of Z-functions is an Z-function. 

_ Let f,(@) be the generic function of the sequence, and f(z) the 
limiting function. Since / is never less than Jn, the same is true of their 
lower bounds in any interval and consequently of their lower limits at 
any point. Let / be the lower limit of f(a,) at the point a). Since f, is 
semicontinuous, /, (a) is smaller than or equal to the lower limit of /, 
at 2. Therefore, a fortiori, 

TACHA Ls 


This is true for all m. Therefore 


FS (&) <b. 


Similarly we can prove the corresponding 


: THEOREM. The limit of a monotone descending sequence of U-functions 
is itself a U-function. 


The two types of semicontinuous functions are easily seen to possess 
the three fundamental properties of class. 


i. The sum of two functions of the same type is of that type. 

If f and g are two L-functions bounded below they are the limits of two 
monotone sequences of simple Z-functions 

Sy tas seey Gir G25 2+) 
their sum is therefore the limit of the monotone ascending sequence 
Sit Set92. + 

of simple Z-functions, i.e. an Z-function*. 

If f and g are not bounded below, every point, where neither assumes the 
value —, is internal to an interval where both are bounded below. 

Ata point where one assumes this value, the other being different from + , 
the sum assumes the value — «, and is consequently lower semicontinuous. 

At a point where one function assumes the value —«, and the other the 
value +o, the sum is not defined. 

Similarly we prove the theorem for U-functions. 

* The same reasoning establishes the property for any type of functions defined 
by monotone sequences of functions belonging to a type which has the property. 
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ii. The function which is the greater of two functions of the same type is 
of that type; so is the function which is the lesser of two functions of the 


same type. 
Let f and g be two Z-functions bounded below, / the function which is equal 


to the greater (or to the smaller) of the two at each point. f and g are the 
limits of monotone ascending sequences of simple Z-functions 


AG te, II) Ins oor? 
Jig Gamise eG wateece 
At each point, # is the limit of the monotone ascending sequence of simple 
Z-fanctions 
has shgy sc, dons pees 
each of which is equal to the greater (or the smaller) of the two corresponding 
functions at each point. / is therefore an Z-function. 
Now let f and g be unbounded below. 
Every point where neither is equal to — oo is internal to an interval in which 
the above holds. 
A point where fis not —oo, is internal to an interval where 7 is greater than 
a finite number m. The greater of fand g is not affected if we replace by m all 
the values of g in that open interval which are less than m; neither does this 
affect the lower semicontinuity of g. 
In the remaining cases A is obviously lower semicontinuous. 
Similarly the theorem is proved for U-functions. 
! iii. Change of sign transfers a type to the twin type. 
If f is the limit of a monotone ascending sequence of simple Z-functions 


Jn then —f is the limit of the monotone sequence of simple U-functions —f, < 
At a point where fis —o, —fis+o. 


These properties are also easy to establish independently. The method 
adopted has the advantage of being applicable to a number of other 
theorems. 

We have seen that all bounded semicontinuous functions are ex- 
pressible as the limits of monotone sequences of simple functions. 

We shall next show that all functions it has been found possible to 
define up to this date are expressible as the limits of a system of mono- 
tone sequences of these functions. 


§ 3. The generation of new functions. Monotone sequences 
of semicontinuous functions fall into four classes. Two of these have 
been already seen to define semicontinuous functions, namely ascending 
sequences of L- and descending sequences of U-functions. 


The remaining two classes usually define functions which are not 
semicontinuous. 


- 
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Derinition. The limit of a monotone descending sequence of L- 
functions is called an UL-function. That of a monotone ascending 
sequence of U-functions is called a L U-function. 

The prefix U to the name of a function denotes the limit of a descend- 
img sequence of functions of that name. The prefix Z to the name of 
a function denotes the limit of an ascending sequence of functions of 
that name. According to this nomenclature, 

LL= EA OOS G; 

TaroreM. An Z-functionis botha ZUandanUL. Soisa U-function. 

We know already that an Lisa LU (p.10). Itisalso an UZ, because 
a sequence of functions each equal to the following is a particular case 
of a monotone descending sequence. 

There are functions which are both ZU and UL without being either 
L or U, e.g. the function constant in stretches of p. 9. There are also 
functions which are ZU’s without being UL’s. 

The two types of functions possess the three fundamental properties of 
class. (See footnote, p. 11.) 

Monotone sequences of functions of one of these types again fall into 
four classes. Their limiting functions are, according to our nomencla- 
ture, LLU, ULU, LUL, UUL. It is easy to show that only two of 
these are new types of functions. 

Let Ai<f:<.-..>/ be any monotone ascending sequence of LU- 
functions, and /their limiting function. 

J, is the limit of an ascending sequence 


Ja Shia Sh 


of U-functions. jf, is the limit of an ascending sequence 
Jn <f'2S trie >So 


of U-functions. Since /,> fA, it is also the limit of the monotone 


ascending sequence 
Jn S Sea S Sos S ++ >a 
of U functions such that f,,. is the greater of f,, and /’,, at every point. 
Similarly /, is the limit of a monotone ascending sequence 
Jin SS 22S «+» Ss 
of U-functions, such that fy, >for. 
Proceeding in this way, we get 
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The monotone ascending sequence 
Ji S SaaS + 
has all its terms, and therefore its limit also, less than or equal to ip: 
On the other hand, each of its terms from the rth onwards is greater 
than or equal to the corresponding term of the sequence which has for 
limit f,. It follows that 
Jiu SSS + HS, 

and since the functions are all U-functions, this proves that / is a 
LU-fanction, ie. LLU=LU. And similarly VUL= UL. 

Tyrorem. A LU-fanction is both an ULU and a LUL. So is 
an UL. 

A LU is obviously an ULU. It is a LUL being an L-U, i.e. an 
L-UL, since a Uisan UL. 

The three fundamental properties of class hold for the two types. 

It is clear that we can go on defining functions in this way ad infinitum. 
At each stage we have four kinds of monotone sequences, and only two 
of these define new types of functions. Each type of function is a 
particular case of both types of the next stage. At each stage the three 
fundamental properties of class hold for the two types. : 

For the sake of brevity, we call U,, and ZL, the two types of the zth 
stage, m being the number of sequences necessary to generate either, 
starting with simple functions. 

Two new types of functions may then be obtained as follows. Let 
Ji, Ja) --- be a monotone sequence such that ~ belongs to one of the 
types of the first stage, /, to one of the second stage, and so on. Its 
limiting function will in general belong to none of the previous types. 
The two types thus defined we call ., and Z.,; monotone sequences of 
these give again two more general types. And so on. 


§4. Functions defined by other methods. For defining a 
function in a given interval, the only means at our disposal are the 
operations of arithmetic and that of passage to the limit applied to 
known functions, such as the variables 2 and constants. This may be 
further complicated by choosing different laws in different parts of the 
fundamental interval. As we are using the operation of passage to the 
Ee sek always suppose these parts to consist of a finite number 

The operations of arithmetic and of passage to the limit are called 
analytic operations. A function is said to be representable analyticall 
or to be capable of an analytic expression, if its value at each point of 
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its interval of definition may be obtained by means of the same analytic 
operations on the variables 2 and on constants. When considering 
analytic operations, we can leave out those of subtraction and division, 
as the former may be replaced by multiplication by a constant (— 1) and 
addition, the latter by a power series. 

TxEorEM. Analytic operations performed on functions defined by a 
system of monotone sequences of simple functions lead to functions of 
the same kind. 

(a) The operation of passage to the limit merely involves expressing 
the function as the limit of a sequence of functions already defined. 
Let these be 


2G eat fon ets 
The monotone ascending sequence 
Gis Jay very 


where g,=/,, and g, is the greater of f, and g,-1, by property ii 
consists of functions of the same type as the former sequence. Its limit 
is the upper bounding function of that sequence, and belongs at most to 
the next stage. The same is true of the upper bounding functions of 
the sequences obtained by leaving out the r first functions 7. These 
upper bounding functions form a monotone sequence whose limit is the 
required function. This proves our theorem for the operation of passage 
to the limit. 
(6) If fis a function obtainable by monotone sequences, the same is 
true of its product by a function constant in stretches. Its product 
by any other function obtaimable by monotone sequences may then he 
obtained by operations of passage to the limit. . 
(c) The operation of addition has already been seen not to affect 
a type. Q.E.D. 
Since the variables 2 and the constants already belong to our set of 
functions, the same is therefore true of functions representable an- 
alytically. The same is true of functions having different analytical 
expressions in different stretches and of the limits of systems of sequences 
of such functions. 
Other functions, theoretically existent, cannot be defined by the means 
at our disposal and do not occur in analysis. 
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CHAPTER III 
MONOTONE FUNCTIONS 


§1. Monotone functions of one variable. A function of one 
variable is said to be monotone increasing in its interval of definition if, 
as ¢ increases, it never decreases, monotone decreasing if it never in- 
creases. 

In either case it is a monotone function of the variable ¢. A constant 
is obviously a monotone function, and the only monotone function of 
both types. 

Like functions constant in stretches, monotone functions are not 
in general semicontinuous. A monotone ascending function is however 
easily seen to be upper semicontinuous on the left and lower semi- 
continuous on the right at every point. 

A monotone function of one variable has wnique limits on either side 
at each point. 

It is sufficient to prove this for monotone increasing functions, and 
for the left-hand side. 

Let t be any point of the interval, and ¢,, f., ..., t,, --. a monotone 
ascending sequence of numbers converging to ¢. And let /(¢) be the 
given function. 

The sequence of values 


F(t), F(t), 5 FGn)y oe 
is monotone ascending. We denote its limit by #(¢,—0). This limit is 
independent of the choice of the sequence. 

For suppose another sequence give a different limit; with the points 
of both sequences we could form a mixed sequence, still monotone 
ascending, which would not give a unique limit. 

Now /(é,) is the lower bound of /(¢) in the open interval (¢,, f,), /(ts) 
in (#2, t), and so on. f(¢,—0) is thus the limit of the lower bounds on 
the left, that is, the lower limit on the left. And as /(¢ —0) is greater 
than all the values of f at points preceding ¢, it is not less than the 
upper limit on the left. This proves our statement. 


§2. Monotone functions of two variables. Given a function 
of two variables g (a, y) we call s¢mple increment the difference 


g(a+h, y+k)-g (a, y), 
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when neither / nor / is negative; we call double increment the expression* 
Mes yr+k)—g(arh, y) 
—g@yrk+g@y) 

when / and & are positive. The double increment is said to be taken 
over the interval whose endpoints are (a, y), (@+h, y+h). It is easy 
to verify that the double increment possesses the following additive 
property : 

If we divide a given interval into subintervals, the sum of the double 
increments of g(a, y) over these subintervals is the double increment 
over the total interval. 


“14s L2Y3 Las 
XY TY %3 Yo 
TY) L241 XzYy 


g (#242) — 9 (@2Ih) — J (LY) + 9 (M91) 
+ 9 (@5Y2)— 9 (@aYr) — 9 (@2Y2) + 9 (a9) 
+9 (ways) — 9 (@aY2)— 9 (@rYs) + 9 (@Ys) 
+ J (sys) — J (@sY2)— 9 (Way) + 9 (22) 
=9 (Ys) — 9 (#341) — 9 (ZY) + 9 (@ig). 

A function of two variables is said to be monotone increasing in fits 
interval of definition, if its simple and its doublet increments are 
never negative. It is said to be monotone iii’ if these increments 
are never positive. 


* Or, ‘‘increment with respect to y of the increment with respect to x.” 

+ When only the simple increments are never negative, the function is sometimes 
called monotone increasing with respect to each variable separately. The functions 
defined in the text are sometimes called ‘“‘entirely’’ monotone. If each of the three 
increments g(«+h,y)—g(#,y), 9(%, y+h)—g(2,y), and the double increment 
have a constant sign, but this sign is not the same for the three increments, then 
the function is ‘‘ pseudo-monotone. ” 


Y. 2 
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For these monotone functions of two variables we have the following: 

Tuzorem*, A monotone function has a unique limit of approach in 
each open quadrant at every point. 

We remark that an interval is determined when we are given any 
two opposite corner-points (or “diagonal” points) not necessarily 
endpoints. Let us denote by 

[Pq] 


the interval thus determined by P and Q, and by 

ALP, Q] 
the double increment corresponding to the endpoints of [P, Q]. Let us 
suppose our function monotone increasing. It follows from our definition 
of such a function and from the additive property of the double incre- 
ment that if @ lie in [O, P], then 

A[O, Q] <A[O, P]. 
When P describes a sequence of points 
POP SR eee. 

such that P, always lies inside [O, P,,_,], and tends to O, the double 
increments 

A[O;, Lal 
form a monotone sequence and therefore have a unique limit. 

This limit is independent of the sequence of points, provided they 
belong to the same open quadrant as the preceding sequence. For 
suppose another sequence give a different limit; with the points of 
both sequences we could form a mixed sequence with the same property 
as above (P, lying inside [O, Pn-s]), which would not give a unique 
limit. The double increment thus has a unique limit of approach in 
each open quadrant. Since it consists of four terms, one of which 
remains constant and two of which have unique limits by the one- 
dimensional theorem, its fourth term also has a unique limit. 

It follows immediately that this is the unique limit of approach of 
g(a, y) in that open quadrant at O. Q.E.D. 


§ 3. Monotone functions of » variables. Similarly to our 
definitions in the case of two variables, we may define simple, double, ..., 
n’ple increments of a function of the ensemble of » variables, corresponding 
to non-negative increments of these variables. 

A function of the ensemble of variables will be called monotone 
émcreasing if all these increments are non-negative, and monotone 
decreasing if none of them are positive. 


* This is equally true (by the same argument) of a pseudo-monotone function. 
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We then have the theorem, proved in exactly the same manner: 
A monotone function has a unique limit of approach in each open 
quadrant at every point*. 


§4. Total increment of a monotone function over a 
stretch. Given a monotone function of variables, and an open interval 
inside its interval of definition, the n’ple increments over closed intervals 
contained in it and tending to it, have a unique limit which is also their 
upper bound. This limit is called the total increment over the open 
interval. 

A stretch which is not an interval is the limit of open intervals 
containing it. We call total increment over such a stretch the limit of 
the total increments corresponding to such intervals. This limit is also 
their lower bound. 

In order to make the matter clear, let us consider the two-dimensional 
case. 

The total increment over the open interval whose endpoints are a, ¥ 
and +h, y+ will be the expression 

g(a@+h—-0; y+k-0)-g (x+h-0; y+0) 
Pepe Set +g(@+0; y+0) 
when g(v+0; y+0), g(@+0; y-0), g(w—0; y+0), g@—9; y—0) 
denote respectively the unique limits of g(a, y) in the open (+, +), 
(+, —), G +), (-, —) quadrants at a, y. 

The only other kinds of stretches are points and open sides of 
intervals. The total increment over a point 2, y will _ 4 
be the expression 


g(@+0; y+0)—-g(w—-0; y+0) 
—g(@+0; y-0)+g(w—-0; y—0). 
The total increment over the stretch z, y to +h, y will be 
g(at+h—-0; y+ 0)-g(e@+h—0; y—-0) 
Se COO y—0), 


ZZ 
WZZZ ee 


and the total Sen over the stretch 2, y to 2, y+k 
g(a+0; yt+k—-0)-g(w+0; y+0) 
—~g(a-0; y+k-0)+g(@—-03; y+0). 
* As before, it holds equally for pseudo-monotone functions. 
2—2 
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It is convenient to think of the symbols a2 — 0, y — 0 ete. as representing 
actual points and our stretches as 


: ; : ,yth zcth,yt+k 
ordinary closed intervals with the ie : 
corresponding endpoints. The total ZZ 
increment over a stretch is then iden- 
tical in form with the double incre- o+0, yt 077, 
ment. 2, y oth, y 


The additive property is clearly 
independent of the actual geometrical existence of the points of division. 
It follows that 7f we divide up a stretch into stretches, the total incre- 
ment over the given stretch is equal to the sum of the corresponding total 
increments. 


§ 5. Integration of functions constant in stretches with 
respect to a monotone increasing function. Given any stretch, 
we define the zntegral over that stretch of the constant unity as the 
total increment of the given monotone increasing function over that 
stretch. 

The integral over that stretch of a function which has there a constant 
value C is to be the product of this value into the total increment. 

The integral over an open interval (a, b) of a function constant in 
stretches there defined is to be the sum of its integrals over the stretches 
of the open interval (a, 6) in which it is constant. 

We use the symbol 


[s@u@) 


to denote the integral over the open interval (a, b) of the function /(@) 
with respect to the monotone increasing function g(z). The function 
to be integrated is called the éntegrand, the function with respect to 
which we integrate the integrator. 

The integral over a stretch is defined just in the same way as the 
integral over an open interval, and is always expressible as such an 
integral possibly in a space of less dimensions. 

The integrals of functions constant in stretches have the following 
obvious properties, which we shall call the fundamental properties of 
integration. 

(1) If Cis any constant, 


b b 
[¢-#@).dg(@)=0f F(@) dg). 
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(II) The integral of the sum of two functions is equal to the sum 
of their integrals 


b b b 
[,GrAag=| nage [ hag. 
(III) If A is greater than or equal to /, throughout (a, 5), then 
b -b 
| fidg> | Ado. 


(IV) If an interval be divided up in any manner into stretches the 
integral over that interval is the sum of the integrals over the partial 
stretches. 'l'his is really contained in ({1): take 4,=/ in a certain stretch 
and zero outside, 4,=0 where 4, =/, and A,=/ where 7, = 

If we divide up our interval at a point we have in one dimension 


b é b 
| #a9= | faa | Fag+ Fg E+0)-9(E-0Y, 


while in two dimensions we have 


(ax 0, Yr 


poy Yo— 
Ga oo 


rg Us Y2 24s v3 sé 
kb sag 3 le {- ‘ is x <= 
+ [7@, yo) alg (a, Yyo+0)—9 (4, y2-9)] 
+ [ F(a, yo) Aly (@, Yo+0)-9 (2 ¥2—0)] 
+ it "f(a YAlg (#2+ 0, 9)- 9 (a-0,9)] 


+ [Feo 9) 4[g (+0, y)—g (#2- 0, 9)] 


g (2+ 0, Yyo+0)—g (a+ 0, Yo2- 0) 
+f (@as 9s). Bates Yo+0) +9 (@—-0, Y2— 0)’ 
ie. the sum of four two-dimensional integrals, four one-dimensional 
integrals and one, so to speak, 0-dimensional integral. 
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OHA PTE EAL 
THE INTEGRATION OF FUNCTIONS 


$1. Methods of the theory of integration. The theory of 
integration arose from the problem of finding the area of plane curves. 
This led at once to the consideration of functions constant in stretches. 

The original method of evaluating areas, a method known to the 
Greeks, consisted in attempting to construct a system of abutting 
rectangles such that the boundary of the area covered by them should 
approximate to the given curve. The problem then reduced to that of 
the area of rectangles. 


In the case of a closed curve consisting of the graph 
. “ye Y =f (2) 
in G b), of the rectilinear segments 2 =a and z=), and the axis of z, 
it is clearly simplest to take the rectangles to have sides parallel to the 
axes, 

This is equivalent to replacing /(2) by a function constant in stretches. 
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The method we shall proceed to develop is a natural extension of 
the above. We have defined integration with respect to a monotone 
increasing function for functions constant in stretches ; in the simplest 
case, in one dimension and when the integrator is the variable itself, the 
integral of a function constant in stretches /(), 


[ "S(t. dt, 


is the area of the closed curve obtained as stated above. We are there- 
fore led to define, by successive approximations, the integral of a function 
which is the limit of a function constant in stretches; functions for 
which this definition proves valid will form the next class of integrable 
functions and can be used in their turn to approximate more general 
functions and to define their integrals; and so on. We have only to 
prove that at each stage the integrals of the functions by which we 
approximate tend to a unique limit. Such is indeed the case. 


Historically the functions whose integrals with respect to a monotone 
increasing function were first defined were continuous. To these we easily 
extend integration. 

THEOREM. If an ascending sequence of simple Z-functions and a descend- 
ing sequence of simple U-functions have the same limiting function, the limit 
of their integrals is the same. 

We suppose all the functions defined .in the closed interval (a, 6). The 
theorem is then an immediate consequence of the theorem of bounds. 

The differences between corresponding functions form a monotone descend- 
ing sequence of simple U-functions 

C1 (£), C2 (2), ... 
having the limit zero. By the theorem of bounds their upper bounds wu, also 
have the limit zero. It follows from property (III) of p. 21 that 


[en(o)-dg (2) < Un. [dg e) ~0. 


The theorem then follows by property (II) of the same page. 

DerFinition. Given any continuous function we can always construct a 
monotone ascending sequence of simple Z-functions and a monotone descend- 
ing sequence of simple U-functions of which it is the limit. The limit of the 
integrals is, by the above theorem, independent of the choice of these sequences. 
(Given two pairs of sequences, we need only compare the U-sequence of one 
pair with the Z-sequence of the other.) This limit is defined to be the integral 
of the given continuous function. 

We have thus defined the integral of a continuous function with respect to 
a monotone increasing function. Such an integral is called a Stieltjes integral. 
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Stieltjes, however, only considered the case of one variable, whereas the method 
of monotone sequences is independent of the number of variables concerned. 
When the integrator is a product of these variables*, our definition of integral 
will be found to reduce to that of multiple integral such as employed for very 
special types of functions by Cauchy and Riemann. 


§2. Darboux’s theorem. A modification of the method of finding 
areas is the following: we construct a system of abutting rectangles all 
internal to the given closed curve; the upper bound of the areas cor- 
responding to all such systems is then a lower evaluation for the 
required area; similarly we construct a system of abutting rectangles 
containing the given curve; the lower bound of such areas is then an 
upper evaluation. 

These considerations led Riemann toframe his definition of integration. 
Let /(w) be any function defined in (a, b) and bounded in that interval. 
It follows from property (III) of p. 21 that the upper bound of the 
integrals of the functions constant in stretches which are nowhere 
greater than f(z) is less than or equal to the lower bound of those which 
are nowhere less than f(z). If that property is to be maintained when 
we extend the definition of integration to f(z), the integral of /(#) will 
have to lie between these bounds. We have thus got a lower evaluation 
and an upper evaluation for the integral of /(#). When these are 
equal they give a definition of the integral of f(z). 

We can also get (less good) evaluations by considering a particular 
set of functions constant in stretches. It is not unnatural to restrict 
ourselves to simple functions. For the purpose of calculation the 
following method is convenient: we divide up the interval (a, 6) in 
any manner into a finite number of stretches; the simple Z-function, 
constant in these stretches, whose value in each open interval of 
constancy is the lower bound of f(x) in the corresponding closed 
interval, is clearly nowhere greater than f(x); let s be its integral. 
The upper bound of all such numbers s we shall call Darboua’s lower 
evaluation of the integral of f(x) with respect to g(#). Similarly the 
simple U-function obtained by doing the same with the upper bounds 
of f(@) is nowhere less than f(a); let S be its integral. The lower 
bound of all such numbers S we shall call Darboua’s upper evaluation 
of the integral. 

When these two bounds are equal they give Riemann’s definition of 
the integral of f(x); this definition is however quite insufficient for 


* The total increment of the integrator over any stretch is then the area, or 
volume or etc. of that stretch. 
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our purposes; in fact, unless the integrator is continuous, Darboux’s 
evaluations do not even coincide in the case of simple functions. 

Given a subdivision of the interval (a, 6) we shall say of another 
subdivision that it is consecutive to it, if it is got by dividing up the 
stretches of the first subdivision. 

The simple Z-function corresponding to the consecutive subdivision 
is obviously nowhere less than the former one. Corresponding to a 
system of consecutive subdivisions we thus have a monotone ascending 
sequence of simple Z-functions. Darboux was able to prove that, in the 
case of a continuous integrator, the integrals of this sequence tend to 
his lower evaluation, provided the length of the longest stretch of the 
subdivision tends to zero. This theorem is equally true when the 
integrator is not assumed to be continuous*. 

For our purpose it is sufficient to prove Darboux’s theorem in the 
case where f(a) is an Z-function. 

Given any function constant in stretches, a simple Z-function and a 
simple U-function are uniquely determined coinciding with it in those 
stretches of constancy which are open intervals. We shall call them 
the related simple Z- and U-functions. 

If f(x) is an Z-function bounded below (as we are only concerned 
with the lower evaluation, # need not be bounded above) the simple 
ZL-functions of Darboux’s theorem tend to f, and so do also their 
related simple U-functions (p. 10). We have only to prove the following 
lemma. 


Lemma. If two monotone ascending sequences of simple Z-functions 
and also the related simple U-functions all have the same limiting 
function, then the integrals of the simple Z-functions of the two 
sequences have the same limit. 


Let a(x), bn (#) be the generic terms of the two sequences of simple 
L-functions, a,’ (7), bn’ (a) the related simple U-functions. 

Let f(z) be the limiting function. 

Suppose all these functions defined in the closed interval (a, ). | 

Let by(x) be any one of the b, (#); let d be any one of the open 
intervals in which it is constant and D the interval got by closing d. 


* A similar proposition holds for the upper evaluation. 

As a matter of fact both follow from the theorems of this chapter. For the limit 
of the given ascending sequence of simple L-functions is at any point the minimum 
limit at the point. Hence it is sufficient to prove, as we do further on, that if two 
monotone ascending sequences of simple L-functions have the same limiting 
function, then the limits of their integrals coincide. 
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In D, f(a) is not less than by and its lower bound not less than the 
lower bound of by’, which coincides with the upper bound of by, being 
the common constant value in d. 

By the theorem of bounds applied to the first sequence, if m denote 
any number smaller than the lower bound of /(#) in D, we can find 
an n, from and after which, in D, the lower bound of a, (~) is greater 
than or equal to m. Since we may choose for m the upper bound of 
by in D, minus e, we have, a fortiori, throughout D, 

in (@) > by (a) —e 
for all n greater than m,. Corresponding to each D, we have a similar 
inequality. 

If n, denote the greatest of the corresponding »,’s, we have, through- 
out (a, b), 

Gn (@) > by (a) —@ 
for all m greater than 7. 

By properties (I) and (II), remembering that e¢ is arbitrary, we deduce, 

passing to the limit 


b b 
lim I ay (#) dg (w) > lim [ b, (x) dg (2). 


But, reversing the réles of the sequences, we get similarly, 


b b 
lim J ay (2) dg (#) < lim | by (x) dg (2). 
Hence 2 ie 


b b 
lim ik ay (@) dg (#) = Tim | _ba(2) dg (a). sade 


Coronuary I. The above lemma also holds for integrals over a stretch. 
(For an integral over a stretch which is not an open interval is expressible 
as an integral over an open interval of a space of less dimensions.) 


Corotiary II. If the limiting function is a simple Z-function the limit of 
the integrals is the integral of the limiting function. 

Case 1. fis a constant. We take for one of our sequences the repetition of 
the function itself. 

Case 2. fisany simple function. We divide up the interval into the stretches 
where f is constant. In each of these, by case 1, the limit of the integrals is 


equal to the integral of the limiting function. By property (IV), p. 21, the 
proposition follows by addition. 


TxrorEM. (Darboux’s theorem for an Z-function.) Darboux’s lower 
evaluation of the integral of an Z-function bounded below is the unique 
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limit of the numbers s corresponding to any system of consecutive 
subdivisions of (a, b) when the length of the longest stretch of the 
subdivision tends to zero. 

Let f, be the simple Z-function corresponding to the nth subdivision 
of (a, 6). By the method employed to prove the theorem of p. 10, 
Jn, and also the related simple U-function f,’, tend to the given 
L-function f Now consider any two systems of consecutive sub- 
divisions. The corresponding two sequences of simple Z-functions 
fulfil the conditions of our lemma, and therefore the two monotone 
ascending sequences of numbers s have the same limit, which is their 
common upper bound. This limit is therefore unique and is the upper 
bound of all the numbers s. 


§ 3. The integration of semicontinuous functions. The 
preceding theorem enables us to define integration for any Z-function 
bounded below, in accordance with the methods of $1. Since Darboux’s 
lower evaluation is the limit of the integrals of certain monotone 
sequences of simple Z-functions which tend to f(z), it gives a natural 
definition of the integral of f(z). 


Derinition. The integral of an Z-function bounded below is Dar- 
boux’s lower evaluation. 

We shall say a sequence of functions is integrable term by term if 
the limit of the integrals (with respect to a given monotone increasing 
function) equals the integral of the limiting function. 


TurorEM. Every monotone ascending sequence of JL-functions, 
bounded below, is integrable term by term. 

Let A, ~, ---,fa3... be the sequence and / the limiting function. The 
integral of /, is defined by means of the auxiliary monotone ascending 
sequence of simple Z-functions 


SasSras J is: Sap ee eee 


which tend tof, as do also the related simple U-functions. 
Similarly /, is the limit of an auxiliary ascending sequence of simple 


L-functions 
Jn, S22 Tabs ite Tags eee 


and of the related simple U-functions. Since f is nowhere greater than 
Jz it is clear that the latter is also the limit of the simple Z-function 
which is at every point equal to the greater of Ain and /o, and also of 
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the simple U-function which is the greater of their related simple 
U-functions. We can consequently always so arrange that 


hin > Fin for all n. 


Proceeding in this way, we get, as on p. 26, a monotone ascending 
sequence of simple Z-functions 


Sus S25 S85 ss 


which, and also the related simple U-functions, tend to /; they there- 
fore define the integral of f. 

Now this sequence has all its terms after the mth greater than the 
corresponding terms of the auxiliary sequence of /,,. Hence 


b b 
i] fdg > | Fndg for all m. 


But we also have, for all m, 


b b 
i JSndg > if S rom 9 


The theorem follows by making m— a. 

In particular the integral of an Z-function bounded below is the limit 
of the integrals of any monotone ascending sequence of simple Z-functions 
of which it is the limiting function. 

Remembering that change of sign transfers a type to the twin type, 
we see that similarly we may define the integral of any U-function 
bounded above* as the limit of the integrals of any monotone descend- 
ing sequence of simple U-functions which has it as limiting function. 
Also we have the theorem that every monotone descending sequence 
of U-functions is integrable term by term. 

The properties of the integrals of functions constant in stretches 
are at once extensible to those of semicontinuous functions. 


I. If C is any constant, then | Cfdg = C | Fag. 


For the generating simple functions of C.f are C times those of /. 


Il. The integral of the sum of two functions is equal to the sum of their 
integrals. 


This presupposes that the sum is semicontinuous and that the sum of the 
integrals has a meaning. 


* In the case of functions of both types, continuous functions, we have already 
seen that the two definitions coincide; it is also easily seen independently, as the 
difference of the two sequences is a monotone descending sequence of simple U- 
functions tending to zero, which as we know is integrable term by term. 
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If both functions are Z-functions, their sum is the limit of the sum of their 
auxiliary sequences. The other cases reduce to this, because — L= U. 


III. If f, is greater than or equal to / throughout (a, 6), then 
b b 
| fag >| Srdg. 


If both are Z-functions we can so arrange that the generating functions 


of the latter are all less than or equal to the corresponding ones of the 
former. 


If one is an Z-function and the other a U-function, the difference of their 
generating sequences tends to a nowhere negative limiting function, which can 
also be generated by nowhere negative simple functions, 


IV. If the interval be divided up in any manner into stretches the integral 
over that interval is the sum of the integrals over the partial stretches. 

It follows immediately from (III) that the integrals of the simple 
U-fanctions of paragraph 2 (which lie between the corresponding simple 
£-fanctions and the limiting Z-function) tend to that of the limiting 
function. From this we deduce that, given any L-function bounded 
below, its integral is equal to the upper bound of the integrals of the 
U-functions bounded above nowhere greater than tt. 


CHAPTER V 
THE INTEGRATION OF FUNCTIONS (continued) 


§1. Final extension of integration. Besides not being applic- 
able to simple functions, Riemann’s definition has the great disad- 
vantage that it will in general fail in the case of the limiting 
function of a sequence whose terms are integrable according to his 
definition. 

It is a remarkable fact that both these drawbacks disappear if we 
apply the very same method at the next stage. 

Derinirion. Given any function f(x) whatever, bounded or un- 
bounded, the upper bound of the integrals of the U-functions bounded 
above which nowhere exceed /(a) is called the lower integral of f(a); 
the lower bound of the integrals of all the Z-functions bounded 
below which are nowhere less than /(@) is called the upper integral 


of f(«)*. ; 
* N.B. If we permute the letters U and L we get Darboux’s lower and upper 
evaluations. 
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_ Derinrrion. If its upper and lower integrals are equal, f(z) is said 
to possess an integral (finite or infinite) which is their common value. 
If the integral is finite, f(a) is said to be integrable. 

FunpaMENntTAL THEOREM. The limiting function of a monotone 
sequence of integrable functions possesses an integral (finite or in- 
finite). 

Let fi, fo, -»:, An» --- be the given sequence and let / be its limiting 
function. 

It follows from our definition of integral that there exist, correspond- 
ing to each function f, of the sequence, U-functions bounded above 
nowhere greater than f, and Z-functions bounded below nowhere less 
than /, whose integrals differ from that of f, by less than e. 2-"-". Let 
A, (x) and B, (x) be any two of these, such that 

Let us suppose the given sequence was monotone ascending. We 
assert that any pair of the sequences A, and B, can be replaced by a 
pair of monotone ascending sequences a, and b,, such that 


tig Hin 2S On; 


| dn («) dg (2) - | by (a) dg (a) <e. 


We need only choose a,= Aj, 6,= B, and then define by recurrence 
a, to be the function which is equal at every point to the greater of 
a, and A,, and similarly b, the greater of b,_,and B,. By the funda- 
mental property (11) of p. 9, a, is an Z-function bounded below and 
b, a U-fanction bounded above. 

Further, we have at every point 


Gy (@) — bz (a) < either A, (x)— B, (x) 
or A, («)—B,(z). 


+ $(Ai (w) — By (a) + (Ao (a) - By (a). 
Hence 


[As @ dg (w)- [B.(e) dg (a) 
+ [As@) do @) - [B.(e) dg (2), 
Similarly Fie bas: 


an (a) 73 bn (a) S {Qn-1 () a Dn (x)} > {An (2) Pn (x)} 


| hy (2) dg (a) — | b, (x) dg (x) < 
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and Jeon 2) dg (ew) - [on (x) dg (x) < e(S+pt-- +5) 
<6. 


Now the limiting function of the sequence a, is an Z-function bounded 
below nowhere less than f and whose integral we have seen to be equal 


to the limit of those of its generating functions. Also J b,dg remains 


always less than or equal to the upper bound of the integrals of the 
U-functions bounded below nowhere greater than /. 
It follows immediately since e is arbitrary that the theorem is true. 


TuEorEM. A monotone sequence of integrable functions may be inte- 
grated term by term. 


This follows immediately from the preceding argument since both the 
limit of the integrals and also the integral of the limiting function lie 


between the limit of | a,dg and that of | b, dg, and since these limits 
differ by less than e. 


THEOREM. A function obtainable by monotone sequences is either 
integrable or else both its upper and its lower integrals are infinite. 


Suppose the lower integral is finite, there is then a U-function bounded 
above, having a finite integral, and nowhere greater than the given 
function 7 It follows (from the second of the three fundamental 
properties of class) that the latter is obtainable by monotone sequences 
of functions greater than the U-function. 

Now let f,(#) be the function which is at every point the lesser 
of the given function and of the constant m, this function is of the 
same type as f Also it lies between the constant m and a certain 
integrable U-function; and we may therefore suppose this property 
possessed by all the functions of the system of monotone sequences 
defining f,. It follows immediately by repeated application of the 
fundamental theorem, remembering that by the theorem just proved 
the integrals obtained at each stage are finite, that /, (x) is inte- 
grable. 

Our given function therefore possesses an integral, by that same fun- 
damental theorem. This integral cannot be infinite by hypothesis. The 


theorem follows. 
For integrable functions we easily establish the four properties of 
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pp. 20, 21. The proof is indeed but a repetition of the argument used 
in the case of semicontinuous functions, 


() [erag-0.| Fag, 
(MD) [rrAag=[A.dg+ [fads 
(III) If f, > fs then [Adg> [ fas 


(IV) The i over an open interval =sum of | ’s over parts. 


Let / be any integrable function (its integrability depends on the 
integrator ; all functions are integrable with respect to a constant and 
have their integrals equal to zero). 

Then / lies between two integrable semicontinuous functions, Le. a 
U-function bounded above and an Z-function bounded below. By 
adding suitable constants to them, we see that we may take the U-func- 
tion to be negative and the Z-function to be positive at every point, 
without affecting their integrability. 

On the other hand it follows immediately from the last theorem of 
the preceding paragraph that any function which lies between two 
integrable functions is itself integrable, if it is one which can be obtained 
by monotone sequences. 

This is in particular the case of the function equal to f, where / is 
positive, and zero elsewhere; and also of the function equal to 7, where f 
is negative, and zero elsewhere. Changing the sign of the latter function 
and adding it to the other we get ||. Consequently | /| is integrable. 
Thus if f is integrable so is | f |. 

For this reason a function which is integrable with respect to g (2) 
according to our definition is said to possess an absolutely convergent 
integral with respect to g (2). 

Non-integrable functions fall into two classes: those possessing an 
integral (which is then infinite) and those whose upper integral is + 0 
and whose lower integral is — 0. 

For this second class of functions our definition fails entirely. It is 
however sometimes convenient to define for them a generalised integral 
with respect to g(#). Under what conditions this is possible we do not 
propose to investigate here. That it is not always possible is easy to 
see; we need only take the case of a function which is + © throughout 
one interval and — throughout another. 
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N.B. If Dis a stretch 
(1) over which the total increment of g vanishes, or 
(2) throughout which / is zero, 


then dg=0 
fis 


(for this is obvious by definition if f is constant in stretches; it is therefore 
true for semicontinuous functions and so on by induction for all functions 
mathematically definable). 

From (2) and the fundamental property of integration II, it follows at once 
that assigning arbitrary values to a function on the boundary of the interval 
(a, b) will not affect its integral over that interval. 


§2. Indefinite, parametric and repeated integration. 
A function which is integrable in (a, 6), is also integrable in every 
open interval contained in (a, }). 
For let D be such an interval and /, the function equal to f in D 
and zero outside. Then 
0<|AlS|s| 


at every point. Hence /, lies between the two integrable functions and, 
since it is obtainable by monotone sequences, it is integrable in (a, 6). 
Further, 


b 
In particular, if € is any point of (a, 5), 
i 
| F4g=F ©, say, 


exists and is finite. 

The function F(z) is called the indefinite integral of f with respect 
to g. It is obvious that if f>0, Fis monotone increasing. For a simple 
increment of F is a sum of integrals over stretches and cannot be 
negative; a double increment of / is an increment of an increment, 
i.e. a simple increment of a sum of integrals, i.e. a sum of integrals, and 
therefore not negative. Similarly, all the increments of /' simple, 
double, ..., mple, are sums of integrals of f and consequently non- 
negative. 

Since any integrable function can be regarded as the difference of two 
positive integrable functions, an indefinite integral is the difference of 
two monotone increasing functions. 

We assert that, moreover, /' is continuous at the endpoints of (a, d), 
i.e. that the unique limit of Fin the (all +)-quadrant at a is zero, the 
unique limit in the (all—)-quadrant at b is F’(0). 


¥. 2 
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Let Gp, bn be any two points of the closed interval (a, 6) such that 
(an, bn) forms an interval, and let them describe two sequences of points 
such that 

Gy, lie inside (a, Gy-1) and a, >a 
bx > 36. Wear) sae, 

Let us suppose the integrand / is positive and let f be the function 
equal to f in (a, b) and zero elsewhere. By the remark at the end of § 1, 
we may clearly suppose f equal to zero outside the open interval (a, 5), 
if it is even defined. 

Then, as ” increases, f, forms a monotone sequence of integrable 
functions whose limit is f Therefore 


b b 
[iar 

: bn b 
ie. | fag | Sag. 


This proves our statement in this case. 

If / is the difference of two positive integrable functions, the result 
now follows at once. 

It immediately follows that the indefinite integral F’ of / with respect 
to g has at most the discontinuities of g(x). If f=0 where g is dis- 
continuous, /’ is continuous everywhere. 


An indefinite integral is thus in our scheme of functions a very simple 
function indeed. 


Let us now suppose that instead of one function / and one function g, 
we are considering at every point 2 a set of pairs of functions f(#) and 
g (a), the f’s being all obtainable by monotone sequences and the g’s 
being further all monotone increasing functions. This set might be, for 
example, the succession 

Sis 913 Say Jas 003 Sus Ons + 

We might then suppose that, besides the coordinates which represent 
the point 2, we have a further coordinate p representing the index n, 
for example, its inverse 1/n. 

In this new space we should have the two functions 

F(a, Pp), 9% P) 
defined at all points (2, ») whose p-coordinate corresponds to an integral 
value of m, and we might, for example, agree to give to both the value 
zero elsewhere. 


More generally, we may suppose that we are dealing with two func- 
tions 


J (a, p), 9 (@, p), 
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of two sets of variables x and p, and that when p is fixed, g is monotone 


increasing with respect to z. If we now keep p fixed, and form the 
indefinite integral 


i “fag, 


we shall have a new function of the two sets of variables a and p, 


F(a, p)= | : el p) dg (a, p). 


This process is called parametric integration. 

We may remark that /’(2, p) is obtainable by monotone sequences, 
for integration is a limiting process and we have seen that such a process 
performed on functions obtainable by monotone sequences, leads to the 
same kind of function. In fact, if f(z, p) is obtainable by monotone 
sequences, starting with functions constant in stretches, /’ is so too 
starting with functions constant in stretches with respect to p and 
monotone increasing with respect to 2, and these are themselves 
obtainable by monotone sequences starting with functions constant in 
stretches with respect to (a, p). 

In particular, we may apply to F the process of integration with 
respect to a monotone increasing function of p (keeping @ fixed). We 
then obtain what may be called a repeated indefinite integral. 

While integrating with respect to z, we may also keep fixed the interval 
over which we integrate; for example, it might be the interval (a, b); 
we should then obtain by integration the same result as by substituting 
b for 2 in F(a, p), 1.e. H'(b, p). 

More génerally, we may suppose the interval @ to 2 over which we 
integrate keeping p fixed, to depend on p. Integration would then lead 
to the same result as substituting for the variables vin F’ certain func- 
tions of p, i.e. we should get 

EF (#(p); p). 

Integration with respect to a monotone increasing function of the 
variables p will then give us the most general kinds of repeated definite 
integral. 


§3. Term-by-term integration of sequences and succes- 
sions. 

TrorEM I. If a monotone sequence of integrable functions whose 
limit is integrable be integrated term by term, then the integrated 
sequence converges uniformly to the indefinite integral of the limiting 
function. 

3—2 
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(In the case when the integrator g is continuous, this is a corollary 
of Appendix, 1, p. 46.) 
Case 1. The functions are all positive. Then 


fiete- [ra] [nan [sa 


We can find an n from and after which the righthand side is less than 
e; the same m makes the lefthand side less than e. 


< 


Cask 2. General case. 
In= tna Das S=a-b, 
where dn, b,, a, 6, are positive functions and we can so arrange that a, 


tends to a, b, to b. 
By case 1, we can find an m from and after which both 


| [an dg— | adg [imag— ["o.ag| 


are less than e/2. Then, from and after that n, 


[foto | 49] =[(iamda- [_2ae) -(J bud | 040)| 


[andg— |" adg [tag — [bao 


<4. 


and 


a 


< 


This proves the theorem. 


THroreEM II. If a sequence of functions whose bounding functions 
are integrable be integrated term by term, the integrated sequence 
converges uniformly to the integral of the limiting function. 

(This contains the preceding as a particular case.) 

J is the limit of a monotone ascending sequence a@,, and of a mono- 
tone descending sequence b,, of integrable functions, such that 

ling Sas On 


at every point. Determine W so that both 


({ a, dg = [-f49) and ([ nag - | “Fag) 
are less than e in absolute value. 
[sto ffi 


lies between them, i.e., a fortiori, is less than e in absolute value. 
Q.E.D. 
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TaroreM III. If a succession of functions whose bounding functions 
are integrable, and whose upper and lower functions have the same 
integral be integrated term by term, the integrated succession will cease 
to oscillate, and will converge uniformly to the common value of the 
integrals of the upper and lower functions. 

(This again contains both the preceding theorems as particular cases.) 


We have [ida fudgs | badg 


and both the extreme left and the extreme righthand side converge uni- 
formly to their common limit. Q.E.D. 


THEOREM IV. Given a succession of functions f, such that 


[pada ~ [rag 


uniformly in every interval, if, further, f, is in absolute value less than 
a fixed constant, and ¢ is any integrable function, then 


fs tn dg > fs fdg uniformly. 


We first show that if ¢ is any integrable function, there are functions 
constant in stretches ¢,, such that 


f|p-slarek 


From the integrability of ¢, we deduce the existence of an Z-function 
¢,| bounded below and nowhere less than ¢, such that 


1 
| Gn’ 9) do<5,, 


This Z-function is the limit of an ascending sequence of simple Z-func- 
tions. There therefore exists a simple Z-function ¢,, nowhere greater than 
¢,/ and such that 


fies-80¢< 3 
bm — bm) ag 2m’ 


But lp—m|<|b— Pm’ |+| om’ — bm | 
=(¢m'—$) + CP — Dee) 

b 1 1 ii 

Hence $— dm a ea 


| The theorem to be proved now follows at once. The absolute values 
of f, are less than a fixed constant M, say. Now 


[ainda = [bn fudo- [a(n #) 493 
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therefore 


[erdg—[osdg=[on(f.-L) ag 
+ [ Fn—8)- [An — 8) dg. 


Since $,, ig constant in stretches, the first integral on the right tends 
uniformly to zero if mis fixed. The absolute value of each of the two last 
integrals is less than M//m, a quantity which can be made as small as we 
please by making m large enough. The theorem follows at once. 

N.B. The fact that the succession was bounded was essential to the 
proof. In the next theorem, this is replaced by a more general condition; 
but ¢ is bounded. 


TrroreM V. If 
|hag—| rag 


uniformly in every interval; if, further, |7,| remains less than an 
integrable function y, and if ¢ is any bounded function, then 


if bfnrdg > | $f dg uniformly. 


Let Way be the function which is equal to y where y is greater than 
the constant JZ, and which is equal to MZ elsewhere. We first prove that 
we can always so determine that 


| Gun) dg <e. 


The functions {y + 7—,)} form, as MW increases to infinity, a mono- 
tone ascending sequence of functions whose limit is ¥, for each of them 
is equal to y where y is < M, and equal to Melsewhere. We can there- 
fore determine M so that 


[y+ Ivor} do> [ ydg—e 


by the theorem of term by term integration of a monotone sequence. 
M so determined will do. 


By the fundamental property of integration III, we then have, a 
fortiori, for all n, 


|(Frlon- 1) dg <e. 


It is clearly no restriction to suppose that, also 


f (Fla - WD) dg <e, 
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which certainly holds if || is smaller than y. We now proceed as in 
the last theorem. Let B be the maximum of ¢, and let $m be a function 
constant in stretches nowhere greater than B in absolute value, such 
that 


[|P- om [ay <5. 


Then, as before, 


[etudg—[6.Fdg = |/bn- 4) dg - [albu $)d9+ [bu he ag 


Now | [um —9) dg < [fal] en—$|dg 


< [fol |bn-4| ay 
<M |¢n—9|dg+2B | (Poln-BDdg 
<e.(1+2B). 
[#n- 4) dg|<e. (1+ 2B) 
Further, since ¢,, is constant in stretches, we have uniformly, 
Lt [bn a-S)dg =0. 


Hence, since ¢ is arbitrary, the lefthand side of (1) differs as little 
as we please from zero. Q.E.D. 


Similarly, 


§ 4. Theorems concerning the integrator. 


It is convenient to define integration with respect to a function which 
is the sum of two monotone functions by means of the formula 


[racn+a)=[Fag.+ | fag. 


This formula holds when g,+g2 are monotone in the same sense: 
this is obvious when / is a constant and is therefore equally true when 
J is constant in stretches. Also if it is true of the generic term of a 
monotone sequence, it is true of the limiting function. (It is assumed 
that the righthand side has a meaning.) 

It follows immediately from the validity of the formula in this case | 
that when the functions g,, g, are monotone in opposite senses, the 
righthand side remains unaltered when g, and g, are replaced by m1’, g,’ 
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where g,+9.=9;) +g2. In fact we have, assuming g,, g, monotone in 
the same sense, 


{ [rag.+ [race —{ [rag [rag:} = [racn—a)- [rato —9.)=0. 


The definition is therefore consistent, that is to say, independent of the 
choice of g, and g,, dependent only on their sum (g, + go). 


Theorems involving variation of the integrator are difficult unless 
they can be deduced from theorems involving only variation of the 
integrand. In this way we are able to prove the following theorems. 


Turore I. If w, v and wv are integrable with respect to g, and 


u=["udg, V={ "do, 


then [ aa = [nav = ["vav. 


It is no restriction to suppose v positive integrable as it is the difference 
of two such functions. 

Now if w is constant, the theorem is obvious. If w is constant in 
stretches, the theorem, true in each of these, is by the fundamental 
property IV true in their sum. Finally, if w is the limit of a monotone 
sequence u,, wv is the limit of the monotone sequence w,,.v (monotone, 
since v is positive). By the theorem on term by term integration of a 
monotone sequence, if the theorem is true for w,, it is equally true for w. 
This proves the theorem by induction for all functions mathematically 
definable. 


TueorEM IJ. If the integrator g is a function of the two sets of 
variables 2 and y, while f depends on the variables 2 only, then 


fafte=[F41], }- 


This is proved in exactly the same way as the preceding theorem. 
It is obvious for a constant, hence true for a simple function, and by 
the theorem on term by term integration of a monotone sequence follows 
in general. 


TuroreM HI. If for a constant ¢, g(a, ¢) is the difference of two 
monotone increasing functions of 2, and if h(t) is the difference of two 
monotone increasing functions of ¢, then 


fae, {[r@u@ol=[rea{f ganado}. 
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It is again sufficient to prove this for the case when /(2) is constant, 
that is to say it suffices to prove that 


[ a @, fixed { “dg (a, d} th faa {[9@.9 a | ; 


Now, if a is one single variable, 


ne 
g (w, t) g (a, t)-g (a, t) 


a 


If we integrate with respect to h(t), we get, on the right, 
[o(@.2 th - [a (qed) 


If # stands for two variables, say € and y, then 
“ay (a, ta { SE-% 7-0) H+ 9{(@+0, B+0), 8 
ov 96% 2) Seay cane eee t} 
and if we integrate with respect to /(#) we again get the same as 


% t 
d g(a, t)dh(t)} 
/ t fixed { 9 {2 t) a ( ) 
Similarly, the formula holds if 2 stands for any number of variables. 


This proves the theorem when f(z) is a constant. It follows at once 
that it is true for f constant in stretches. Now let 


Fisloi on or oe —>f 
be a monotone sequence of functions, converging to. Then 
[rac =Lim | f,ae 


for every G, difference of two monotone increasing functions. In particular 


g(t) =| F(a) dg (a, #) = Lim gu (t) = | fu @) dg (x,t) 


Also, gn (¢) forms as m increases a monotone sequence (g being taken 
to be monotone increasing, for brevity). ‘Therefore, 


[ae ah(@)=Lim [q,@) ah. 
But since f, may be integrated term by term with respect to 
t 
Lf oepu| 
it follows that if the theorem holds for /,, it does also for / 
THEOREM IV. 
y % ay 
= Ay} 
[Lf sepag@} a ()=["7@ na fo@) 2H) 
The proof is so similar to the preceding ones that it may be left as an 
exercise to the student. : 
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APPENDIX 


1. Continuity and uniform convergence. 

We saw that a function is said to be continuous at a point where it is both 
upper and lower semicontinuous and assumes a finite value. Hence, if f(#) is 
continuous at a point #), there is an interval surrounding x throughout 
which 

| f(a) —F(a0) | <e. 

This is the e-definition of continuity at a point, and is due to Cauchy. 
Furthermore, if we are given any sequence of points contained in the interval 
of definition, and converging to %% as limiting point, the corresponding sequence 
of values of f will have /(#) as unique limit. This is Heine's definition of 
continuity. The three definitions of continuity are absolutely equivalent, 
provided in the case of the third we add the condition that f (#9) is finite. It 
is clear that both Cauchy’s and Heine’s definition can be deduced from ours. 
J (a) is the uniquelimit of the upperand of the lower bounds of fin theneighbour- 
hood of %. We can therefore determine an interval containing x) in which 
the difference between the upper and lower bounds of f is less than e. Through- 
out that interval, we shall have, a fortiori, 


|f (2) —f(a0)|<e. 
On the other hand, if we are given a sequence of points 
Uy wee Uy vee 
converging to 7 as limiting point, then the corresponding sequence of values . 
of f lies between the two sequences of the upper and lower bounds of fin the 
intervals 


(%1%q) .-- (Zn Zp) «-- 
which shrink up to 2%. cae bok 


Conversely our definition may be deduced from any of the two others. If 

we have determined an interval surrounding 2 throughout which 
|f (@)-f(®)|<3e, 

then the same inequality holds if we replace f(a) by its upper or its lower 
bound; adding the two inequalities thus obtained, it follows that these bounds 
differ by less than e. 

On the other hand, if Heine’s definition is fulfilled, consider any sequence 
of intervals shrinking up to «, 

Wi, Ws, W3,y wees 

Let x, be any point of w,, where f assumes a value differing from its upper 
bound by less than e, x, any point of w, where Jn assumes a value differing by 
less than e/n from its upper bound in w,; then the points* 


X11, XQ, Wg, 


* This involves the so-called Zermelo axiom. A similar argument was used to prove 
the fundamental theorem of integration on p. 30 but might have been avoided. 


APPENDIX 43 


form a sequence converging tov). Hence the limit of the upper bounds, which 
coincides with the limit of f(x), is f(a). A similar argument applies to the 
lower bounds. 

A function is said to be continuous throughout an interval if it is continuous 
at every point of that interval. In order to investigate the properties of a 
continuous function it is convenient to prove the following lemma, from the 
theory of sets of points. 


The Heine-Borel theorem. If to each point x of a closed interval (ab) we 
make correspond an interval containing that point as internal point, then a 
finite number of these intervals cover the whole of (a, 6). 

Let us prove it first for a one-dimensional interval. 


i a ee 


a b 


Let d, be the interval which corresponds to a and let x, be its second end- 
point (the first endpoint lies outside (a, 6)); let d, be the interval corresponding 
to x, and let x, be its second endpoint and so on. 

Each of the points z, so obtained has the property that all the points which 
precede it are internal to a finite number of the given intervals. 

We may therefore divide the points of (a, b) into two classes: 

(1) the points 7 such that every interval interior to (a, x) can be covered 
by a finite number of our intervals ; 

(2) the points not possessing this property. We shall prove that the paints 
of this second class do not exist. 


7 eee | 
a b 

Let O be the last point of the first class; this point clearly exists since if 
all the points preceding 0 are of the class (1) so is 0. 

Now all the points internal to the interval which corresponds to 0 clearly 
belong to the first class. 

Hence unless 0 is the last point of (a, b), O cannot have been the last point 
of the first class. 

This proves the theorem. 

Let us now prove it for two dimensions. Let ABCD be the given rectangle. 
By the one-dimensional theorem all the points of AB may be covered by a 


c D 
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finite number of the intervals; let 2, be the smallest distance from AB of the 
horizontal sides of these intervals. Then all the points whose height above 
(a, b) is less than /, are internal to a finite number of our intervals. 

Let h be the largest number such that all the points of height less than h 
above AB and which belong to our rectangle are internal to a finite number 
of our intervals. 

The argument of the one-dimensional theorem proves that / is not less than 
the height above AB of CD. 

This proves the theorem in two dimensions and similarly in 7. 

Uniform continuity. If f(x) is continuous in a closed interval of definition, 
then given any positive number e, there exists a positive number d, such that 
if 2, and «2 are any two points of the interval of definition distant less than d, 
then | (#1) —F (a2) |< & 

For by the theorem just established, if to every point x) we make correspond 
an interval ¢ surrounding it, such that throughout the concentric interval J 
twice as large in every direction, we have 

| f(#) —F (®o) | < e/2; 
a finite number of the intervals z cover the whole interval of definition. 

Let d be half of the smallest side of these intervals. Then if x is any point 
of Z, x, is internal to at least one interval, 7, say, of the finite set of intervals. 
The interval J, twice as large as 7, therefore contains all the points distant 
less than d from 2, in particular xp. - 

If x is the point to which J, corresponds, then by adding the inequalities 
got by writing in turn 2, and 2 for x, the theorem follows. 


Closely allied to the idea of continuity of a function is that of uniform 
convergence of a sequence of functions*, 

Let f,, fa; --+5 fny «-» be any sequence of functions of xt, and let f be their 
limiting function. 

We suppose all these functions bounded and defined in the same interval. 

Let us imagine that, besides the coordinates which represent the point «, 
we have a further coordinate p representing the parameter n, for example its 
inverse 1/n. 

In this new space we define a new function 

; F(a, P)=fn (#) —f (2); 

but only at those points where p represents an integral value of n, and let us 
agree to give it the value 0 elsewhere. | 
Then the convergence of the given sequence is said to be uniform at a point x, 
if in our new space the upper and the lower limits of the function F(a, p) at 
the point which corresponds to =a) and n= coincide and are equal to 0; 
in other words, fis continuous at that point. 

This may also be expressed by saying that there is an unique m+ ple limit 
at 2, where m is the number of coordinates of x. 


* Tt has been better termed by Du Bois-Reymond continuous convergence (‘‘stetige 
Convergenz”’). 
+ Not necessarily continuous. 
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In the e-language this may be stated as follows: 

The given sequence is said to converge uniformly at the point Hy if, given 
any positive quantity e, we can find an index m and an interval surrounding 
#o, such that throughout it and from and after n=n,) we have 

|fn(#)—f(x)| <e. 

The notion of uniform convergence at a point is of great importance in the 
theory of functions of real variables; moreover, many properties laboriously 
deduced from the e-definition in a closed interval become obvious by inspection. 

When the convergence is uniform at every point of a given interval (open 
or closed), it is said to be uniform in that interval. The equivalence of this 
definition with that given in Chapter I when the interval is closed is easily 
proved with the help of the Heine-Borel theorem; and it may be shown that 
we can also define uniform convergence in an open interval as uniform con- 
vergence in every closed component. 

It is obvious that, if we can determine 7, such that throughout the closed 
interval (a, b) and for all n after m) we have 

|fn (2) —F()| <4 
then the convergence is uniform at every point of (a, b). 

Conversely, if the convergence is uniform at every point of (a, b) then, given e, 
we can at each point find an 7) and an interval containing the point, throughout 
which from and after 7), we have the above inequality. A finite number of 
these intervals cover the whole of (a, 6); if n, is the greatest of the corre- 
sponding 7's then throughout (a, 6) from and after n, the above inequality 
holds. Q.E.D. 

THeEoREM. A function f(#) which is the limit of a uniformly convergent 
sequence of functions of a certain type is also the limit of a monotone ascending 
and of a monotone descending sequence of functions of that type. 

It is sufficient to prove it for the case in which the functions are all defined 
in a closed interval (a, 6). 

Let e1, €2, ..., ny --- be a monotone sequence of positive numbers tending 
to zero. 

Let f; be the first of our functions which throughout (a, b) fulfils the in- 
equalit 
ad |fi(@)-F(#)| <4. 
Similarly, let 7, be the first to satisfy the inequality 


|fn(#)-F(#)| < en 
throughout (a, 6). 


The functions f,+¢, and f, —é, both belong to the same type as f, and the 
corresponding sequences are respectively monotone ascending and monotone 
descending and they tend to f(#). This proves the theorem. 

Corotiary. f(x) belongs to the same type. 

If the generating functions are continuous it follows that so is the limiting 
function. The connection between continuity and uniform convergence is also 


- illustrated by the following theorem. 
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Turorem, If a monotone sequence of continuous functions has as limit a 
continuous function, it converges uniformly. 

Again take the interval to be closed. Let f,, be the generic term of the 
sequence and f the limiting function. Suppose the sequence monotone 
descending. The differences 

Si nf 


form a monotone descending sequence of continuous functions, which are 
particular cases of Z-functions. 

By the theorem of bounds the limit of their upper bounds is zero. We can 
therefore find an 2), from and after which, it is less than e. Therefore, a fortiori, 
throughout (a, 6) 

Sn—-f <€ for n> mM. 

Similarly if the sequence is monotone ascending. 


2. The generation of sets of points, and the theory of content. 

A set of points is said to be well-defined if we are given a law which enables 
us to say of any arbitrarily chosen point whether it belongs to the set or not. 
If we are given such a set E, we are at once able to define the function which 
is 1 at every point of the set and 0 elsewhere. Conversely, given any function 
which only assumes the two values 0 and 1, then the set of points where this 
function is 1, is well defined. This enables us to generate all well-defined sets 
of points. 

The simplest functions constant in stretches which are not actual constants 
are those which only assume two values, say, 0 and 1. If such a function is a 
simple U, the set of points where it is 1 consists of a finite number of closed 
intervals. We shall call it a simple U-set. The complementary set is a simple 
L-set. 

If we are given a monotone descending sequence of simple U-functions, all 
of which assume only the values 0 and 1, 

By (&); Ho (a), x. Lin (2), aces 
then the set of points Z,, where Z, (x) is unity, is clearly contained in Z,_}. 
We have thus got what we may call a monotone descending sequence of sets of 
points, ; 
E, > E,>... (The symbol > now means containing.) 

The set of points Z common to all of them will be called their limiting set of 
points, and is identical with the set of points where the function EZ (x), limit 
of £, (x), is unity. Since H(z) is a U-function which assumes only the values 
0 and 1, the set of points # will be called a (general) U-set. The comple- 
mentary set, limit of monotone ascending sequence of simple Z-sets (the 
limiting set now consists of all the points belonging to at least one of the 
generating sets) is, similarly, a (general) Z-set. In this way, proceeding stage 
by stage as in the generation of functions, we obtain the most general kind of 
set of points mathematically definable. 

Given any set of points #, and a monotone increasing function g («), the 
integral of the function # (x) which is 1 in Z and 0 elsewhere, may be called 
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the total variation of g(x) with respect to £, or, as we shall say for brevity, 
the g(x)-content of E. 

In order to evaluate the g (w) content of Z, we have to find the upper bound 
of the integrals of the U-functions less than H(z). It is easily seen that it is 
sufficient to take into consideration those U-functions only, which assume the 
values 0 and 1 and no others. It is evident that we need only consider non- 
negative U-functions. Let a(x) be such a function; where a(x) is greater 
than or equal to 1/n, we put it equal to 1. This does not affect its upper 
semicontinuity, nor its property of being nowhere greater than E(x). If we 
put it equal to 0 where it is less than 1/n, and make tend to infinity, we 
obtain a monotone sequence of U-functions assuming only the values 0 and 1, 
whose integrals tend to a value greater than the integral of a (z). 

It follows immediately that the content of His the upper bound of the content 
of U-sets contained in E. 

We remark that a U-set is identical with a closed set. A U-set is closed; 
this in fact is almost obvious. Let #() be the function which is 1 in # and 
zero elsewhere. Then at a limiting point of /, the function # (x) cannot assume 
a value less than 1 since it is upper semicontinuous. Conversely, every closed 
set is a U-set*. For let H be the closed set and let H (a) be 1 in £, 0 outside. 
Then Z (2) is upper semicontinuous. Fora point where £ (@) is zero is internal 
to an interval containing no point of # (if such an interval did not exist the 
point would be a limiting point of Z, i.e. H(z) would be 1); therefore at such 
a point, the upper and lower limits of #'(#) are both zero, On the other hand, 
at a point where (x) is 1, #(#).is obviously not less than the upper and 
lower limits. Hence #() is upper semicontinuous and £# is a U-set. 


To denote the g(x) content of H, we use the symbol m,(#). m stands for 
measure, which some writers use instead of content. 

Historically, although, as we have seen, the general idea of the theory of 
integration follows naturally from the ideas of Cauchy and Darboux, the theory 
of content preceded the modern theory of integration, This was the main 
reason why mathematicians of the old school did not at once recognise its value, 

We now proceed to prove some important theorems. 

TuroreM. If f(z) is zero except at a set of points of g-content zero, the 
integral of f with respect to g vanishes. 

Let Z be the set of points where f() is not zero, and #(#) the function 
which is 1 throughout that set and zero elsewhere. Then, clearly, f(x) equals 
f(a) x H (a). Therefore 


[Feorag=[7@) Be) ay 
Butt [r@ 2@)a9- [r@maf{fzeag}, 


* This is equivalent to the following theorem of Cantor: A closed set consists of 
the points non-internal to a set of non-overlapping intervals. 
+ By Theorem I, p. 40. 
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or, since the integral of 4 (x) is zero in every interval, 
| fdg=0. Q.E.D. 


THroreEM. If i fdg=0 


in every interval, then f() is zero except, at most, at a set of g-content zero, 
Since | fdg is the uniform limit of the integral of the function f, identically 


equal to zero, and since f,, being constantly zero, remains less than an in- 
tegrable function, it follows from Theorem IV of p. 37 that the integral of 
|f| is the uniform limit of that of |/,|, that is, zero, We may therefore 
suppose f to be non-negative. Now, the set of points Z, where 7 is not less 
than 1/n has content zero because otherwise 


=| fagz% [ Ex(ayag>0 


by the fundamental property of integration III. 

Now the set of points # where f is not zero is the limit of Z, as n tends to 
infinity, for it consists of all the points belonging to at least one Z,. By the 
theorem on term by term integration of a monotone sequence, the g-content 
of # is zero. 

3. Functions defined in a set of points. 

So far we have only considered functions which are defined at every point 
of an interval. More generally, we may suppose the values of a function to be 
given at some points, unknown at others. Such a function is defined in a set 
of points. 

y is said to be function of z in a set of points £, if to each x belonging to 
that set there corresponds a single value of y. 

A function which is defined in an interval is obviously also defined in every 
set of points contained in that interval. 

In speaking of a function defined in a set of points # we merely exclude all 
consideration of other points, whether or not the function is defined at any of 
the latter. 

A function defined in a set of points Z has for upper bound in an interval 

_D, the upper bound of those of its values which ee to points of # 
inside the interval D. 

With this convention, we may also define upper and ioe limits of our 
function at every point 2) such that in each interval containing 2) there is 
a point of # (other than x9): on the other hand, if there is an interval con- 
taining 2» but no other point of Z, then it is clearly impossible to define the 
upper and lower bounds of our function in that interval excluding x, and 
consequently impossible to define upper and lower limits at x) in this case. 
Hence the upper and lower limits of a function defined in a set of points Z 
exist solely at points of the set Z’ of the limiting points of Z; at any such 
point 2 (which need not of course belong to #) they are defined to be the unique 


———_ = 
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limits of the upper and lower bounds, respectively, of f in any succession of 
intervals each containing the point x as internal point and shrinking up to x5 
(the point x being, as before, excluded in the evaluation of the bounds in each 
interval). 

Upper and lower semicontinuity. Continuity. A function is said to be upper 
semicontinuous at a point 2) where it is defined, provided its upper limit at 
that point (if existent) is not greater than its value at that point. 

A function is said to be continuous at a point if it is both upper and lower 
semicontinuous at that point. 

Thus continuity at a point depends on the set of points at which the function 
is defined. A function, defined in Z, may be discontinuous at a point 2) of E 
and yet become continuous at 2) when considered to be defined in a subset F, 
of £. 

A function is said to be continwous over a set of points E, if, when considered 
as defined only in that set Z, it is continuous at every point of Z. 

A function is said, at a point x, to be continuous with respect to a set of 
points E, if, when considered as defined only in that set Z, it is continuous 
at 29. Obviously a function which is continuous over a set of points Z is 
continuous over every component of £. 

This may also be expressed in the e-language: f is continuous over Z if, to 
every point 2) of H, we can make correspond an interval surrounding 2, 
throughout which, for all points x of #, we have 


|f(@)-F (0) | <e. 

The Generalised Heine-Borel Theorem. If to each point x of a closed set of 
points # we make correspond an interval containing that point as internal 
point, then a finite number of these intervals cover the whole set Z. 

Let (a, 6) be an interval containing Z, and let ZH” be those of its points which 
do not belong to #. Let (a, 6) be closed. To every point of H’ we can make 
correspond an interval surrounding it containing no points of 2. 

To each point of (a, 6) now corresponds an interval. A finite number of 
these intervals cover the whole of (a, 6). Of these intervals those corresponding 
to points of Z’ contain no points of #; the others cover the whole of £. 

Q.E.D. 

Uniform continuity. If f(x) is continuous over a closed set of points Z, then, 
given any positive number e¢, there exists a positive number d, such that, if 
Z, and a, are any two points of # distant less than d, then 


| f (1) - fF (#2) | < ¢. 


The proof is but a repetition of the one on p. 44 mutatis mutandis. 


TxEorEM. If f(x) is continuous over a closed set of points £, it assumes 
its upper and its lower bound in that set. 

The argument is exactly the same as for the corresponding theorem for a 
semicontinuous function in an interval. The point constructed, being the limit 
of a set of intervals all of which contain points of Z, certainly belongs to £ 
since £ is closed. 

ve 4 
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CorottarRy. An interval cannot be the sum of two closed sets of points 
without common points*. 

The distance between two points is a continuous function of position and 
assumes its lower bound as the two points vary in the two sets. This lower 
bound cannot therefore be zero. 

TuEoREM. The set of points of H at which f(z) assumes values not less 
(or not greater) than X is closed. 

At a limiting point of such points, f(a) by continuity assumes a value not 
less (not greater) than KX. 

Corotuary. A function which is continuous in a closed intervalt there 
assumes all values between its upper and its lower bound. For let A be any 
such a value, then the two closed sets where it is > and where it is < A must 
by the corollary above have common points. 


Successions of functions. 

Just as we considered in Chapter I successions of functions defined in an 
interval, we may consider successions of functions defined in a set of points Z, 
and apply to them the investigation of Chapter I. 

In the case when the set of points is closed, the convergence of the functions 
Jn() in that set of points is said to be uniform, if, given any positive number 
e, an index WV can be found, independent of x, such that, for every from and 


after JV, 
|fn(x)—f (#) |<e, 


for every « belonging to the set of points. 
More generally we may define uniform convergence as in Appendix, I. 


THEOREM. A sequence of functions, continuous over a closed set #, and 
which converges uniformly over #, converges to a function which is also 
continuous over £. 


Proof: 


|F (#1) —F (2) | < | Fv(@1) —F 1) | + | Fae(2) — F (#2) | + | Fiv(%1) — Fv(@2) | 
Choose J so that | fy (x) —(«) | <e/3 for all the x’s of Z, which we can, because 
of the uniform convergence, and 6 so that | fy(%1)— x(x) may be less than e/3 
as soon as 7, and 2 are distant less than § and belong to £; then 


| F(*1) —f (#2) | Se. 
The generation of functions defined in a set of points. 
Here proceed as in Chapter II. The simplest functions defined in Z are 
those which are constant in H. The next simplest are the functions constant 
in stretches, i.e. if (a, 6) be any interval containing Z, it is the sum of a finite 


number of stretches, inside each of which at all the points belonging to £ the 
function is a finite constant. 


* A set of points which is not expressible as the sum of two closed components 
without common points is called a continuous set of points (Jordan). 
t+ More generally ‘‘over a continuous set of points,” 


APPENDIX 51 


Then as in Chapter IT we generate by monotone sequences the most general 
kind of function it is possible to define in Z. We can also shew that, if £ is 
closed, a uniformly convergent sequence of functions of a certain type generates 
a function of the same type*. 

We now come to a remarkable theorem (Egoroft). 

A function defined in a set of points Z and obtainable by monotone 
sequences, if finite throughout that set, is continuous over a closed subset 
Cn, whose g-content differs from that of H by less than 1/n, 2 being an 
arbitrary positive integer. 

This theorem is an immediate corollary to the following theorem: 

THEOREM. A sequence of functions, defined in a set of points Z, and having 
a finite limit, will converge uniformly in a closed set of points C, whose 
g-content differs from that of # by less than 1/n. ‘ 

Let fr in a set of points Z where f assumes only finite values, and let 
e and d be any pair of positive numbers. 

Let £, denote the set of points at which 


lf; r+h sats | <e 
for all positive integral values of h. 
Obviously, Fy < By <...3 


also, every point of # belongs to some #,, since the succession f, converges in 
E and f assumes only finite values in #. Therefore 
E,< ky <...2H. 
Hence by the theorem on term by term integration 
Mg (En) > mL. 
Hence since m, (Z) is finite we can determine J so that 
my (Ex) > mg (E)—d. 


Then in Zy |fvtn—f | <e 
for all h. 3 
Let us choose for e a value 1/p, p being a positive integer, and let us choose 
for d a value ¢/2p, e being a positive number independent of p, 
Let the value of WV obtained be denoted by WV, supposing ¢ fixed for the 


present. 


Let €, be the set Ly,, 
&, the set common to Ly,, Zy,, which may be called their product Ey,. Zy,, 


&3 the set common to Hy,, Ey,, Lys, 


and so on. 
Clearly &; = &5 ee &3 wee E Say. 
Also m,(E-&) </2 2 
My (B= €)< mM, (E — €;) + mg (E— Ey.) < € ($42) <e 


Tea 1 
Mg (B— En 41) < Mg (H— En) + Mg (EB - Ennsi)<€ G +t t5n01)< 


* This of course contains the theorem of the preceding page as a particular case. 
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But by the theorem on term by term integration 
Mg (En) > tity (€). 
But & belongs to Hy, whatever p. In €, therefore, 


[freta—f1 <5 
whatever p. 

Hence the sequence 7, converges uniformly on a set of points € whose 
g-content differs from that of # by less than e. 

Now the content of € is the upper bound of that of its closed components. 
Hence there is a closed set C whose g-content differs from that of Z by less 
than 2e, in which the sequence f, converges uniformly to its limiting function. 

Q.E.D. 
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PREFACE 


is pages which follow give the result of an attempt to obtain the 
modulus of complex integers in the field of algebraic numbers 
defined by 6"*—a=0. Twenty-three cases require discussion and are 
considered in Chap. xv. The solution of some of the problems arising 
in this investigation led the writer to evolve various new methods 
which are applicable to the number-field defined by any irreducible 
equation a(@)=0"+a,0""+...+4,=0. 

After the disposal of preliminaries the new methods are discussed in 
Chaps. vi—viiI and an integral basis of the field defined by a (8) =0 is 
obtained in Chap. 1x. The rule for putting down the integral basis 
follows a process of approximation explained in Chaps. v—vut, the 
first three stages of it being worked there. Failing cases exist but the 
approximations given are sufficient to cover nearly any numerical 
equation not specially constructed to defy them. The bases of prime 
ideals can also be put down in fields covered by the three approxima- 
tions. 

One more stage in the approximation (fourth dissection) has been 
worked in manuscript by the author but, as it appears to lead no nearer 
to finality than the ones given, it was not thought necessary to print 
this. 

The methods of Chaps. v—x apply equally to a relative-field, a fact 
used in certain cases of [ %/a]. 

To make the investigation as elementary as possible an account of 
Dedekind’s theory of algebraic numbers has been added in Chap. 1. 

A variety of causes has led to some delay in publication. 


W. EH. H. B. 


1926 
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CHAPTER I 


INTRODUCTION AND SUMMARY 


1. The complex (or algebraic) integers in a field of algebraic numbers. 

are known to form an aggregate of the type 
Vy Wy) + XO, +... +FUy_1n_i) 

n being the degree of the field, for rational integral values of 2, a, «-- 
nr, provided w), w,, -.. W,_, is a suitably chosen set of complex 
integers of the field. The m integers o, ©, ... @,_;, Which form an 
integral basis (Minimalbasis) of the field are not unique but every two 
integral bases 

Wo, Wy, «++. ed); (w’, ©), eee @ x) 
are connected by relations of the type 

W'5 = Poi + P14 F +--+ + Pn-146On_1; 

©; = Goo + Gji@1 + --- + Yjn-1n_1, 
where | ;;|, | g;:|, are reciprocal integral unit determinants. 

A quadratic field can always be defined by the equation 6?—m=0, 
where m is an integer divisible by no square factor, and then an integral 
basis is known to be 

o=(1, $+40) or (1, @) 
according as 
m=1(mod4) or m= 2, 3 (mod 4). 

Methods of finding an integral basis of a cubic field are due inde- 
pendently to G. B. Mathews and G. T. Woronoj. An integral basis of 
a cyclotomic field has been obtained by Kummer, while Hilbert’s 
detailed investigations of quadratico-quadratic fields include a dis- 
cussion of the algebraic integers therein. Little appears to have been 
done beyond these cases. 


2. In the following pages I develop a method of finding all the 
algebraic integers of the field [6] defined by a rational integral irre- 
ducible equation 

a (0) = 0% +)" +a," +... + On = 0. 
The field has an integral basis of the form 
v2 (1, WO, 2O, .. Yer) 
ae ? ae ? As a ae re b 


where 
Up (0) =O + Op OO + 2. + ep, 
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a number of rank 7, and A,, As, ... A,_i, are factors of the discriminant 
D(6). Putting : 

A, = prd,, with dv(p, 6,)=1, 
and Ars = Crs (mod pr), 
it is first shewn that the prime factors of D(@) can be separated, and 
that an integral basis can be immediately constructed when all complex 
integers 

ie —1 

®, (9) i +p, 01+... ee pease eee: 
per gre 
have been determined for each prime p dividing D(6). Thus it is 
sufficient to confine the discussion to the evaluation of the integers 
0,(0) (0) (6) (8) 
pe 2 pe Ae per Jpay pir : 

which form the partial basis of o(basp). Since 6®, (@)/p#r is integral 


’ 


Ha S Po Soe Sfp Sve Sha, 
and, when “,=py,1, it is enough to take ®,,,(@)=0,(6). Inverting 
the notation, there is a minimum rank r =r, which admits a complex 


integer ; 
(8) — O46, OA + 20. + Opp 


pe p : 


Beis S Py = Bry = ose = Brees 
it is sufficient to take 


and, when 


Dy (DO be(G), 8a og. 6: 
The 1+/ integers 
1 $, (8) 2 (8) ae $i (8) 
’ p ’ Pp : p ’ 


form the stem of the partial basis of 0 (bas p) and in this investigation 
the partial basis is approached through its stem. 


3. Expressing a(z) as a product of irreducible divisors (mod p) in 


the form 
a(z) = w, (2) a (z)*... wy (z)w (mod p), 
it is shewn that 
du (2) =m (2) D aw (z) 2)... ay (z) (4) (mod p), 
1<(w,1)<(utl,2<f, ¢=1, 2, ... w. 
The polynomial a(z) admits a unique expansion as a product of w 


with 


and 
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irreducible divisors (mod p**) of which the typical factor, corresponding 
to the divisor a(z)’ (mod p), is 
w (2) 
+ p&p (2) @ (2) + pG_a(e) (Zl? +... + pba (z) (A) 
+ py_sa(z) w (ZY? + py? & 2(2) wo (zi? +... +p Le0(z) 
+ ee + ply a(z) oe + p*& sa(z) w(z Pr +... + p*Loa(z) 

Each polynomial ¢,,,(z) is of degree g—1 or lower, g being the degree 
of w(z), and, when the coefficients of ¢,,(z) are all divisible by p, the 
term p"¢,,(z) @(2)” is absorbed in p¥*?€,,,,1(2) w(z)*. 

Taking a positive quarter-plane cut up into unit squares, the node 
(a, y) is to be marked or unmarked according as €,.,(z) is different from 
or equal to zero. Since a(z) is irreducible there is at least one marked 
node on the p-axis when d is great enough. A boundary of the dia- 
gram, consisting of a number of straight edges (which with the axes 
form a closed polygon) is next drawn, just as in Newton’s method of 
separating the branches of a plane curve at a multiple point. With 
a modified suffix-notation the terms represented by nodes on a typical 
edge are 


pra (z)P{Eo(z) az" + p'G(z) a(2)Y "+... +p" G(z)} = pra (zr Zz), 
dv(u, v)=1, 

the extreme coefficients ¢,(z), G(), and generally some others, being 
different from zero. On defining the modulus W* to contain all in- 
tegral polynomials 

DP ly(Z) az)” with av+yu>t, x>0, y>0, 
it is shewn that Z(z) is uniquely expressible as a product of irreducible 
divisors (mod W’""*1), viz.: 

Z(2) = &(z) Be) (eye ieee (B), 

E(z) =a(2)™ + p’&,(z) a(z)ir +... +p" En (2), 

Mn+ Mm +... =). 

The presence of the divisor =(z)” is shewn to involve the existence 
of an ideal { of degree Md/mg which divides p just uw times and w(@) 
just v times. Further, mg is an aliquot part of the degree of every 
prime ideal factor of {. The prime ideals due to the factor B(z)” are 


entirely distinct from those due to ’(z)*’, ete., so, in the particular , 
ease when all the indices M, M’, etc. are unity, the prime ideal factors 


with 


_ of p are completely separated. 


ee 
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If v complete units on the line y= fall within the closed polygon, 
the terms in the first » lines of (A) are all divisible by a(z)” or a(z)”. 
Taking these terms to be 

wi (2)” xin (2), 


Xie) Xox(9) +++ Xecie(F)/p*, 
is a complex integer. Further, when ad/ the indices M, M’, etc. are 
unity, it is proved that 


bi(9) = Xie (9) Xou() +++ Xwie(). 
Most numerical cases, except those specially constructed, are covered 
by the assumption that all the indices 17, M’, etc. are unity, so, on 
this occasion, no further approximations are considered. 


it is shewn that 


4, An ideal of [6] is expressible in Dedekind’s notation as a com- 
pound modulus of order x. From the expansion (A) bases of the prime 
ideal factors of p can also be set up immediately, assuming, as before, 
that 1, M’, etc. are all unity. To determine the prime ideal factors 
of a prime number g it is necessary to discover the irreducible divisors 
of a(z)(modq). These irreducible divisors (which also define the 
Galoisian imaginaries) have been used by Selling, Zolotareff and others 
in attempting to extend Kummer’s theory of ideal numbers in cyclo- 
tomic fields to the general field of algebraic numbers. The object of 
these writers’ work (to be first achieved by Dedekind through the 
introduction of the compound modulus) was to obtain a means of 
expressing every rational prime number as a unique product of (actual 
or ideal) prime factors in any field of algebraic numbers. Zolotareff’s 
theory is only imperfect through its failure to account satisfactorily 
for the peculiarities of the prime factors of D(6). 


5. The reasoning of Chaps. vi-1x, by which the above results are 
obtained, is of a very general arithmetical character. It can be applied, 
for example, to the fields of algebraic functions of one variable dis- 
cussed by Dedekind and Weber, a simplification then arising through 
the prime ideals being all of the first degree. An integral basis of 
a relative number-field can also be obtained by a process which follows 
the main argument except for obvious adjustments. The discussion of 
relative fields leads to results of which some have already been obtained 
by Wahlin. 

A few numerical examples have been added to illustrate the power 
of the method when applied to a concrete case. Finally in Chap. xv 
an integral basis of [%/a] is obtained for all values of a and n. 
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The outstanding question, when the indices VM, M’, etc. are not all 
equal to unity, bears no relation to the degree of the field. It presents 
much the same type of difficulty as that arising in the separation of 
those branches of a plane curve which have multiple contact with each 
other. But whereas general analytical theorems can be brought to bear 
on this latter question, an existence theorem has to be proved at every 
stage in the arithmetical problem considered here. Every failing case 
can be solved by a suitable rational transformation. Methods of dis- 
covering transformations applicable to an assigned numerical failing 
case have not yet been investigated. 


CHAPTER II 


DEDEKIND’S THEORY OF IDEAL NUMBERS 


6. The theory of ideal numbers originated in early investigations 
on Fermat’s last theorem. Lamé, in 1847, claimed to have proved that, 
if p is an odd prime and a a primitive p-th root of unity, the equation 


a? + yP = 2P 


is not satisfied when z, y, z are of the form 


My + at ...+ Aya” *, 


the a’s being rational integers. It was pointed out by Liouville, how- 
ever, that Lamé had failed to prove that such a complex integer could 
be uniquely expressed as a product of prime factors of the same type, 
an omission which rendered the claim invalid. Kummer’s researches 
into Fermat’s last theorem led him to define deal numbers in the 
cyclotomic field [a] given by 
aPt+...t+a+1=0. 

The definition led to a unique representation of any complex integer 
in the field as a product of prime ideal numbers, also to a proof of the 
impossibility of Fermat’s equation in certain cases. 

Kummer’s system of ideals served his main purpose but was in- 
sufficient to deal with the algebraic numbers defined by any given 
algebraic equation. Dedekind first succeeded in constructing a defini- 
tion of ideal numbers which renders an integer in any field of algebraic 
numbers uniquely expressible as a product of prime ideal factors. We 
sketch the main points in Dedekind’s theory, so far as it is needed in 
the investigation which follows. 


6 DEDEKIND’S THEORY OF IDEAL NUMBERS 


7. An algebraic (complex) integer of degree n is defined to be a root 

of an irreducible equation 

a(O)=O"+a,0"7* +... +Gn,=), 
whose coefficients a, are rational integers. When the equation a (@)=0 
is reducible each irreducible factor can be taken to have integral 
coefficients with unity as the first one (Gauss, D. A., §42). The roots 
of such a reducible equation are thus complex integers. 

If a, @ are algebraic integers of degrees nm, m it is readily seen that 

I (e-a-f), W(e—a+f), W(—af), 
are polynomials of degree »m with rational integral coefficients, and 
hence that a+, a—f, a8 are integers—of degree nm or lower. More 
generally the number 
Scya'P’, i> 0, jz 0, 
is integral provided 7, j, cy are rational integers. 

The field [6] contains all numbers which can be derived from 6 by 
any finite combination of the four elementary operations of arithmetic. 
Its general element is 

w= (bo6" + b,0"-1 + ... +b,)/(go® + gi + «-- + Gs), 
where 6;, g; are rational and the exponents positive integers: in virtue 
of a(@)=0 o is expressible as 
0,0" + 6.0" + 1. + En, 
where the e’s are rational. When @ is integral so are 
6%, 0, ..., OP}, 
also 
Wy = 6,6") + C.0"-7 +... + ny 
for rational integral values of the c’s.. In some circumstances, which it 
is the present purpose to investigate, , is also a complex integer for 
particular rational fractional values of the coefficients ¢;. 


8. Taking a, a3, ..., a, to be members of a field [6], the aggregate 
of numbers of the type 
CO, + CyQGy + see +CmOm, 


where ¢), C2, ---, Cm are rational integers, is called a compound modulus 
of order m and denoted by 


m= [a,, Qo, +.» a 
If |cy| is an integral unit determinant and 
Bi = Cy, + CapGgt ...+CmeGm, T=1, 2, ... m, 
it is apparent that every member of m belongs also to 


w= [8s Bs Bel 
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and vice-versa; in fact [a,, a, ... a,,] and [81, Bo, --» Bm] are inter- 
changeable bases of the same modulus. 

The order of every compound modulus is » at most, for rational 
integers Cy, Cy, --- Canin, With no common factor can be found to make 
C41 1 + Cy Ag + +0 + Cn pn Ong = 0. 

Choosing an integral unit determinant |cy| of order n +1, put 


Vi = Cy F Cop Ay + --. + Cn yi On4i, 


then 
[o, Gg, ++ On +1] = Lye, tee Yn+i], 
which is of order . It is evident that the aggregate of complex integers 
in the field is a compound modulus of order m. The basis of this 
modulus is 
0 =(1, o,, ... On), 
the integral basis of the field. 


9. A compound modulus [a,, a, ..., a] 18 said to be an édeal when 
(1) all its members are complex integers, so that the typical 
member is 
Q; = Ay + Agi Wo + oe oe Ani®n, 
for rational integral values of the a’s, and 
(2) wa; belongs to the modulus for every complex integer w of the 
field. The norm N (a) of the ideal 
a= (a, Ag, very By): 
is the determinant |a;,| taken positively, and hence a positive rational 
integer. Seas: 
An ideal a is divisible by an ideal ¢ when every member of a is als 
a member of c. A prime ideal is one which is only divisible by itself 


and o. 
The product of two ideals 


& =(a,, dg, ---, Om), b= (Ai, Ba, ---» Bn) 
is the modulus (a,;, .-., 0;;, .--) which is expressible as a modulus 
with an m-member basis 
ab = (yi) Yo, «++» Yn), SAY- 
Subject to these definitions it was proved by Dedekind that 
NN (ab) = N (a) N (5), 

and that every ideal is uniquely expressible as a product of prime-ideal 
factors. Much of the pioneering difficulty in proving the latter of these 
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theorems lay in constructing a correct definition of an ideal. If we 
assume, as the early investigators did, that the integral basis of [./17] 
is (1, ,/17) then 

(2,1+ /17P=(4, 2+2,/17), 
and the relation (a) V(b) = (ab) breaks down. The attempts to 
prove uniqueness of factorisation made by Zolotareff, Laurent and 


others failed in this essential point. 
To give an example of an actual system of ideals, take the quadratic 


field [,/— 23] of which an integral basis is 


0=(1, A+ Aj) or (1, a) 


where a?—a+6=0. The integer 6 can be expressed as a product of 
integral factors in two ways, viz. : 
6=2,3=a(1-a), 

while none of the four factors 2, 3, a, 1 —a is decomposable into integral 
factors. But the ideals (2, 2a) etc. are each expressible as a product 
of prime ideal factors, in fact 

(2, 2a) =(2, a) (2, 1—a), 

(3, 8a) =(3, a) (3, 1—a@), 

(a, a”) =(6, a) = (2, a) (3, a), 

(1-a, a—a?) =(6, 1—a) =(2, 1—a) (3, 1-2), 


Thus 
(6, 6a) = (2, 2a) (3, 3a) = (6, a) (6, 1—a) 
is the product of four prime ideals, and it can be similarly verified that 


any other ideal of [o] is uniquely expressible as a product of prime-ideal 
factors. 


10. An ideal (8, Bws, ..., Bw), which is the modulus of all complex 
integral multiples of 8, is called a principal ideal and denoted by (8). 
Two ideals a, 6 are said to be equivalent, and to belong to the same 
class, when an ideal ¢ exists so that ac, 6¢ are both principal. 

Fundamental results proved by Dedekind are that the number ot 
classes of ideals in any field of algebraic numbers is finite and that the 
prime factors of the discriminant ($12) are the only rational integers 
divisible by the square of a prime ideal. 

A unit ¢ is a root of an equation 


e™ + Ce" 14 ge" +... +1 =0, 
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with rational integral coefficients. If the irreducible equation defining 
the field has r real roots and 2s complex ones the totality of units is 
€ eet 
ra rt+s—1 
where the 2’s are rational integers and €,, €, ..., €-,s_1 is a fundamental 
set of units, i.e. a set connected by no relation of the type 


? 


ele?... en teiat 
nih eae) rs—1 
other than 
By = y= 00s = Spts-1 = 0. 


Every ideal is the highest common factor of two suitably chosen 
principal ideals (c) and (8). Hilbert, Hurwitz and some other writers 
use the notation {=(a, 8), the ideal being the aggregate of complex 
integral multiples of a, 8. Throughout the following pages we adhere 
to Dedekind’s notation of the compound modulus with an n-member 
base. 


CHAPTER III 


CANONICAL FORM OF AN INTEGRAL BASIS 


11. If 6 is any one of the m conjugate roots 4, 6,, ... 6, of the rational 

integral irreducible equation 
BB) SOP + a, Fg? F 0 + ig =O voce scarreess (1) 
every member of the field [9] is of the form 
wo = 6,6" 1+ 6,0" 7 +...4+b, 
with b,, bs, ... b, rational. When o is an algebraic integer it is necessary, 
but not sufficient, that 
b, = Bi D (8) 
where B; is a rational integer and 
D(0)=11 (6,-—6,). (Zahlbericht, 180.) 

In a numerical case the discriminant D(é) is calculated from the 
formula 
pad Ltr Seating te “SG, SO) | 
15. @,, 2 O°" Fe" BO, SO, --. S@) 


Scleccietale sielaiclececcvere” ip. 0 ere mrajate slalule 9b 0/0 /¥, ine 1t 6:6 7wie't) $6610.00 8\0 (056 
eee . 


tome ah S(O) Se) SC) 
For convenience I put 4 (6)=|D(®) |. 
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Among the integers of [6], now of the type 
BLO + Bee + oF B 
A (6) 
there is one, viz.: 6°, and may be several, such that 
B,=0, i<n—s; 0<B,-,< A (8); 0S B<A(O), t>n-s. 
Taking A, to be the least value of B,_, satisfying these inequalities 
and 


(dies 


Ws = (Ag + Ag G14... + Ags)/A (8), 
a number of rank s, to be a corresponding complex integer, there are 


defined integers 
Wo, 1, Wo, +++ On-1 
of the respective ranks 0, 1, 2,...%—1. If then 
OQ = (B, 6" + BoO"? + ... + By)/A (8) 
is any integer of the field, B, = 0 (mod An_4), otherwise suitable rational 
integers a, 8 would make 
0<aAn_w+t+ BB, <An-1 
and, aw,_, + BQ being integral, A,-) would not be the least value of B,, 
contrary to supposition. Hence 
B= Mn_1 An-1w 
and O = M%q-1 Op-1 = (By 0"? +... + B,’)/A (0). 
Repeating the argument it follows that 
Q)= Mig —1 Op_y + My _g Wp gH 20+ FM Wy ~2- 00-202 eseees (2) 
for rational integral values of 7,-1, M%n-2, --. %. Moreover every number 
of the form (2) for rational integral values of m; is an algebraic integer, 
and there can be no identical relation of the type 
Mny—1 On—1 + Mn—2 On—g + --- +My % =O 
unless every m; is zero. Thus every integer of the field is uniquely 
expressible in the form (2), whence the integers of the field form a 
compound modulus 
BP 5 5 iy cc Kg cs, vee ai ie x pee gee ee (3) 
of order ; 0 is also an integral basis of the field. 


12. Next we examine some properties of the coefficients A,;. 
I. The only rational integers of [6] being 0, +1, +2, etc., 
Ay =A (6) and o=1. 
II. Since =A (6) 6*/A (6) is integral, A (6)=0 (mod Aq). I put 
A (6)= Ags. 


SEPARATION OF THE PRIME FACTORS OF A (6) ll 


IIL. Since 6,_, is integral, A,y= 0 (mod Ag), whence: 
A, = 0(mod A,_,). 
IV. Each of the coefficients A, Ag, ... Ag i8 divisible by Ay. 
This result being true when s=1, for 
A,o, — 8 = Ay/ A 
is an integer I assume its truth for s=1,2,...r—1. Since A,-1 @|Aro, 
Gw,_, are integral, 
Ay 19 | App — 0,4 = Yp—y Opa t+ oe + Yo 
for rational integral values of y, 41, --- Yr—1, 
Big? + APO 4 eA Ap Ot acl ay 


1. 6 
Avy A,_10 
Ag Anf+...+A 
aS " sl 80 lhe 
0, r—1 a ws 10 Ae. 


By supposition A, =0(mod Aq), and A» =0(mod A,_»). Hence, on 
the left, A,;=0(mod A,.) and the result stated follows by induction. 
Now putting 


As = Asi Ag 
and Ws (8) =O + ag +... + ss, 
the integral basis (0), ,, ... @,—,) takes the form 
(,2O, WO, Ye) nn w 
Ana 


The discriminant of the field j is 
Dz Do, 0,4, 0, ... wy) 
JRO A en gate 


CHAPTER IV 


SEPARATION OF THE PRIME FACTORS OF A (6): 
THE PARTIAL BASIS OF 0 (Bas p) AND ITS STEM 
13. Since each member of the sequence 
is a factor of all that succeed it, 
A. =p,» "lp {* pl aea mat es 
A (9) =p p «Pm, 
where 7), M2, --- Pm are different primes and 
[t, 1] <[¢, 2] <... <[¢4 m—-1]<%, c=1, 2,... m 
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; A, A, 4, 
Further, since per pA? palm 


have no common factor, there exist rational integers 2, @, ... @m such 


that 
Ta (9 (6 
eu XL; => pen =1, whence e, rae dp bff) ) 


If the Ree oe of a new integral sisal 
®5(0)= 6 + On OO +s ee 
are such that Cri’ = Ary (mod pil* 7), 
the number ©,’ (9)/p{* "1 is integral. Also, when the numbers 
®,' (6) i=), 9, 2.. 
ple] Pel 2 aad, 
are known, the numbers y,(@)/A, are completely determined for the m 
congruences 


Any = Cy (nod pi £1), ¢=1, 2, ... m, 
define a,; uniquely (mod A,.). 
The n complex integers 
Oi) PIG) Pr (G) 
’ pie 1]? pie ay eae" pe n—1] ? 


will be said to form the partial basis of o (bas p;): their discriminant 
contains the prime factor p; to the same power as D, i.e. to the power 
,—-2.([4, 1] + [%, 2] +... +4 » -1)). 
Dropping the suffix and putting [7, r]=y, the partial basis of 
(bas p) takes the form 


(9) (4) Pi) 5) 
pin > pi - Pt pint eee eee e 
When Bray < Pp = Mpg Ses = Mg_y < Ms 


it is sufficient to take 
$,54(0) = 6 ®,(8), ¢=1, 2, -.. s—r=1, 
and the partial basis then takes the form 
1, Beier 
(9) 99,(6) 6-418, (6) 


pha ’ pi yoces oF 
(9) 4%, 6% (0) a0) 
pie” pe pe 
®. (9) etc 

ple > a} 


in which any row may contain one term only. 
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14. I next define 

dy (2) =e" # 271+... +6, 
to be the integral polynomial of least rank 7 such that ¢,(6)/p" is an 
algebraic integer. ‘The 

1+l=1+{[%, n—-1] =1+ p,_, integers 
6 2 (6 db 
Pose Maas and oh Se (6) 
P P P 


are to be called the stem of the partial basis of 0 (bas p). When, as often 
happens, 


Pa=1, po =2, pe=38 
the first four terms of the stem are 
OM AOMEAO 
re tient ee abe 
The passage from the partial basis to the stem has a greater signifi- 
cance than the simplification in the suffix notation. In the partial basis 
(5) the exponent pu, is a one-valued arithmetical function of the rank r: 
in the stem (6) the rank of ¢, (@) is a one-valued arithmetical function 
of the index p. 
The investigation of Chaps. vi—vim approaches the partial basis 
(bas p) through its stem and the integral basis as a combination of the 
various partial bases. 


CHAPTER V 


THE EXPANSION OF A POLYNOMIAL (mod p4*?) 


15. Before discussing the partial basis of o (bas p) and its stem it 
is necessary to obtain certain properties of the divisors of a (z) (mod p) 
and (mod p**!). Dedekind has fully developed the theory of these 
divisors (mod p) and there are many earlier memoirs. H. J. 8. Smith’s 
Report (§ 67 etc.) and T'schebyscheff’s Theory of Congruences (German 
translation by Schapira) may also be consulted on the divisors (mod p). 
T'o put down the stem of 0 (bas y) the expansion which follows is needed 
for each prime p whose square divides D (6). 

It is known that the polynomial 


a(z)S2" +2" +... + Oy 
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is uniquely expressible as a product of irreducible divisors (mod p) in 
the form 


a(zZ)=o, (2) w(2z)%... By (z)~ (mod p)........-... (7) 
with a, (z) = t+ 6 24" + «.. + Cig, 
and SAiGi t+ S092 ++ +SwJw = 


The polynomial «(z) cannot, however, be uniquely expressed as a pro- 
duct of irreducible divisors (mod py’) with d> 1, 

e.g. 2-17=(z-1) (2+ 1) =(2+ 3) (¢—-3) (mod 2’). 

A unique development of a(z) (mod p*"’), d being arbitrary, is funda- 
mental in what follows and will now be obtained. 


16. First put 

a (2) = @, (z) w(z)” ... By (ze +p V; (2) 

By (Zt we (ZY? ... Dy (Ze 
w,(z)% 


and &(z)= Fae Ge Pe Tne 

The polynomials & (z), &(2), -.- €»(z) having no common divisor 
(mod p), it follows by a simple extension of the Euclidean greatest 
common measure process that there exists a further set of integral 
polynomials 


™ (2), 2 (2), tee Ne (2), 


such that 

m’ (2) & (2) + no! (2) &(z) +... + me’ (2) Eo (Z) = 1 (mod p). 
Putting also ni (2) = ni (2) Vi (2), 
we have 


ma” (2) & (2) + 2” (2) & (2) + «-. Fw" (2) Su (2) = Vi (z) (mod p). 
Since the degree of V,(z) is less than m, which 
fig +ho92 Hee ¥ Seer; 


that of m,” (z) can only exceed 7,9, —1 when another polynomial, 7,” (z) 
say, is of higher degree than /.g,—1. Putting 


mn’ (2) =m (2) Q(z) + mm (2), 
, ma (2) =— m3 (2) Q(z) + mz (2), 
where 7, (2) is of degree 4,9, —1 or lower, then 
tr (2) € (2) + tha’ (2) & (2) +. + mw! (2) Eo (Z)= J, (z) (mod p). 
Repeating the process when necessary we have 
an (2) & (2) + m2 (2) & (2) +--+ + tw (2) Ew (2) = Vi (z) (mod p) 
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with 7; () of degree f,g;—1 at most. These polynomials mi(z) are 
unique (mod p), for if also 
€, (2) & (2) + @ (2) & (2) + «.. + €o (2) &, (2) = Vi (2) (mod p), 
then = {e:(z) — m: (z)} &(z) = 0 (mod p), 
implying that a; (z)% divides <;(z)—1(z) (mod p), which, since ¢; (2), 
mi (2) are of degree f,g;— 1 or lower, involves «;(z) =m: (z) (mod p). 
Next putting 
a(2)= 1 [w: (2+ pms (2)] +p? Vol) 


the coefficients of V.(z) are integral and a second set of integral poly- 
nomials 
Na (2), Nee (2), ee =a ea) 

unique (mod p), and of degrees Ag,—1, -.- A,90—1 or lower, can be 
found to make 

1a (2) €: (2) + +. + Now (2) Eo (z) = Vo(z) (mod p). 
It follows that 

a(z)= a [= (2) + pm (2) + p? mx (2)] + p® Vs (2) 
and, repeating the process to d stages, 

i=w 
a(z)= BS [a; (2) + pm: (z) +... +p? nai (z)] +p Vass (2) (8). 


When the polynomials 7; (z), j7<d, have been determined, the 
coefficients of 
Na (2), Naz (Z), +++ Naw (z) 
are m in number and uniquely determined (mod p) by the solution of n 
linear congruences (mod p). These coefficients can be made absolutely 
unique, if desirable, by being restricted to lie within the limits 0, p —1 
inclusive. Whether such a restriction is made or not the coefficients of 


w; (zt + poy (Z) + ... + p* Nai (2) 
are definite (mod p**!). Any multiples of p**? in p'n,(z) can be 
passed on to the next term p**!»,,.;(z) if necessary, and any terms 
from 
DP N94 (2) oes + p nai (z), 
or indeed the whole expression, can be absorbed in py, (z), unless 
mi(z)=0. The essential features are the uniqueness of the polynomial 


aw; (2) + pm (2) + +++ + pai (2) (mod p**?), 
and the fact that the degree of its last d terms is less than /,gi. 
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17. A further development of the expansion is necessary. Dropping 
the suffix, the divisor in (8) due to the typical irreducible divisor a (z) 
of a (z) (mod p) is 

aya (Z)=@ (2) + pm (2) + --- +p? na (2) (mod p™). 
The polynomial 7, (z) is to be expanded in the form 
Cyn (2) @ (21+ Lyn (2) wz? +. + Oa (2) 
where @,(z) is an integral polynomial of degree g—1 or lower. Re- 
ducing the coefficients of ¢’;, (z) to integers less than y and not negative 
and absorbing any rejected terms in p’7 (z), we have 
@' a4 (2) = @(z)% 
+p [G-n (2) (ZY + Gn (2) @ (z+ ... + Ln (z)] 
+ pny (2) + p’ns (2%) + -.. +p Na (2). 
The polynomial 7,’ (z) is to be similarly treated and the process con- 
tinued to d stages. Finally 
ays (2) = €99 43 (2) = w (2)? 
+ p [Gn (2) w (2 + Gn (2) @ (2? +... + Sn (2) ] 
+ p? [G12 (2) @ (ZY) + Ges (2) we)? +... + Loe (2)] 
+e + p*[b-na (2) w (27-1 + G 9g (2) @ (2) P+ ... + Soa (2)] 
= Waa (2) (iiod pe) | <a eee ee eee (9), 
where each ¢,(z) is an integral polynomial of degree g —1 or lower, its 
coefficients lying between the limits 0, y—1 inclusive. 

Rearrangement of the terms in ¢, (z) violating these limitations on 
the coefficients is permissive under certain restrictions and sometimes 
desirable (v. Chap. xiv below). 

Some of the polynomials ¢;(z) may vanish but, when a (z) is irre- 
ducible, the set f(z), Go(z), ... cannot all vanish. We suppose that 

fo (2) = Sea (2) = --» = Soar (z)= 0) fy. (2) +0. (10). 

When a (z) is replaced by a (z), which =a (z) (mod p), A is generally 
altered, a fact used hereafter (§ 75). 

Due to the different irreducible divisors 

@, (Zz), @2(z), ... By (z), 
the respective values of h are h,, hy, ... hy and H is the greatest of 


these. To put down the partial basis of 0 (bas p) it is found necessary 
to carry the expansion (9) as far as (mod p®¥). 
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CHAPTER VI 


FIRST DISSECTION 
THE PRIME IDEAL FACTORS OF (p) 


18. We proceed to discuss some properties of the stem 


OME AO MEE TO) 
> p ’ Pp > p 
of 0 (bas p). It is convenient to consider the number 
9 = tn) _ (6) 


F veil | gt ? 


of rank n, as the last term of the stem. 


C60 +6, 075 +... +6, 
ph 

a number of rank r <7,, is integral then @, ¢, ... ¢, are all divisible by 

p. This follows at once from the definition of the stem, for r, is the 

least rank which admits a complex integer 


12. 1f 


, 


( +c) G34... +0,)/pm™ 


20. Put a(z)= Q(z) du(2)+ RD; 
with # (z) of lower degree than ¢, (2), then 
6 6) KO 
20.9) 40, 2O), 
Since @ (4). $,4(@)/p* is ey ee is integral too and, (§ 19), 
every coefficient of #&(@) is divisible by p. Hence ¢, (2) divides a (z) 
(mod p) and 
by (2) = mi (2) a, (9 ... ay (z)™” (mod p) 
with 0<(%, <A, +=1, 2, -.. w 


21. Put hus (2) = Qu (2) bu (2) + Ru (2) 
with R, (z) of degree <7,, then 
is ne Sasa (O) _ Qn (0) 220. oe 2) - #0 
and, the left side being integral, every eas of R, (A) is divisible 
by p. Hence ¢, (2) divides $y+: (2) (mod p) and 
OSA, 2)S....°S 4) S (4 +1, 4) 6 oS fF, 
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22. If ¢,(9) satisfies the irreducible equation 
W (6) = $y(0) + ay! hy (1+... Haz =0 
the coefficients a’, ... a,’ are respectively divisible by p,...p’. Since 
a(z) is a factor of W(z), a(z) must divide ¢,(z)’ (mod p). Hence 
every irreducible divisor of a (z) (mod p) divides ¢,(z) at least once, and 
the inequalities in §21 take the more restricted form 
1<0,4)<... 5 (o, )<@41, Ss 6G 1) <7, (11) 


for 7=1, 2, <.. w. 


23. Since #9) oe is a complex integer, 


bu+i(%) divides ¢, (2) $y (2) (mod p) 
and (1, 2) +(#, 2) >(u +1, 2). 
Similarly (u, 2) +(%, 7) > (w+, 2). 
24. The polynomial ¢, (z) can be expanded (mod pe) by the method 
explained in Chap. v. Putting — 
aes J=(% 4) 
the expansion is : 
bu (2)= Hl x4 (2) +p v4) 
where Xu! (2) = a; (2)? 
+p [6% @) wi (z+ On (2) wi (P+ «+n (@)] 
+p [jase (2) 2: (22+ 95a) (ZIP «n+ a (2)] 
Hee MSOs wan (2) we (ZO + Og waa (2) wi (FP +. +L (2) 
Unless »=/+1 no essential feature of ¢,(z) is lost by removing the 
term p*v,(z). Omitting this term the standard expression for ¢, (z) 


is given by 
bu (2) =Xu" (2) Xu” (2) «2+ Xull” (2). 
, (z) =D, (z)@ 1) copy (z)* 2) Rosary (z)@ 2) 


25. The number 


(8) _ @ (4) 9 w (A)... wy (6) 
Pe p 
being integral, each prime ideal factor of (p) must divide $,(@) at least 


as often as it divides p. Hence every prime ideal factor of p divides one 
of the integers , 


In particular, 


@(9), (8), ... By (6) 
once at least. Further, each of these w integers contains at least one 


_—_—-: >" 
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prime ideal factor of p; for, were «,(6) free from such factors, the 
number 
By (BO) ... wy (OY “/p 


would be an integer, contrary to what has been proved in § 22. 


26. Ifp, a prime ideal factor of (p, ;(9)), divides 
x (9) = OO" +6,0 14... +6, 
then w;(z) divides x (z) (mod p). Otherwise, a;(z) being irreducible 
(mod p), two integral polynomials 0 (z), ¢(z) could be found to make 
b(z) x (2) +¢(z) wi (2)=1+Ap, 

and p, being a factor of x (0), a; (8), p, would divide unity. 

It follows that no two of the integers 

Bw, (0) mw (8), ... By (8) 

are divisible by the same prime ideal factor of p. 


27. If p,, Po, etc. are different prime ideals, some conciseness of 
expression will be gained by saying that an integer w is exactly divisible 
by p,” p.”... when o is divisible by p,” but not by p,"*1, by p.” but not 
by p.”*? and so on. 

The prime ideal factors of (p, a;()) are pi, Po, .-. Pr and p is exactly 
divisible by 

Pr Po? Pe, 
(8) by p,"! po... pr"*. 
Since p,; divides a; (8) ® at least as often as it divides p, 
%SO(1, 2), G=1, 2, 0. w. 
Also uj>%;[(1, 7)-1] for at least one j, otherwise each of the prime 
ideals p,, Po, -.. Px would divide a; (6)* at least as often as p and 
(OYE... wi (O)O 97 ... ay (BY /p 


would be a complex integer. 
The exact values of the ratios of v; : w; are found in Chap. vu. 


28. The number x,“ (@) is the integral polynomial in @ of lowest 
rank (with unit leading coefficient) which is divisible by each prime 
ideal factor of (p, ~;(4)) at least as often as p¥. For were x’ (6), a number 
of lower rank than x, (9), to contain each of these prime ideals as often 


as p¥, the number 
x0) $u(6) 
Gs Wy es 
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of lower rank than $, (0), would be integral—contrary to the definition 
of dy (9). 


929. It is now convenient to simplify the notation by putting 
wi(2)=a(2), a(9)=c@), H=9, Ai=S. 
Taking p; to be one of the prime ideals P,, Pz, --- Pr, the congruence 
2,091 + ... + £7 = 0 (mod Py) 

is only satisfied, in rational integers 2;, by 
2, =... = a, = 0 (mod p). 

Should every complex integer o of [6] be congruent to 
a, 014+... +a, (mod p;) 


for suitable values of x; the degree of p; is g and WV (p;) =p’. 
But when there exists a complex integer 


o, which # 2 69-1 + ...+ 2%, (mod 9;) 


for any rational integral values of 2;, the only solution in rational in- 
tegers of 


9 + 0. +.2,+ (y, O* + ... + Yg) o; = 0 (mod g;) 

is =... = M=Y=.-.. = Yg =O (mod p). 
Otherwise suitable integral polynomials 0 (z), ¢(z) would make 

b (2) (y 29-1 +... + yg) + ¢ (2) w (2) = 1 (mod p), 
whence would 

wo = —b (6) (ayO-!+ ... + 2)) (mod p), 

an impossible congruence by definition of w,. Thus the degree of 9; is 
2g at least and, when every complex integer of the field is congruent to 

XO + 00. + ag + (Y, O94 +... + yg) o, (mod p;) 
for suitable integral values of ;, y;, it is 2g exactly. 


When the last condition is not satisfied, a repetition of the argument 
shews g must be an aliquot part of the degree d; of p,. 


30. Since a (#) is irreducible (mod p) the equation 
wD (a) = r¢) 


is irreducible and, if a,, ... a, are its roots, (p) is a prime ideal in each 
of the conjugate fields [a,]. 


‘a ii 
og oF 
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Now assuming, as in (10), that 
b01(2) =Cos (z= en ee (z) = 0, fon (%) +0, 
the norm (-)" NV [a (6)] 
=(-)"N (6 — a) N (6—a,) ... N (6 —a,) 
= @ (a) a (ay) ... @ (ay) 


i=9 
=U [pZn (ai) Q (a) +p" R (a)] 
=" [én (as) Q(a:) +P (a), 
where Q (z)= a,(z).. wi (2 wi, (2H... @,(2)~. Since neither 


€on(ai) nor @(a,) is divisible by the prime ideal (p) in [a;] the last 
expression is divisible by p” exactly. It follows that the degrees 


ive, anc@e 
of Wis Pai <5 The 
are connected by the relation 
Dy Oe Oy yt 6. FO Vp = GB 02s dew esessoae (12). 


31. If gq is a prime number, c a factor of g—1, and ba primitive root 
of the congruence 
271-1 =0(mod g) 
the polynomial 2 —6 is irreducible (mod qg). Taking g to be a prime of 
the linear form 
Mfg +1, 
but distinct from p, and adding to certain coefficients of 
Ons (2) = a nai (2) = w (2)? 
+p [G-11(2) @(2)* + G21 (@) we) + +1 (2)] 
+p? [G12 (2) oY + Goo(z) ae) +. + S2(Z)] ---13) 
+ t OG ane) o (27 + Gan (2%) @ (z)47 +... + Oa(Z)] 
suitable multiples of p’*1 a new polynomial 
X (z) + pon (2) 
with X (2) = 2” —b (mod q) 
is defined, and the equation X (z)= 0 is irreducible. Hach prime ideal 
factor of (p, a (@)) divides 
X (9) + p* bon (9) 
at least as often as p’*?: it therefore divides XY (0) just as often as p'. 
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Taking 8,, Bo, --- By to be the roots of X (z)=0, the norm N[X(4)] 
— N (6—B,) N (6-B:) --- N (@—By) 
= (-) a (By) a (82) --- (Bp) 
=(-ymp* hE bn (B) Q(B) +» Bs (Bh 
where Q(z) is defined as in §30. Since 
X (z) =a (z) (mod p) 
each prime ideal factor of p in [f;] divides a [8:]. The integer 
—61(Bi) Q(B) + ph, (Bi) 
therefore contains no prime ideal factor of p in [f;], whence 
N [X (@)] = 0 (mod p”") exactly. 
It follows that the total degree of the prime ideal factors of p dividing 
X (6) or p*fn(9 or p” is fgh, 
1.€. h (dyuy + data +... + d, Uz) =fgh 
or Dy Uy + Ugg +2. + Dy Ue HSG -cerevecevcccneces (14). 


32. When p is prime to D(6) there is no complex integer ¢ (@)/p, 
neither is (p) divisible by the square of a prime ideal. The partial basis 
of 0 (bas p) is 

Pinar at 
Further, the irreducible divisors of a(z) (mod p) are all distinct, but 
the arguments of §§ 22, 25, 29, applied to the number 


By (4) (8) ... Ze (A)/p 


@(0), @ (0), ... By (8) 
are each divisible by a prime ideal factor of (p), and that the degree of 
each prime ideal factor of (p, a; (@)) is a multiple of g;. Since 


QitGot.--- + Jw=n 


of rank », shew that 


it follows that 
(p) =PiPe --- Pro, 
p; being of degree g;. Each member of the modulus 
m=(p, p9,...p0%- 1, a, (6), Oz; (6), ... O° 1- % aw, (6)) 
is divisible by p;. This modulus m will be called the partial basis of 
p; (bas ») and the integers 
Pp, (9) 
form the stem of the partial basis of p; (bas p). 

The first dissection therefore completely separates the prime ideal 
factors of a prime number p not contained in D (6). It only supplies 
partial information about the integers ¢(@)/p" when D (6) = 0 (mod p*) 
and only partially separates the prime ideal factors of such primes p. 
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CHAPTER VII 


SECOND DISSECTION 
THE PRIME IDEAL FACTORS OF (p, @(6)) 


33. The positive quadrant of a Cartesian plane is cut up into unit 
squares by lines parallel to the axes and intersecting in points with 
positive integral co-ordinates, called nodes. When the expansion (13) 
contains a term p"¢,,(z)a(z)", with ¢,.,(z)+0, the node (a, y) in the 
plane is to be marked. The same node is left unmarked when the 
corresponding term ¢,.,(z) is missing from the expansion. On the axis 
of abscissas the only marked node is (/, 0) and of the marked nodes on 
the axis of ordinates (0, /) is nearest the origin. 

A straight edge, initially coinciding with the a-axis, is to be pivoted 
at Q, (4, 0), and turned in clockwise direction until it first crosses 
another marked node Q’. Q, is to be joined by a straight line to Q,, the 
marked node on Q,Q’ which is most distant from Q,. (If Q,, Q’ are the 
only marked nodes on Q,Q’, Q’=@,.) The straight edge is then pivoted 
at @, and turned in the same direction as before until it again crosses a 
marked node Q”. @Q, is joined by a straight line to Q,, the marked node 
on Q,Q” which is furthest from Q,. Repeating the process until the 
node Qz, (0, ), is reached, a broken line Q,9,9, --. Qz, of 4 or fewer 
segments, connects the two nodes (7, 0), (0, 4), and the closed polygon 
0Q.Q,Q2 --- Q@xO has no marked node inside it. The broken line 
Q,2:Q. --- Ox will be called the boundary, and the separate straight seg- 
ments 


E,= QO; E,= 092; . LL= Qr-1 Qn 
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the edges of the boundary. If Z, joins the nodes (a’ + w’, y’), (7, y +v) 
the ratio v’/u’ will be called the slant of Z,. In the figure, which corre- 


sponds to the expansion 
a, (2) =a (z)" + pSa(Z) a(z)> + p*la,(z) (Zz)? 
+ p*boa(z) @(2)” + p’So(z) (nod p’), 
there are two edges, of slants } and 3, connecting (11, 0) to (2, 3) and 
(2, 3) to (0, 6). 


34. If p is a prime ideal factor of (p, 7(@)) such that 
p=0 (mod p") exactly, a(?)=0 (mod p”) exactly, 
then T = p" by (0) @(8) =0 (mod p”’*"*) exactly. 
Among all the terms in (13), after puttmg z= 6, there must be two at 
least which are divisible by p equally often but less often than any 
other term. Otherwise some one term 
P" Cm (8) @(0)” would=0 (mod p”’*”***) 
which is impossible. If 7,, 7), ... are the terms divisible by p equally 
often but less often than any other term 7”, 
UY, + VX, = UWYy + VA_ =... < Uy! + V2". 

Hence the marked nodes (2, 4), (@2, Ya), --- lie on a line and every 
other marked node (2’, y’) lies on the opposite side of this line to the 
origm. It follows that this line is an edge of the boundary and that 
v/w is the slant of the edge. The edge and the prime ideal will be said 
to attach each other. 

It has been proved already (§29) that g, the rank of w(@), is an 
aliquot part of the degree of every prime ideal factor of (p, =@(6)). 
Further, in §§ 30, 31, it has been shewn that the degrees of all these 
prime ideals and the indices of the exact powers to which they respec- 
tively divide p and w(@) are connected by the relations 


d : 

Oe oe tes + Ses peer (15), 
d. 

Dey ae Ga Ret + Sah fh: MOS (16) 


Now it will be shewn that an edge whose end-nodes are (2’ + w', 9’), 
(a, y' +’) must attach a set of prime ideals whose contributions to the 
sums on the left of (15) and (16) are wu’ and o' respectively. 


35. The slant of the typical edge Z, is ~,/w, where Uy, Up are positive 
integers without common factor. For convenience in printing the suffix 
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rin u,, v, Will be dropped up to the end of § 38. With an obvious 
modification in the suffix-notation those terms in (13) which are repre- 
sented by nodes on £, are 


pr a(z)[ f(z) o(z)™ + ph (z) a (2)U-* +... + pS (z)]. 
If the edge includes unmarked nodes between its ends some of the 
terms &’(2), ...¢;_1(z) will be missing, but (2), ¢/(z) are actually 
present in the expansion. 
The equation of the edge Z, is 
Vx + UY = Vp + UT + JUD. 
Since w, v are co-prime the line J, given by 
vx + uy = ep +uc+juv +b, 
for integral values of ¢, also passes through nodes, and there is no node 
in the strip of plane between J, and /, or in that between J, and J,41. 
Putting 
Gi (2) = G(z) &lz)+a(z) Wile) +p Wie), t=1, 2,-.-J, 
where ¢;(z), Wi(z), Wi (2) are of degree g—1 or lower, the terms in 
pra(z). paz)" [a(z) Wi(z) +pWi()] 
correspond to nodes on /,, J, and can be absorbed in the expansion 
without disturbing the edge #,. With 
Z,(2) = @ (ay + pS (z) w(2)U + ... + pS; (z) 
there ensues the modified expansion 
nape ZO) 1 an 
+ terms giving nodes on /,, d2, etc. 
36. The terms in (17) represented by nodes on /, are 
& PE ny (2). 2 (2) 
with va + uy = vp + uo +juv+ 1. 
Some of these terms, 3, p"£'2(2) a(z)” say, are such that #<p, y> ju. 
It is possible to put 
Sap" Cay (2) (2)? = pre ay (2) (2) Zr (2) + Si’ p” boy (2) @(z) 
where >,’ includes (i) terms represented by nodes on 2, J;, etc. and 
(ii) terms represented by nodes on /, with p< v<p+ju. 
Other terms in (17), Sp" £'n(z) a(z)”, say, are such that #>p+ju 
and again we can put 
Sop" Coy(Z) @ (2)? = Bop Cay (2) wz)?" Z(Z) + 22’ pY Soy (2) @ (2), 
>,’ including terms restricted as those in %,'. Then 
Gn g1(Z) = {p? bo(z) aw (ze + By + 22} Z,.(2) + 27 (2) + BT (@) + --- 
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where the terms in S7'(z) are represented by nodes on /,, those 
included in 377 (z) being such that p<a<p+ju. We next put 
ST (2) =p? G (2) we). Sap" Sy (2) a (2) 
with ve +uy=juv+1 
and an appropriate adjustment of =7;'(z), etc. The number of terms in 
37) (z) may be zero but there is at least one node (p +s, o+#) ond, 
with p<p+s<p+ju. Hence follows the further adjusted expansion: 
Ant (2) = 
{p? &o(2) @ (2)? + Sy’ + 20'} {Z, (2) + %s ee ...(18) 
+prttl,(z) a(zpt?+ 37, (z) + 273(z) + ---. ; 
37. Adding, as in §31, suitable multiples of p’’*? to the last jgz 
coefficients of the polynomial 
Z,(2) + 3s p" boy (2) @ (2) — p'a (2) 
we obtain an ¢rreducible polynomial X,(z). The roots 
Vy B= Az, << GU; 
of X,(z)=0 are algebraic integers, and w(z) is the only irreducible 
divisor of X,.(z) (mod p). Since the diagram of squares for X,.(z) has 
only one edge, of slant v/w, each prime ideal factor of p in [y;| divides 
p and w(y;) just Ku and Kv times respectively. Hence a(y;)"/p” is 
integral and, further, 
N [=(y:)"/p"] £0 (mod p), 
1.€. N [a(yi)]=0 (mod p*”) exactly ............ (19). 
38. Putting, after (18), @,4:(2) =@nai(z) = 
{p7(2) w(z)e + Sy! + Sa'} X,(z) + prt? G(z) w(zets + BT (z), 
>7'(z) comprises terms represented by nodes on i, J;, ete. Also since 
@(z) = ay 41(2) as (z) -.. A (2) +p B(z) 
= 043 (2) Bn 43 (2) +p" BC), 
the norm (—)”™" V[LX,(6)] 
= ("NO — 5) «-- V (0— pe) 
= ay) a(72) + (yy) 
a oe [naa (ya) On4a (yi) =o bine? 3 (yi) ] 


=H [or *Bn1a(1) 7) @ Cnr + onealy) 27 Cy) + PB) 


Since bj41(#) &(z) is indivisible by z(z) (mod p), the integer 

PS aoe 2 Bnsa (yi) GO) 

is divisible by no prime ideal factor of p in [;]. Also each prime ideal 
factor of p in [y;] divides 


bria(yi) 37 (yi) +p" B (ys) 
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more often than it divides pet*a(y,)P+*, The norm NV [_X;(6)] is there- 
fore just as highly divisible by p as 


IL prtta(y, ets; 


1,jgu 
it therefore contains p to the exact power 
Ewa) =(o +) igek Oy aaa oe (20) 
which = jg (vp + wo +juv + 1) 
since (p +s, + #) lies on d,. 


39. A proof of the existence theorem stated in §34 now follows 
without difficulty. The edges ,, H,, ... H, are considered in order, 
and the prime ideals attached to #, contribute j,’u,, j,v, to the sums 
on the left of (15), (16). It is enough to shew that 7,’ = j,. 

First for the edge Z, 

p=FJ—Aths 9 =0,. W(t, m1) =Gh (St 1) cre (21). 
It is evident from the diagram of squares that a prime ideal attached 
to any of the edges /, ... H, divides X,(@) just as often as it divides 
p*™, Further, a prime ideal attached to H, divides X,(6) just as often 
as the term p"@(@)*, represented by a node on the line 
120+ my=fr,+1. 
Hence, from (20) and (15), 
(fits, + 1) Jig + (foe + -- +J'Ux) = (Sr + Dg 
and Ay + jolly + ee + Jn UyaS: 
it follows that j,/=j,, thus proving the theorem for the edge £\. 
The result for the general edge #, follows by induction, it ane 
assumed that 
Ii =Siy Ja =Jay +I ra = Jr 
In the case of the Z, 
p=Sf— jit — jolla — ++ —JrUr, 
T= JV + Jon + 006 + Jp—1Vp-i- 
A prime ideal attached to any one of the edges /,, H,, ... H,-. divides 
X,,(6) just as often as it divides ~(9)*"r, whereas one attached to 
Eor+1) Eip+2 eth LE, 
divides X,(9), pir 
equally often. Each prime ideal attached to H,, however, divides -Y,.(9) 
just as often as it divides the term prw(6), represented by a node on 


the line : 
Op ® + UY = Jr Uy Vy + 1, 
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It therefore follows that 
(rdit joVet +00 + Jr—1Pr—1) Ur Ur 
+ (jp Vp +1) Yr +S rears + 0 + Jr Ut) Urr 
=F (ur, er) 
=(JptrVr + 1) Or + (f= jith —Jotle— ++ — Jr Ur) WrOr 
+ (fiUr+ JaVat «++ + Jr—1Vr—1) Ur Ur, 
i.e., on reduction, j,’= j,, the result required. 

The edge E,, whose end-nodes are (p, o+j,,) and (p+ Jnr, &)s 
therefore attaches one or more prime ideals whose contributions to the 
sums in (15) and (16) are j,w, and j,v, respectively. When j, =1 there 
is only a single prime ideal, of degree g, attached to the edge, but when 
jr> 1 there may be one or several. If, in particular, 

A= jr=- =jy=1 
the prime ideal factors of (p, w(@)) are completely separated by this 
dissection. To distinguish the various cases which arise when one of 
the j’s exceeds unity it is necessary to dissect again. 


CHAPTER VIII 


THIRD DISSECTION 


SEPARATION OF PRIME IDEALS ATTACHED TO THE 
SAME EDGE 
40. The prime ideals attached to the typical edge #. will now be 
called p,, p,, p,’, etc. Putting 
Up=U, W=%, Jr=J; 
the terms represented by nodes on £, are 
pra (2)? fo (2) [am (2) + ph (2) wo (ZO + 2. + pS; ()] 
=pa (2) (2) Z, (2), 
where ¢,(z), ¢ (2) are not identically divisible by p. The integers p and 
@ (9) are respectively exactly divisible by p,\ and p,”, 
41. Among the p’ integers 
w(O)" + (69 + a6" + ...+2)p", O<a:<p, 
there may or may not be one which=0 (mod p,\”’*2), There cannot 
however be more than one, for were 
w (G)" + (a, O° + x09" +... + xy) p”=0 (mod p,A”’*?), 
w (O)" + (a O°? + ae G9? +... + ay’) p =0 (mod p,\*’*+?) 
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simultaneously, then would 
(@ — 2’) 09 + (ay — 9’) 09? +... + &y— ay =0 (mod p,) 
which is only possible when 
@, — Hy = &,— X=... =X, —&y =0 (mod p). 
When none of these numbers is divisible by p,.”’+!, there may be 
one of the p” integers 
a (0) + (a, 09? + a9? +... + aq) pa (8) 
+ (Yi, 09 + yn? +... +49) p”, OX a <p, OS Ys <p, 


which is divisible by p*“’*?. Only one such integer at most, however, 
can be so divisible, for if 


aw (0) + (2,09 + ... +4) p’a (0)" + (y, 09-1 + ... + yy) p™, 
aw (0)™ + (2,09? +... + 0g) p’w (8)" + (y) 9-1 +... + yy") p™, 
were both divisible by p,**""*?, the integer 
{(@, — ay’) 9 + oo. + (@y — q')} @(9)" + (Yi — Ya.) OF +... +.(Yg — Yg')} DP” 
would be divisible by p+. This is certainly impossible when 
By, — 2 =, — 4) =... = %y— 2 =0 (mod p), 
and, when these congruences are not all satisfied, an integral poly- 


nomial 
Z (2) BaP eg 4+... + By 


‘can be determined to make 
Z(z) {((@— ay) P+ ... + (@— 4} -1, 
divisible by a (z) (mod p) and therefore 
aw (6) + Z(8) {(y:— yn’) 7 + «+ YoYo) B” 
divisible by p,4"°*! which is contrary to the assumption that 
aw (0)" + (a, 09 +... +") p” 


” 


is indivisible by p,0“’t? for any integral values of a", a", ... wg". 
Continuing this process a stage is eventually reached when 


B(0)=a (6) +p"&, (0) @ (6)"-D" + 1. + 9 Em (8) 
=a (0) + (ay 07 + ... + Bg) p” w (Om +... 
+ (ag 9} +... + Bg) pm” 
=0 (mod p,”A""*?), 
there being no integer of the type 
wo (0) + (ay O93 +... + Ag!) p?o (BYE ee (Oty OFF 6. Hyg) ™ 
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divisible by p,2*"’*? with s<m. It follows, as above in the case where 


m = 2, that 
Ty) «00 Lig, so+ Umiy oes Xmg 


are unique residues of p. Since the p’” integers 
(Yt + 6. + fig) BBM + (Yo OO + «0 + Yog) p” aw (B)™—7)" 
eet (Yn 99 + 02s +Ymg) PO", OS Yao <P, 
are all divisible by p,/”—)*” but incongruent (mod p,—2*"**), the 
degree of p, must be mg at least. Further, since 
Z, (0) =a (0) + p’S, (8) w (0)F 9" + ... + pC; (9) 
is divisible by p41, m<j. 


42. The polynomial 

EB (z)= am (z)™ + p’& (z) w (2) +... +p” En (2) 
possesses a new kind of irreducibility. It is not congruent to the pro- 
duct of any two polynomials such as 

El (z)=a (2) + p’&’ (2) w (ze + ... +p" & (2), 

Bl (z) Sa (2)™ + p’" (2) w (2) 4+... tp? &" (2), 

(modd {Yp, Y= (z)"™"") = (mod W™"*"), 
where s+t=m, and the modulus includes all products of the type 
p? a (z)* with 
av + Bu >muv + 1. 
For, were this decomposition possible, = (@) — =’ (@) 2” (@) and therefore © 
=’ (0) B” (6) would= 0 (mod p,™+1) and so either 
=’ (8) =0 (mod p,"”"+), 

or 2” (0)=0 (mod p,.*”"*"), 
contrary to definition of m. 

On dividing Z, (z) by %(z) there is a quotient Q(z), belonging to 
W-™~, and a remainder R (2) of degree less than gmu and contained 
in W. Putting z=8, 

Z, (0)=% (6) Q()+ RO); 
it follows that 2 (6)=0 (mod p+") for Z, (0), % (6) are respectively 
divisible by p,""*?, p,", Hence #(z) must belong to the modulus 


Wi*), i.e, 
Z, (2)=E (2) Q(z) (mod Wi), - 


: To determine the polynomials = (z) it is necessary to shew that Z, (z) 
is congruent to a unique product of these irreducible divisors(mod W#"**?) 
and then to shew how to find them. 
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43. Taking two integral polynomials 

B (2) =Bo (2) @ (z)™ + p’B, (2) wz)?" + ... +p” B, (2), 

¥ (2) = Yo (2) @(2)™ + pyr (2) w (Zz) +... + py, (2), 
with B; (z) = By 2" + Baw? +... 4 Big, yi (2) = Ya 1+... + Vign De Cs 
Se carrying out the Euclidean greatest common measure process, we 

ave 
B (2) —>y (2) y (2) Sp®-*t)” w, (z) (mod ett: 
y (2) — Xo (2) py (z) =p" me (2) (mod en); (22), 

e+ Maa (2) — Aver (2) Me (2) =P" Mesa (2) (mod We-+1)w0+2) 
Ai (2), pa (2), ete. being polynomials of the same type as B(z), y(z) and 
members of the respective moduli We-9”, We) ete. Continuation 
of this process leads to a stage where 

G' (2) = bens (2) 
is a divisor of »,(z) (mod We-9“"1), The congruences (22), read 
upwards in succession, then shew that 4" (z) divides 
Pea (2) (mod We-**)™#1), |. ¥(z) (mod W*1) 
and B (2) Qnod Wer*), 
Reading the same congruences downwards, they shew that any poly- 
nomial which divides 
B(z) (mod W""+") and y(z) Gmod W*?), 


is also a divisor of py (z) (mod Wie-™+1), 
of (2) (mod We), 
and of G' (z) (mod We-+1), 


The coefficient of the highest power of w(z) in G’ (z) can be reduced 
to unity (as in § 35) and the modified polynomial G(z) is then the 
highest common divisor of 8 (z) (mod W""*?) and y (z) (mod W*?). 
Elimination of (2), p2(2), --- #+(2) from the congruences (22) puts 
in evidence two other polynomials 
B (2) =By (2) @ (@)" +p’ By (2) we)" +... +p” By (2); 
¥ (2) = 70 (2) w (EO + oon + Ot Yo (2), 

such that 

BBE) +¥ @r@aper-” Gz) 

= petl-sy [a (2) + po, (z) a (z)0—2™ poe + p*” Cs (z)] (mod WW Bie 

It follows immediately that a polynomial 
E(z)ea(e)™ + ph (2) wr +. + En Z); 
irreducible (mod W™”*"), which divides 
B(2) y(z) (mod We*I+), 
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must either divide B(z) (mod W**) or 7 () (mod W"*?), By a 
known argument it can be inferred that @ (z) is congruent (mod W°"**?) 
to a unique product of irreducible divisors 
By (2) E(2)"E (2) +s 
the typical divisor 
B (zea (zy + ph (2) a (em "+... +p En () 
being irreducible (mod W™”*?). 


44. The following method is sufficient to determine the irreducible 
divisors of 
B(2)= a (2) + pB, (z) a (ZO + ... +p” Bo (2) 
=a (2) + p? (By 2-1 +... + Big) a (Z)P-" +... 


; +p” (By-129-1 + ... + Bog) (mod W™*) 
in a numerical case. 


Assuming that (6 (z)=y(z) 8() (mod W™*) 
with y(z)=a(2)™ +p"y1 (2) @ (ZO +... Hp ye (2), 
8 (2) =m (z)P-9" + pd, (z) w(z)P--™ + ... + pP-9°S,_, (2), 
and comparing coefficients in the product, 
7: (2) + 8: (@) = 8; (2) (mod p), } (23) 
Yo (z) + 83 (z) + y1 (Z) 8:(z) = Bo (z) (modd p, w(z))J ” 
and so on. 
We have already noted (§30) that the equation a (z) = 0 is irreducible, 
that, if a is one of its roots, the partial basis of [a] is 
(1, a, -.. a7") (bas p), 
and that (p) is a prime ideal. Putting z =a in (23), 
71 (2) + 8, (2) =8; (a) (mod p), 
Yo (a) + 8. (a) + (a) 8; (a) =f, (a) (mod p), 
and so on: these imply that 
[w® + yy (a) wr} +. + Ye (@)] [w'-? + 8, (a) we + 2. + 85_, (a)] 
=w’+ B, (a) w?14 ...+ 8, (a) (mod p). 
To find the irreducible divisors of B(z) (mod W*"*) it is therefore 
sufficient to determine those of 
B(w, a) =w’ + By (a) w+ ... + By (a) (modp) 
in the field [a]. The symmetric product 
B(w)=B(w, a) B (w, a) ... Bn, a) 
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has rational integral coefficients, and is congruent (mod p) to a unique 
product of rational integral irreducible divisors 
B, (w) B,(w) ... By (w). 


Each such divisor B;(w) has a divisor in [a] in common with 


B(w, a) (mod p), and this can be calculated by the greatest common 
measure process. 


45. The irreducible divisors of Z,(z) (mod Wi’+) will now be 
taken to be 


B(2)4 a (2)! BR’ ay os 
with Bi (z) =a (2)™ + p’& (z) @ (z)™ 9% 4... + p™E, (2), 
and Mn+ M'm' + M"m" +... =7. 
A prime ideal p, attached to #, divides just one of the integers = (9), 
2’ (0), 2 (@), etc. more often than it divides the several terms of which 
that number is the sum. If the number in question is 2 (@), 2(6) and 
p, will be said to annex each other. 

Conversely it can be shewn that each of the factors 2(6), ©’ (@), 
=” (@), etc. annexes at least one of the prime ideals attached to the 
edge. 

The expansion 

ania (2) =p" by (2) (2)? & ("H(z (2). 
+terms represented by nodes on i, J, etc. is first modified, as in 
§ 35, to the form 

Ons (2) = K (z) H(z)" Bl (2h BP (2)... + BT Y (2) + STs (2) +. 
where ST (2) = Sp" Exy (2) (2), pSa<ptju, 
contains all the terms amongst 37{/ (z)+ 27,’ (z)+... represented by 
nodes on /,, and 

K (2) =p", (2) w (ze + Sp" (2) w (2) + Sp" hy" (2) w (2) ™. 
A further modification on similar lines brings it to the form 

Anas (@) = K (2) [E(B (2) eM"... + Sop’B@) @ 

+ T,(z)+ ST," (2), 
there being only one term, 7 (z), in the second line represented by a 


node on Z,. Each term under %, belongs to W*”’*" but not to Wi""*?. 
Since the polynomials 


E(2 Ea), B’@)", 
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have no common divisor in the sense of § 43, it follows without difficulty 
that there exists a further set of polynomials 

H(z), H'(z), H"@), 
belonging to the respective moduli 

HAE Ww AL Wee ar 
and such that 
z Eo: ie ITE (z)™ |= 2p" B (2) @ (z)* (mod W""*). 
The expansion therefore admits the further adjustment 
Ona (2) = K (2) U0 {8 (z)"+ A (@)} +71 (2) + 22," (2) +-.--. 

Finally, adding suitable multiples of p”"“’** to the last Mmgw co- 
efficients of = (z)“+ H(z) an irreducible polynomial =, (z) is obtained 
and 


naa (2) = K (2) Fa (2) WE (2) + Hl (2)} + Ty (2) + Ta (2) + ss 


46. The roots ¢, &, --- €amgu Of =,(€)=0 are algebraic integers: 
also, as in § 37, @(«,)"/p” is integral and 
N [a («,)|=0 (mod p¥™”) 
exactly. 
Next to examine the divisibility by p of 


3 (—)in" N [Ea (@)]; 
which = (—)umno" N (6 - ) N (0 «) «.. N(0 = enmgu) 


= @(€) &(€) «.. @ (€rnmgu) 


= HUD) +202(«)} O(a) +p" B (a). 


1, Mg 
Q(z) being ridetle by w(z) (mod p), p divides this last just as 
often as 
te dat) or ral pa («)* 

Mmgu 


1, Mmgu 
where yu + xv=pv+ou+juv+ i. 
Hence N[F, (9)] =0 (mod pms er+outsiuv+1)) exactly......... (24). 


47. A prime ideal factor of (p, a (6)), attached to one of the edges 
fi, In, ... E,4, divides =, (@) just as often as it divides aw (6m, 
whereas one attached to H,.., E,,., ... E, divides =,(6) and p¥™™ 
equally often. Prime ideals attached to E, but not annexed by 2 (6) 
divide (9) as often as &(6)” or w(6)”"", Finally a prime ideal 
annexed by = (@) divides ©, (4) as often as p”a (6)* where 


uy +vx = Mmuv +1. 


4 
‘4 
% 
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Take Cu, Cv to be the contributions of the prime ideals annexed by 
E (9) to the sums of the left of (15), (16). Then, equating NV [#(6)], 
as in (24), to the norm of the product of its prime ideal factors, 
Ming (pv + cw + juv + 1) 
= Mmcogu (due to prime ideals attached to #,, ... H,.-1) 
+ Mmpgv (due to prime ideals attached to H,1,, ... E;) 
+ C(Mmuw + 1) g (due to prime ideals annexed by &(@)) 
+(j—C) Mmguw (due to prime ideals attached to #, but not 
annexed by = (@)). 
It follows that C= Mm 


Every irreducible divisor of Z,(6) (mod W***!) therefore annexes at 
least one prime ideal attached to the edge. 
In the particular case when all the indices 


ES DT VE ess 


are equal to unity the third dissection completely separates the prime 
ideals attached to #,. The divisor =(@) then annexes a prime ideal of 
degree mg, = (@) a different prime ideal of degree m’g, etc., and 
m+m +m’ +...= 7. 
When some of the indices 
Be) Gee? Ae 
exceed unity the third dissection is insufficient to separate the prime 
ideal factors of (p, a (9)) completely. It can be proved however, just 
as in § 29, that the degree of every prime ideal annexed by &(@) is a 


multiple of mg. Further to distinguish the cases that can arise a fourth 
dissection is necessary (v. Preface and Chap. xIv). 


CHAPTER IX 


CONSTRUCTION OF THE PARTIAL BASIS OF 0 (bas p). 


48. The two lines y=h-1, y=h (kh integral) cross the boundary at 
(u, k-1), (A, 4), two points on H,, and v(=»,), 7 are the integers 
defined by 

O<A-v<1, OSp-7<l. 


Evidently AX <p, vSo. 
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The terms in (9) represented by nodes between y=0 and y= 1 
inclusive, by nodes on y=4, and by other nodes are 


a(2)" Xi(2), a2)" Xa), X% ©) 
respectively, so that 
Ona (2) = @(e)" Xa(z) + @(z)” Xo (z) + 4°). 
49. It is necessary to examine the divisibility of X;,(@) by a prime 


ideal p, attached to H#,, the cases s<r, s>r and s=7r needing separate 
discussion. 


(i) s<r. When (v, #) is a marked node, it is evident from the 

diagram that p, divides a(6)" X;,(@) just as often as, and 
aw (8)" Xx (8) + pkon() a8)” 
more often than, p*a(6)", and when (v, #) is unmarked, p, divides 
a(0)" X;,(6) more often than p*a (6). 
Hence, in either event, p, divides a(@)™-” X;,(@) at least as often 

as p*. 

(ii) s>r. Again the diagram shews that p, divides w(@)* X;,(6) 
at least as often as p*-'w(6)*. This prime ideal also divides a(6)¥~* 
more often than py. It therefore divides w(6)*+#-*_Y;(@) more often 


than p*a(0)". Hence, since A>v, p, divides w(@)"-”_X;(6) more often 
than p". 


(iii) s=r. A prime ideal p, attached to H, divides a(6)*X;(6) at 
least as often as p*w(6)\—represented by a marked node on £,. 
Hence, since v <A, p, divides w(@)"-»X;(6) at least as often as p*. 

[ Whenever v<A, and in certain cases when v=A, p, divides 
a (O)-” X3(8) 
more often than p*.] 


50. It will now be assumed, up to the end of Chap. x, that the third 
dissection completely separates the prime ideal factors of (p, =(6)), 
i.e. that all the indices M, M’, M”, ..., for every edge of the boundary, 
are equal to unity. Subject to this assumption the polynomial 

w(0)r-"X;.(8) 
will be identified with x,(6) of §24. It has just been seen that every 
prime ideal factor of (p, @(@)) divides w(6)"-»_X;.(@) at least as often 
as p*. To establish the identification it is sufficient to prove that there 
exists no integral polynomial 


C(O) = 6+ 6,634... + Ce, 
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of lower rank than @(6)"-»X;,(6), and divisible by each prime ideal 
factor of (p, @(@)) as often as p*. 
The polynomial C(z) can be expanded in the form 
C (2) = nq(2) w (2) + Yg_1(#) w (2)? + «.. + 40(2) 


where the integral polynomials 7,(z), ..., m(z) are of degree g—1 or 
lower. Further 


Ni (z) = fig (z) +pé&u (z) Fee. + pr bet (2) +p éx(2), 


the coefficients of (2), --., S:z-1(2) being less than p and not negative. 
Evidently (mod p*), 
(6) = 0,(8) 

= €40(0) w (8)? + Eg_1(9) w(A)2-* + ... + &o(F) w(B) + &0(8) 26). 


+ pl &qi(9) @ (8)? + fn (9) w (A) + ... + Ex) (8) + En (F)] 
+. tp [Eon (8) w(O)2 + ... + &n-1(9) (9) + &x-1(9)] 


Since a(6)"-”X;,(6) =a(@)-” + terms of lower rank, it will suffice to 
prove that g>f—v when C,(@) contains every prime ideal factor of 
(p, @(9)) as often as p*. 

The terms £,(6) are not usually all present in (26). With a modified 
suffix notation the terms divisible least often by prime ideals attached 


to H, are 
psa (0)%*[ (0) a(O)e +... + puree, vy Foe (27), 
= psa (0) T*(@) 


and represented by nodes on a line #,’ parallel to #,. Plotting all the 
nodes representing terms occurring in (26) and forming a boundary as 
in §33, #,' is an edge of this boundary: this diagram will be referred 
to as the c-diagram and the former one as the a-diagram when it is 
necessary to distinguish between them. 

Every term in (27) contains each of the prime ideals p,, p,, p,”, .-., 
just b,u,+as;+t.Usv; times, and the whole expression (27) can only 
contain each of these prime ideals more often than this when ¢,>), 
(i.e. when Z,’ is at least as long as &;). 


51. First take »=1, whence necessarily 1<A<j,v,. Each of the 
prime ideals p,, p,’, -.-, divides a(6)/-% at least as often as, but 
@(6)’-%-1 less often than, p*. Further, when t< Fig the whole ex- 
pression (27) is divisible by at least one of these prime ideals no more 
often than one of its terms, and each term therein contains p, to the 


ower 
: by + HV, + ty 
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which (from the diagram) < qv. Hence, when C (6) is divisible by all 
the prime ideals p,, p,, ---, a8 often as p*, ¢ cannot be less than /— v,. 
It is therefore sufficient to put 

x. (9) = @(6)-% with 1<k<pyry 
or, equally well, 

xn(9) = @ (9)"-% Xi (4); 

since evidently the prime ideal factors of (p, #(@)) attached to 
E,, E, etc. divide either of these numbers more often than p*. 


52. Next when 7>1 the last non-vanishing coefficient in the first 
row of (26) will be taken to be €,.(@): clearly g’<g. Produced if 
necessary the line #;' cuts the a-axis at (qg”, 0) where g’ <q’ <q. 
Thus the several terms in paw(@)"7\(@) are, at most, as highly 
divisible as w(6)¢ by prime ideals attached to #,. An inspection of 
the diagram shews that each of these prime ideals divides p* more 
often than w(@)’-“, and therefore than w(6)! if g be supposed less 
than f-v,. Hence 7,(6) is more highly divisible by 9, p,’, ..., than 
one of the terms whose aggregate it is: whence 7}(z) is divisible by 
every irreducible divisor of Z,(z) (mod W/%%*7). Since these irre- 
ducible divisors are all distinct, the edge /,’ must be at least as long 
as H,, and the length of its projection on the a-axis be j,w, units at 
least. 

I now assume that the c-diagram has been proved to contain edges 
Ey, Ey, ..., H's. (s<r) parallel to, and at least as long as, H,, A, 
..., H-4 respectively, and pass to the next stage by induction. 

It is necessary to prove that the expansion (26) contains at least 
one term less highly divisible than p* by prime ideals attached to F,. 
Since no two edges of the c-diagram can cross each other it is readily 
seen that the node 


(q-@, c’) = C7 -Au— ee =Jo-1Us—r; Awyt SoC + Js-1Vs-1); 


either lies on its boundary or else on the side of it opposite to the 
origin. So if (¢—e, ¢) lies on the boundary, ¢ <c’. By definition of 
vy, as a function of & the point (y,+1, #), with # <4, lies on the 
boundary of the a-diagram: also a line drawn through (q—e, ¢’) 
parallel to #, passes through (y,+1, #’) with &”<k (the inequality 
only reducing to an equality when s=r). Further, since g is supposed 


less than f—v,, a line through (y—e, c) cuts the p-axis at (0, K) 
where 
Kk" which <k' which <#. 
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A prime ideal attached to E, divides p° a (6)** just as often as p*, 
and at least as often as those terms in (26) which it divides least often. 
Hence the expansion (26) contains at least one term less highly 
divisible than p* by »,, p,’ etc., and this is the result stated. 

The integer 7,(@) is now proved to be more highly divisible by »,, 
ps etc. than the several terms of which it is the sum. If each separate 
term = 0 (mod W™”) exactly it is only when w>J, u,v, that this state- 
ment can be true. Accordingly £,’ is at least as long as Z,. 

53. No two edges of the c-boundary cross each other, neither do 
the projections on the z-axis of any two edges overlap. The length of 
the projection of the c-boundary is therefore 

Of” HfyUy + .0. + Jp Up 
<q. Also, from definition of 1, 

SF Ve SJ Uy + oe +JpUry 
which shews that the former inequality is inconsistent with the assump- 
tion g< f— vx. 

Hence, subject only to the condition that the prime ideals dividing 
(p, a(6)) are entirely separated by the third dissection, there is no 
integral polynomial ¢(6) of lower rank than w(@)"-”X;,(6) so highly 
divisible as p* by all these prime ideals. It follows that 

xu! (8) = xn (8) = 2 (8)"-” X39) 
for ESfV t+ Jog + + Ji =h. 
When &£ >A, x;,(9) is of rank fg. Since 
a(z) =a, (z) ... a, (2) +p*v, (2), 
it is sufficient to take y;,(4) = a,(9) for these values of f. 


wn 


units at least, and ¢ 


CHAPTER X 


THE BASES OF A PRIME IDEAL_ 


54. It will now be assumed that the stem of the partial basis of 
0 (bas p) has been obtained, as in Chap. 1x, for each prime factor of 
D(6), and that the several partial bases have been combined, as in 
Chap. 1v, to give the integral basis in the form , 

sO 
0 =(e), 0, +++ Op-1) = (1, "AO, ie Moai) ; 
‘An ideal { of [4] is expressible as a compound modulus of order n, 
{= (4), Writ) one ny) 

with a, an integer of rank 7, i.e. it is the aggregate of integers of the 
type J,a) + b,a, +... + Iy_14n-1 for rational integral values of J,, 4, --- ioe 
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When { is a prime ideal p, « =p, a rational prime number, and every 
member of the principal ideal 

po= (p»,; P%,), +: POn_1) 
also belongs to p. Among the integers of rank 7 contained in 9, VIZ. : 
Nyy +, 0, +... +2,-o,, there may or may not be one with n,=1. In 
the former event it is enough to put 

Oy, = Ny, Vy + NO, + .-- + Ory 
in the latter event a, = po,. 

The norm of the prime ideal is WV (p)=p%, the number of incon- 
gruent residues of pin 9. Clearly d is the number of values of r for 
which a,=po,; also, in the present notation, d= mg. 

The bases of some special types of prime ideal will be found before 
mention of the general case § 58. 


55. If p is prime to A,, Ay, ... Ay_y 
0 =(1, 9, ... &-) (bas p) 
and a(z) =a,(z)% ... @y(z)~ (mod p). 
There being no complex integer $(@)/p of rank <n the a;,(z)-diagram 
only contains one edge, joining (/;, 0) to (0, 1) or else (1, 0) to (0, A;). 
Accordingly (p) contains the ideal factor p;*, p; being prime and of 
degree g;; in fact 
(p) = pit pol ... pyle | 
and, with an obvious extension of the previous notation, 
Biz (Ps PB, «+» pO", wi(B), 6274(6), --. 8" -F=4(8)) (bas p). 

This modulus is to be called the partial basis of p; (bas p) and (p, a; (6)) 
its stem. 

In general a prime ideal p=(8), Ai, --- Bn-1) (bas p) when no complex 
integer of the type (m,8, + 78,+ ...+8,)/p belongs to p. 

Since, in the present case, dv(p,4,)=1 there exists a polynomial 
W,(z) of degree r and with unit leading coefficient such that 

W,(z) =2" %a;(z) (mod p) 

and W,.(2)=,(z) (mod A,) brag. eo oe 

A basis of p; is then 

(5,22, Paci) YAO Ya (D) 
A, = age ee oe 


56. Next when one of the w-diagrams, that for a(z) say, contains 
only one edge, joining (/, 0) to (0, 1), there is one prime ideal p, of 
degree g, which divides ~(@) and p just once and / times respectively. 
The stem of 0 (bas p) is 

OUAQ IE COLAO MEE TOLEO) 
eet peewee go ek 
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where x,(z)=a(z)’ (mod p) and U,(6) is due to the irreducible divisors 
w,(z), @(z) ete., excluding w(z), of a(z)(mod p). Since p” divides 
xr(@) the number x,(4)U,_1()/p" is an integer divisible by p: ac- 
cordingly the stem of p (bas p) is 


p, 2, 2OLD, Ya DUO 
(2, =(0),% he aA 


57. A more general case occurs when the w(z)-diagram only contains 
one edge, of slant v/w with f= ju. The prime ideal p annexed by the 


irreducible divisor 
E(z)Sa(2)™ + p’&(z) wz) +... + pms, (2) 
of Z(z) =a(z)™ + p’G(z) w(z)\F Oe +... +E; (2) 
(mod W’“"*?) is of degree mg. Defining U,() as in § 56 each of 
the complex integers 
xr(0) U,(8) 
Paes 
is divisible by p. Further, a set of integral polynomials 
Nn (Z), --» Aem(Z), r= mv, (m +1), ... (7-1) 2%, 
of degree gy —1 or lower, can be found to make 
Xr (2) = Xr(Z) + P” Ama (Z) Xr—w(@) + ++ +P" Arm (Z) Xr—mo(Z) 
divisible by 2(z)(mod W™’**), The numbers 
X'mo(9) Ome (9) X (m+1)~(9) Tims) x y-1)0(9) Uy_ (4) 
pm ’ pinto ; po 
are then complex integers divisible by p. 
It follows that the stem of p (bas p) is 


p a(6) xi (9) 7,(8) __ Xv-1(9) Dra (9) PXv(G) U (4) 


1<r<jv-1, r#£0(mod>»), 


p ? rae e] p ? 
Xtm—2)041 (9) Om—syv41 (OE _ Pxim=10(9) Vimo) 
ed pom 2)v0+1 Pie ijv ‘ 
X(m-1) v+1 (6) Om s3)041 COs : _ X'mv (9) Om (8) ; 
get ete we (28) 
Xj—2) 0-H () Uy- 2)v41 (@) =, Gi- oP) Ou 0) 
ase eatety so... Se eae 2 ps {j—1)v 
X(j-1) +1 (9) Us- os) Xiu) UE) 
SORT, Ly aa ee z pe , 


Xjosx(4) Teal) Xi+1(9) Ui) 
aean tt Se gee yore p ; 
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the first line containing v+2 terms and the next j—1 lines v terms 
each, To insert the last 7—jo + 1 terms it is noted that x;,(9) is of rank 
gju whenever / > jv. 

58. For the most general prime ideal isolated by the third dissection 
the (p, z(z))-diagram has several distinct edges and p is attached to 
an edge H, whose end-nodes are (p+ ju, 7), (ep, ¢+ jv). Marked nodes 
on EH, represent the terms pra(z)?4(z)Z,(z), and p, a prime ideal of 
degree mg, annexes the irreducible divisor =(z) of Z,(z) (mod W/""*). 
The first two terms of the stem of p (bas p) are p, a(@): its remaining 
terms are obtained from the stem of § (bas p) by changing x;(@) into a 
number x;(@) defined in the following way. 

(i) xx’) = xn (9) or x2,(9) +p" Gx(6), according as (v, #) is unmarked 
or marked, when 1</<o. [§49, 1.] 
(ii) xx(@)=x.(@) when 
k=o+rvt+sand0<r<j-1,1<s<v-1. [§49, i] 
(iil) xx'(9) = px. (0) when 
k=o+rv,1<rsm-1. 
(iv) When k=o+rv, mer <j—1, a set of polynomials 
Aya (2), Ava (2), --- Avm(2), 
of degree g—1 or lower, can be chosen to make 
Xn0 (2) = Xu(2) + Ava (2) Xn—v(Z) +--+ +p” Ann (2) Xt—mov(Z) 
divisible by =(z) (mod We’+*"+1), In these cases 
Xe (8) = Xe0(4). 
(V) Xcite) =Xexje (9) + polos jo(9). 
(vi) xe'(0)= (6) when o+ jo<k<h. (§49, ii.) 
(vii) xx'(9) =xXx41(0) when k> h. 


59. When several successive members of the stem are of equal rank, 
only the last one is to be retained. If Q, ©’ of respective ranks s, ¢, are 
consecutive terms of the stem thus modified, the terms succeeding Q in 
the partial basis of p (bas p) are 

ie cpa ee), OS ete) 

aes P p P 
when © is of rank 0 or ¢+7v, 1<r<m~1, and 26, 26%, ... 6" in 
all other cases, 'T'o obtain a complete basis of p such other prime factors 
of D(@) as admit complex integers ¢'(8)/p' are introduced into the 
denominators as in § 55 above. ~ 
It is to be observed that in §§ 56, 57, 58 the expansion of Chapter v 
is required to one more stage than for the calculation of the stem of 
0 (bas p). 


NUMERICAL ILLUSTRATIONS 43 


CHAPTER XI 
NUMERICAL ILLUSTRATIONS 
60. I. a (6) = 6 — 86° + 66? — 240 — 108 =0. 
The invariants of the quartic are J=— 153, J =311, 
D (6) = 256 (I? - 27J?) =- 2. 3°. 11.13. 401. 


The highest common factor of a(z), a’ (z) (mod 13) is +9 whence, 


without difficulty, 
a(z) =(2+ 9)? (2+ 6) (z+7) 


and (13) = p,3?qy3t,3 with 
Pi3 =(13, 6+ 9, +10, 6 +1) (bas 13), 
qs =(13, 6+ 6, +3, 6-+8) (bas 13), 
hs =(13, 0+ 7, +3, 6&+5) (bas 18). 
Again a(z)=2*(z+1) (mod 3), 
and the expansion of Chap. v is 


2 z+1 
+ 3274+ 32 +2.3 
te + Bz f +2.33( (ned 89), 
ig Pe ED 


which is far enough for the purpose. No edge on either diagram passes 
through a node between its ends, so the second dissection completely 
separates the prime ideal factors of (3). In fact 
(3) =Psds'ts, 
and from the (z+ 1)-expansion 
6+1=0 (mod p;), 9+7=0 (mod p,’) exactly, + 16=0 (mod p,’). 

The z-diagram shews that q;, attached to Q,@, divides 3 twice and 
6 once, whereas v;, attached to @,Q.2, divides 3 once and @ twice. 
After Chap. Ix, 

x00) = 841, xi? (6) = 

xa!) (0) =9+7, xe) (0) = + 30 + 38, 


whence, xs") (6) x2" (9) being of rank 4, 
o=[1, 0, &, 40 (0+ 1)] (bas 3). 
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As a verification I note that 2=46°(6 + 1) satisfies 

at — 1640? — 31240? — 162400 — 9936 = 0. 
Since, further, 6+7 =0 (mod »,’), 

p,=[3, 0+1, 6?+2, $6 (0+7)] (bas 3). 
Again from the expansion or diagram 

6 +30+3=0 (mod q;’), &=0 (mod t,’), 
80 gq; =(3, 9, @, (+ 36+ 3) (0 + 1)] (bas 3), 
and t;=[3, 0, 6, 46°(0 + 1)] (bas 3). 

The only irreducible divisor of a(z) (mod2) is z, and the only 
marked nodes are those representing the terms 
ae at fa tie GMD ee ot Paes Yale 


Since the one edge of the boundary passes.through three nodes, the 
second dissection is insufficient to separate the prime ideal factors of 
(2). But since 2 +3.22?—27.2? is irreducible (modd {,/2, <}°) the 
third dissection applies, and (2)=p.°, p. being a prime ideal of the 
second degree dividing 6 once and (from the diagram) 
6+ 3. 20°27. 2° 
seven times. Evidently 
o=(1, 6, $6, 36°) (bas 2), p.=(2, 0, &, 36°) (bas 2). 
Combining the partial bases of o (bas 2) and (bas 3), which are the 

only ones, 

o=([1, 0, $0, $P (6+ 1)J=(1, 4, ws, os); 
whence the discriminant of the field is 

D= D(6)=+2.3?=—2°.3.11.13.401. 


: 2 (mod 2) 
S ce ; 
aad ie, s + 2° (mod 8), 
Po = (2, 0, O, 3 (P + 46")] = (2, 8, 2w,, Ws + wo). 
Similarly Ps = (3, 9+1, +1, +1), 


{= (3, 6, Wg, W3 + 2), B= (3, 6, Mo, @s). 
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; Returning to the prime ideal factors of (13), their bases are seen to 
e 

Pis = (13, 6+ 9, w, + 5, ws + 4), 

Ms = (13, 6+ 6, w, + 8, w; + 4), 

t3 = (13, 0+ 7, w. + 8, w; + 10). 

11 and 401, the remaining prime factors of the discriminant, are also 
each divisible by the square of a prime ideal. The irreducible divisors 
of a(z) being 

(z+ 2)? (2 + 10z + 6) (mod 11), 
and (z + 316)? (z + 107) (z +55) (mod 401), 
it immediately follows that 
(11)=Pn?Gu, (401) = PaorQuertaor, 
where Pu=(11, 0+ 2, 0, + 9, 3; + 8), 
Ju = (11, 116, o, + 50+ 3, w, + 80 + 2), 
Pan = (401, 6 + 816, ws + 197, ws + 167), 
Quan = (401, 0+ 107, ©, +90, 3+ 28), 
Tyo, = (401, 04+ 55, w.+ 292, ws + 358). 

The prime ideal factors of any prime number p, other than 2, 8, 11, 
13, 401 which divide the discriminant, are all different from each other 
and can be put down at once when the irreducible divisors of a (z) 
(mod p) have been determined. When p=5 the irreducible divisors are 

Z2+8, #+47+42+4, 
so (5)= 5g; where, since 
(z+ 8) (2 -38)=2°+ 3.2 (mod 5), 
(z+ 8) (2-224 6)=2?(z+ 1) +3.6 (mod 5), 
2+ 4224424425 (2 +27) + 322+ 4.624+4.6 (mod 5), 
ps = (5, 6+ 3, w, + 3, 3 + 3), 
gs = (5, 56, 5w., ws + w, +40 + 4). 


Again 
a(z) =(z + 246) (z+ 925) (z + 1248) (z+ 1679) (mod 2053), 
80 (2053) = Poss Y2053 T2053 82058 
with Pooss = (2053, 0+ 246, w,=537, 3+ 1311), 


i205 = (2053, 6+925, w,=238, w;+ 604), 
$2053 = (2053, 0+ 1679, w.= 1917, 3 + 1477). 
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When p = 3121 the irreducible divisors of a(z) are 
(2° + 3692 + 2348) (2° + 27442 + 2568) (mod p), 
whereas a (z) is irreducible (mod 17). Accordingly 
(17) =(17, 176, 17a, 170) 
is a prime ideal, while (3121) is the product of the prime ideals 
(3121, 31210, o,+ 17450 +1174, w, + 16876 + 2693), 
(3121, 31216, w+ 13720 + 1284, w, + 16456 + 2613). 
Finally (41) =?u4ata where, since 
a (z)= (2° + 82z+7) ( + 18) (2 + 29) (mod 41), 
Pa = (41, 419, w+ 160 + 24, w; + 340 + 39), 
Qa = (41, +13, o +18, 3+ 10), 
ty = (41, 6+ 29, w+ 10, w; + 16). 
(It is no part of the purpose of this investigation to ascertain whether 
the prime ideals whose bases have been obtained are principal ideals 


or not.) 
The only partitions of 4 as a sum of positive integers are 


4,3+1,2+2,24+1+1,1+14+1+1. 
Among the above examples there is one prime number (17, 5, 3121, 


41, 2053) breaking up into prime ideal factors whose degrees are equal 


to the members of each of these partitions. If [6] is a field of degree n 
and 


atb+ct+...+1 


is a partition of m as a sum of positive integers, investigation is still 
required to decide whether there exist prime numbers whose prime 
ideal factors are of degrees a, 6, c, ... . When the group of the field is 
symmetric it seems possible that an unlimited number of primes corre- 
sponds to each partition, but this remains to be proved. 


61. II. a (@)=0 + 539=04+72.11=0: 
D (6) =N (96°) =3*. 75, 118. 
The only irreducible divisor of a (z) (mod 11) being z, the diagram 
only contains one edge—joining (9, 0) to (0, 1). It follows that 
0=(1, 0, 6, 6, 6, 6°, 6, 6, 6) (bas 11), 
and that (11) = p,,° where 
Pu =(11, 6, &, 6, 64, 6, 6°, 6", 6) (bas 11). 
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Again z is the only irreducible divisor of a(z) (mod 7) and the one 
edge of the diagram joins (9, 0) to (0, 2). Since this edge includes no 
node between its ends, but passes through (4, 1), the number 16° is 
integral and 


o=(1, 6, 6, 6, 64, 165, 16%, 167, 6%) (bas 7), 
whereas (7) = p,? with 
pr =(7, 6, 6, 6, 6, 16°, 165, 267, 16°) (bas 7). 
Passing to the remaining factor 3 of D (6), 
a (z)=(z-1)° (mod 3), 
and the expansion of Chap. v can be taken to be 
# + 539 = (2-1) + 37. (¢ —1)?+4. 3°. (2-1) 
+ 28.3 (2-1) +14. 3°. (¢-1)' +14. 3?. (e-1)'+ 28.3. (2-1) 
+4.3°.(z2—1)?+ 37. (¢-1) +20. 3%, 


giving a three-edged diagram which shews that 
(3) = Ps’ gs°%s, 
6 —1=0 (mod p3q5t;) exactly. 


(3) (3) 
(7.2) 


% (2-1) 
By the usual rule the stem of 0 (bas 3) is 
9—1)° (6—1)'+28.3(0—1)' + 28.3 (0-1) 


, 3 9 
and since | (g—1)'=2+2+1 (mod 3), 
(2-1) + 84 (2-1) +84 (2-1P SA t eter Pr er ere+z+) 


(mod 9), 
it can equally well be taken to be 
4 Ot1L B+ Vr Ot P+ H+ 8+ 0+041 


1, 3 ? 9 
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To form stems for the prime ideal factors of 3 we note (from the 


diagram) that 
(9—1)°+28.3(8—1)?=0 (mod p;”), 


1.€. (6—1)§ + 28.3=0 (mod p,’), 
or 4(6°+ 6? +1) + (6-1) (264 + 36 — 46 + 6—1) + 27 =0 (mod »;’) 
and 1 (6° + & +1) =0 (mod »;). 


Similarly 3(6°+ 6+1)=1 (mod 4q;) and (mod+;), 
(407 + 4+ 6+ 6+ 64+6+6+1)=0 (mod py q5), 
1(4+0' + +0 +6464 6+6+1)=1 (mod t;). 
Accordingly the respective stems of p;, q3, ts (bas 3) are 
3, 6-1, 4(0° + +1), L(P4+ P+ P+ P+ H+ F+F+6+1); 
3, 0-1, 1(O+@+1)—-1, (P+ 76+ P+ + H+ + P+0+1); 
3, 0-1, 2(0+@41)-1, 2(O4+ 0404+ + 6+ 0+04+60+1)—-1. 
Combining the partial bases of 0 (bas 3) and (bas 7), 
o=(1, 0, 6, &, 6, ws, we, Aus, ws), 


where To5;=6, 21w,= 65+ 7 + 7, 
and 630,= 6° + 6 + 6+ 6 + 28 (44+ + 6+ 6+1). 
Also D=DO)= Piast it. 


The bases of the prime ideal factors of 11, 7, 3 now readily follow: 
Pu = (11, 6, &, 65, 64, w5, w+ 7, Owe, ws + 2), 

fr=(7, 0, &, &, 64, ws, wg +2, Owe, ws +5), 

p; = (3, 0-1, @—1, ®-1, &—1, o;—1, w—1, Ow,—1, s), 

gs= (8, 0-1, ®-1, ®—1, &-1, wo,;—1) w+ 1, Ow, +1, ws), 

1, = (3, 0-1, ®-1, ®-1, #&-1, o,-1, w+ 1, 60,41, ws — 1). 
To determine the prime ideal factors of any other prime number p it 


is necessary to find the irreducible divisors of 2°+539 (mod p). For 
example, 


2 + 539 = (2+ 1) (22+ 24 1) (28+2° + 1) (mod 2), 
so (2) is the product of the three prime ideals 
(2,041, +1, ®+1, +1, w41, +1, Ow, +1, s), 
(2, 20, + 6+1, ®+1, 84+, w+ 641, wt1, Oust, 0+ 6 +1), 
(2, 26, 267, 265, 264, 2w,, ws, Owe, we+ 64 + 64 62464 1). 
The complex integers of the field defined by 6"—a=0, of which this 
is a particular case, are discussed in some detail in Chap. xv below. 
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CHAPTER XII 


RELATIVE FIELDS 


62. Ifa, a, ... a, lie in a number-field [a] of degree m, and if the 

polynomial 
SF (6, a) = 6% + 0,6" 1+... +4, 
is irreducible in [a], @ is an algebraic number of degree mn, satisfying 
the rational irreducible equation 
Ta) (4, a) = 0. 

The field [6], or [9, a], is here to be discussed as a relative field (or 
super-field) of [a]. In order that 6 may be integral it is necessary and 
sufficient for a,, ... a, to be integral in the sub-field [a]. The integral 
basis of [a] is 0= (a, , ... On—1). 


63. The general member of [6] is uniquely expressible as 
Yy (9) Sy + yO? + 2. + Yn 
where the y’s belong to [a]. As usual in this theory I put 
Na (9)=(—)"on, Di (9)= Tl (6,— 65), 


these being respectively the relative-norm and relative-discriminant of 
6 in [a]. When y(@) is integral it follows as in Chap. mm that 
y= pil Da (9), w;, being an integer of [o]. Hence every integer of [6] is 
expressible in the form 
(py O43 + pn"? +... + pn) Da (8), 

but of course all numbers of this ibe are not integral. 

Those integers of [6] which belong to [a] are also integers therein: 
and form the integral basis 0 of the sub-field. 

Again if f,, Bs, ---, integers of [a], belong to an ideal 38 of [6], so 


also does 
w, By + Po + 
The aggregate of such integers ; is therefore an ideal 6 of [a]. 


64. At least one integer of rank s, viz.: 6*N (A), belongs to an 


ideal A. If 
yO? +A O83 +. HA, 


Di (@) 
belongs to A, so a do the integers 
Dyklag Wyle, woe Opp g Main 
Hence the aggregate of the integers A, is an ideal a, of [a]. 


0Q,= 


B 4 
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65. Since 6Q,_, belongs to A, a, divides a,_;. 
Put As_1 = &, as, 
a,=aD (0) = k,a, = &, k, ... Bay. 
66. Next considering integers of the first rank contained in @, let 
« be a member of &, so chosen that (x, aD.(@))=%&,. Then since 
Kr,  AO+Ay - KNo 8 
D.(6) * Da() e @)” 


AG +A, _ ‘ 
and ere 0 (mod Ak,), Daw B =0 (moda), 


it follows that KAy/Dz (6) =0 (mod @). 
Since all members of & which belong to [a] are also =0 (mod a) the last 
congruence involves 
kd, =0 (mod aD (6)), i.e. (mod &,a,), 
whence », =0 (mod a,) whatever the value of A, in a,. Choosing A so 
that (Ay, aD (@)) =a, the congruence 
dy) Bu=, (mod aD (6)) 
determines £,, uniquely (mod &,). It is now readily seen that if pu» is 
any member of a, the integer p,(6+8y)/Da (9) belongs to @. The 
aggregate of first rank integers contained in @ is thus 
a, we o with , (@)=6+ Bu. 
67. Repeating the argument of § 66 the complete basis of the 
relative ideal & is 
a, W, (6) Any Vn (9) 


a, Da)’ wae Me OS ee eee rs (29) 
with W, (0) = 6 + Ba G14... + Bos. 
68. The integral basis of [@] is the ideal 
—(, 6%) — aYn (9) 
O=(0, Di)? Sut. en ee (30), 
where We (0) = 69 + a OF + «2. + Orgs 


and each of the ideals 0),=0D, (9), 0,, ... Day 
is a factor of all those on its left, 

When all the ideals 0,, ... 3,_, are principal and respectively equal 
£0: (Ony-ner (Oneas 5¥.(6) er 

== 1 aS) 
@=0(1, Da(6)’ eee See tt 

For the integral basis of the relative field to be of this latter special 
type it is clearly sufficient (but not necessary) that the class-number of 
[a] should be unity. It should, however, be noted that as yet there are — 


al el nal aa ie allie ended 
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only three types of number-field in which the class-number can in- 
fallibly be determined by a finite number of arithmetical operations. 
The solution of this problem for a real or imaginary quadratic field (in 
the notation of quadratic forms) is due to Gauss: that for a cubic field 
of negative discriminant has been given by the present writer. (A 
quartic field whose conjugates are all imaginary can be handled on the 
same lines as the last mentioned investigation.) 

Results equivalent in substance to those of this paragraph are also 
due to G. E. Wahlin. Kronecker in Grundziige (§§ 6, 7) also gives 
general theorems on the integral basis of any arithmetical field. 

69. Since every member of & is included in Q, 0, (of § 68) divides a, 
(of §67). Putting a, = 1,0, the ideal 

No M, ©.- Ny-1 = Na (A) 
is the relative-norm of A. 

When @ is a prime ideal 32, n, =p, a prime ideal of [a], and each of 

the ideals n,= py or 0. Hence 
Nu (¥P)=p', OK<t<n. 
The ideal £ belongs to [a] when it is the greatest common measure 
in [6] of a set of integers y,, y2, ..- of the sub-field. If 
{=(Laslas a) 
is a basis of the ideal (y,, y2, ---) in [a] it is readily seen that 
(5 $0, y, (9) Dp Yna ©) 


Da(@)’ "Da (9) 
is a basis of % which = {® and that 
VN.) =$. 


70. If , 8, &, --- S,-. are typical members of 06, 0,, 02, ... Oy 
respectively, and 6, 6®, ... 6” the conjugate roots of f(@, a)=0, the 
square of the determinant 

Bit (O%) dao (6) 8n—1 Yaa (8) 
iohes FE ta aan) ONC) aera MC) 
8141 (O) Sao (O") Sn Wn (8) 
en rs (6). D0) 2 D8) 
belongs to 0, The greatest common divisor in 0 of all such squared 
determinants is the ideal 


~~ DO 
which is the relative discriminant of [6] with respect to [a]. On bring- 
ing this notation into line with that used by Hilbert (Zahlbericht, § 14) 


4-2 
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it is readily seen that 3B is identical with the relative-discriminant there 
defined. 
If d is the discriminant of [a] and D that of [@] the known relation 
D=d" N (B) 
(Zahlbericht, § 15) can be established without difficulty from the above 
definition of 3B. For convenience I take m =3, n= 2, but the argument 
is general. 
The integral basis of [a] is (, @, #,) and those of [a’], [a] are 
(cop’, «1', 2’), (@ 9”, 1”, 2”). Taking 6,, 6 to be the roots of 
+ a,0+ a,=0, 
and similarly for @,’, 9,’ and @,”, 6,” the integral basis of [6,, a] can be 
taken to be 
[w, Wi, Wo 5 

8-1 f(T + La, + 1,0.) A, +m, + 1M, + M09}, 

s {(Z,' @o + 1 0, + byw) 0; + mo! &q + my’, + Me! w,}, 

Oma {(d," Wo + by @, + kee @) 6, = My’ + my" w, te Ms" wo} | 
where 5=ND,(6). ,/D is a six-rowed determinant of which the 
above six numbers form the first row, the other five being obtained by 
changing (, #, ®:, 6,) into 

(9, @, 95 62), (wy’, oy, a, 6’), (o, oy’, @2, 6,'), 

(o,"; oy", We", 6,") and (’, @,”, Wo, 0," 

respectively. Hence 


se eer LA Wy 8, W, WO, 06, 6, 
ema otieserero ee ne My) 1 @ WO. 0,0, WO, 
D (han oe ae Re ee Wy O; 2 W 6;) w6;' ws 6,’ 
x at M mm Mm lb I, 2 Wy @y) Wa! Wy Oa’ By) ag’ 4 
Mo M™;' Me 1 1,’ L,! Wy 0" wy” wo Oy" @," 6," w," 6," 
Mo" My" mq" 1," 1,” 1,” Wy,” wg" 9" Oy” 04" we 84" 
bh  b Se ae @) @, Wo 


ks i 1g ni 6, : 


ce ble Weak ne APO sd" Pantie Tel ag 


& p ; 
1 6, : ~ @ 0; oy 
um” ” a” 
1 6; Do) Oh SCO ga ee 
Regine st 6, > : wy” @,"" wo,” 


= 87? (Indy to") (0, — 82) (0,' — 0’) (@)” — 6,"") d, 
and D= 6-8 (Ai, iy PD. () Dz ‘6') Bd" (0”) dz. , 
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Also 
B=8~ Da (9) (hoy + 1.0, + hoy, hoy +h/o,+h/o, hj, +h! 0, + 4)" wy)? 
and N (B) = 8-*D, (6) De (0’) Da” (8”) (igh Iy")?. 


Hence, immediately, D = d?.N (B). 


71. Writing oD, (6) =0;2,' the basis (30) of ® is 


(0, 22), we, hea 0) 
ae a i a 


and each of the ideals 
Dy, 04, eee Uy Ole (8) 
is a factor of all those on its right. 

In the field [6, a] a prime ideal p of [a] plays precisely the same part 
as a prime number p plays in [a]. Just as the prime factors of D (0) 
were separated in Chap. Iv, so can the prime ideal factors of 0D, () be 
separated here. The integral basis ® is thus split into a number of 
partial bases—one for each distinct prime ideal factor of oD, (6), and 
each partial basis possesses a stem. Again, the polynomial /(z, a) is 
congruent to an unique product of irreducible divisors (mod p) and its 
unique expansion (mod p**’) is valid too, just as in Chap. v. In fact 
the whole theory of these divisors is true practically verbatim when the 
coefficients a,, ... a, belong to 0 and the modulus is a power of a prime 
ideal. Further, the properties of the prime ideals and of ¢’s and ,’s 
proved in Chaps. vi-vul are of a quite general arithmetical character, 
and the methods given in Chaps. Ix, x for constructing them can all be 
applied to the relative-field. The whole investigation, in fact, could 
well have been given in ideal notation from the beginning. 

The examples given in the next chapter will sufficiently indicate the 
methods to be adopted in dealing with a numerical case. 


CHAPTER XIII 
FURTHER NUMERICAL ILLUSTRATIONS 


72. 111. a=4(1+,/57), a&-a—-14=0, 
o=(1,a) d=d(a)=57=3.19. 
(3) =(3, 1+a)?=9,", (19)=(19, 9 +4)? = pro’, 
(2) =(2, 4) (2, 1+4)=Pome, 
(7) =(7, a) (7, 6+ 0) = Pr Gy. 
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A relative-quadratic field is defined by 
B(0) = @-10-a=0 


and oD, (6)=4(10 +a) 0=(2, a)’ (2, 1+a)?(3,1+4). 
Since B(2)=(¢-17 +2(-1)-9-«4 
and (9 + a) = Qo’ Pis, 


B(z) =(2-1) + 2 (#—-1)+ 4 (modd {z—1, q,}’) 
which is irreducible. Noting that the one edge of the q, diagram passes 
through three marked nodes, (2, 0), (1, 1), (0, 2), it is evident that 
O=(., “e—1)) = (°, nie) (bas ge) 

and that @g. = @. = (qr, 0 (8 —1)) (bas g2) 
is a prime ideal of the second degree. 

Next since 10 + a = 0 (mod p.°) exactly, the p,-diagram has one edge 
joining (2, 0), (0, 5) and 


Pp .O= 3B.” 
fe Peo Wea 2A 
where @O= (s, =) = (0, * ) (bas p.), 
06 20 
P= (P., a 8 (: t ) (bas p.). 
siesta (SS 
ji 2)) 


O-(0, Cedi =[1, a; $(2, 1+4)(6+2+a)], 
also BD =(2, a)? (3, 1 +2), 
and D =d? N GB) =2°. 8%. 19%. 
The bases of the prime ideal factors of 2@ (= 33° @,) are 
BP. = (po, 4q.(0+ 2+a)]=[2, a; $(2,1+a)(64+2+4)], 
@.=[q, $9. (0+2+a)]=[2, l+a; }(4,1+a)(6+2+a)]. 


To factorise any other prime ideal p of [a] it is only necessary to 
find the irreducible divisors of 8 (z) (mod p). Thus 


B (2) = (+1) (z-1) (mod p») 


Z _ (1 Gmod p,,), 
so, since 10+a= te se ee dpa, 
Pip 18 the product of the two prime ideals 
[19, 9+a; 3(2,1+a)(@-10—a)], 
[19, 9+a; $(2,1+0a)(6+10+a)]. 


te le 
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(3, 1+), the remaining factor of B, is the square of 
[3, l+a; £(2, 1+ a) (0+2-a)]. 
@ (7, «) =[7,0; (14, 7+a)(0+2+2)] 
is a prime ideal of the second degree and an ideal of [a] (cf. § 69), 
but (7, 6 + a) ® is the product of two prime ideals of the first degree, 
viz. : [7, 6+a; (2, 1+a)(@—22-a)] 
and [7, 6+a; 1(2,1+a)(6+22+a)l. 
(97, 97a) and (79, 79a) are prime ideals in [a]. Since B (z) is irredu- 
cible (mod 790) but 
= (2+ 29 + 10a) (g— 29 — 10a) (mod 970), 
79@® is prime in [6] while 97@ is the product of 
[97, 97a; (2,1 +a) (0+126+107a)] 
and [97, 972; 4(2, 1+ a) (0-126 —107a)]. 
A long and classical memoir by Hilbert gives a detailed discussion of 


the fields defined by 
P=a+b,/m 


of which this affords a particular example. 


73. IV. The quadratic field [./ — 23] is defined by 
a(a)=o0?—a+ 6=0- 
its integral basis is 0, =(1, a) 
and discriminant Dz= D(a) =— 23. 
In [e], (23) = (28, a +11)?=6,,, 
(47) = (47, a +18) (47, a + 33) = by ty, 
(53) = (538, 53a) =4,,, a prime ideal, and 
(59) = (59, a + 26) (59, a + 32) = Boy fog. 
Calling 6, 6’, 6” the conjugate roots of 
b(0) =@—-0-1=0 
the integral basis of [6] is 09 = (1, 4, 6”) and its discriminant 
Deg = D (0) =— 23. 
In [6], (23) = (23, 0+13, +15)? (23, 6 + 20, 6 + 14) = pos” Gos, 
(47) = (47, 476, 476°) = Pa, 
(53) = (53, 0 +16, +9) (53, 536, 6 + 370+ 43) = Piss Ges, 
(59) = (59, 0+17, 6 +6) (59, 6+46, 6° + 8) (59, 0 + 55, 6° + 43) 


= Pr9 Yoo V9, 
the ideals on the right being all prime. 
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The sextic field [4, a] is normal and contains [6], [4], [0] as conju- 
gate sub-fields. In fact 
230 =362-160-2+a(—60?+ 90+ ot 
936" = — 30°- 70+2+a(60?— 90 — 4). 
First to examine the sextic field as a relative-field of [,/—23], the 
discriminant of b (0) =0, relative to [a], is 
D. (9) = — 23 and 23 0, =8,,;". 
The expansion of Chap. v is 
2—zg-1=(2-10) (2-3) + 23 (@— Tz +13) 
va 2 
= Pe oe +16. 23(z—10) +16. fat 48. sf fat 3 2 
Noting that 23 =- (1 - 22)’, and 
(2-10) +16 . 23 =(z—10)?—16 (1 - 20)? 
= (z—14 + 8a) (z — 6 —8a) (modd {z — 10, 6.,}%), 


the third dissection separates the prime ideal factors of 6.3; whence 
= |e., Ae ie —10) (@- ?)) 
23 


=[1, a; (1, a)0; 3, (23, a+11) (@—10) (@-83)]. 
Also 3, = Da (9) 0. + by3”= (1), D= D2 N (Ba) =— 23°, and 
(23, a +11) = Jos By; K., with 

Pos = (23, a +11; (1,0) @—3); oy (23, a +11) @—-10) @-3)], 

@,, =[23, a+ 11; (1, a) (0-10); >, (23, a+11) (6-14 + 8a) (6—3)], 

#,, =[23, a+ 11; (1, a) (6-10); 4, (23, a+ 11) (O—6 — 8a) (6 —3)]. 

The factorisation of a prime ideal (p, pa) or (p, a+c) will be adequately 

illustrated by taking p=53, 47 and 59. 


(i) When (- 23| p)=—1, (p, pa) is a prime ideal. Further, d (2) 
has a linear and an irreducible quadratic divisor (mod p), but the quad- 
ratic divisor is reducible (mod po,), e.g. (—23|53) =—1, 

#—2-1= (e+ 16) (2? +37 2+ 43) (mod 53) in [1] and 
= (2+16)(¢+10+17a)(z+27 + 36a) (mod Mer in [a]. 
It follows that (53) = 3,5 @,; 8,5 where 
Ce - [53 (ts a); 3 (i; a) (6 a 16); <4 23 (23, a+ 11) (6? — 136 ae 490)], 
@,, =[53 (1, a); (1, 2)(6+10+17a); 3, (23, a+ 11) (+3558 + 467)], 
R,,=[53 (1,4); (1, a) (0+ 27+ 36a); 3 (23,04 11) (02 + 3556 + 467)]. 


FURTHER NUMERICAL ILLUSTRATIONS 57 


(ii) Next when (—23|p)=+1, (p)=8,¢,. If 6(z) is irreducible 
(mod p) in [1] it is also irreducible (mod 6, ) ad (mod ¢,) in [e], and 
b, ®, ¢,® are prime ideals of the third degree in the sextic field, 

e.g. Glo By Qe with 
Pu =[47, a+13; (47,0413) 0; py (47, a +13) (23, a+ 11)(6?—130+ 30)], 
Qy=[47, + 33; (47,4+33) 0; 3, (47, a + 33) (23, a+11) (6-130 + 30)]. 

(11) In other cases where (— 23|p)=+ 1, b(z) is congruent to the 
product of three linear divisors (mod p) and each of the prime ideals 
b,, t, is the product of three prime ideals in the relative field. Taking 
p=99, 

(59, a@ + 26) = Boo Bies I,,, (59, a+ 32) = Ley PWsg Pry, 
Poo = [59, 2 + 26; (1, a)(6 +17); 3's (28, a +11) (@ —130 +375)], 
Qs = (59, 2 + 26; (1, a) (0 + 46); a (23, a + 11) (6-130 —177)], 
HR. = (59, 0 +26; (1, a) (6 +55); a (23, a+ 11) (—130 —200)], 
Bog =[59, a+ 32; (1, a) (6+17); Ay (23, a+ 11) (@P — 130 + 375)], 
$#¥q =[59, a+ 32; (1, a) (+ 46); oy (23, a+11)(@—130-177)], 
Mog =[59, a + 32; (1, a) (9+ 55); oy (23, a + 11) (O — 136 —200)]. 
Oltramare (/.c., 314) has given a criterion distinguishing those primes 
p for which an irreducible cubic is irreducible (mod p) from those for 
which it is congruent (mod p) to the product of three linear divisors. 
Next considering [6, a] as a’ super-field of [6], 
ft) Do(a) = 25 i= Pos” Jos y 
and the expansion of Chap. vV is 


2-—2+6=(2+11) | . 
—20(2+11)+6.23 baionl 2B 
Noting that (9-10)? + 16.23 = 0 (Pxs’) 
and (2 +11)? +6.23 = (¢+11)?-9 (0-10) 


= (z— 30-5) (2+ 30-19) (modd {z—10, pss}°), 
the divisors of the third dissection are distinct. Hence 


@-[0», seat). [o%, ie 1); 


=[1, 0, ®; py (23, 230, 6? - 136 + 30) (a+ 11)], 
Wg = 0 Dy (a) + pos” = Gos 
and D = Dé? N (03) =— 23° as before. 
Se the same expansion Pas = @., Ro, with 
®,, = (23, 0-10, ae Js (23, 230, 67-130 + 30) (a +30 — 19)], 
H., = [23, 0-10, 6°— 8; a's (23, 236, 6? 130 + 80) (a—30—5)]. 
Since 2-2+6= (2411) (mod 23), qu; = 9925" where 
yo, =[23, 9-3, 67-9; ss (23, 230, 6?— 130 + 30) (a +11)]. 
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(iY When (—23|p)=—1, (p) =Pp% in [6] and a (2) is irreducible 
(mod p), and therefore (mod p,) and (mod q,) in [1]. In [6], a(z) is 
irreducible (mod p,) but reducible (mod qp). 

Taking p = 58), Poss = (53, 6 or 16, 6? ra 9), 

WPss = Poo O = (53, 0+ 16, 6? +9; 

ais (53, 0+ 16, 6? + 9) (23, 236, 6°—130 + 30) (a + 11)]. 
Since a(z) = (2+ 250 + 38) (z + 280 + 14) (mod 455) 
it follows without difficulty that ®q,; = @,, 3%, where 
@. = [53, 536, 6+ 370+ 43; ss (23, 230,  —130 +30) (a+1846 +356)], 
H,, =[53, 530, +370 +43; Ay (23, 236, 6-130 +30) (a+ 10350 + 862)]. 

(iiY Next when (p) is a prime ideal in [6], (-23|p)=+1 and 
a(z) is reducible (mod p). Thus (p) = (47) = Be @e, 

Par = by, O =[47, 470, 476°; 3, (23, 236, 6? — 138 + 30) (2 + 1000)], 
iy = ty® =[47, 476, 4707; A, (23, 236, 6 — 136 + 30) (a +80)]. 

(iii)’ Again when (p)=P)Qptp in [@], (— 23|p)=1 and (p)=8,¢, 
in [a]. Taking p = 59, the six prime ideal factors are 

Woo = (Pso, O59) =[59, 0+ 17, P+ 6; yy (23, 236, P—130 +30) (a+793)], 

Ds = (Pros C59) = [59, 6+ 17, P +6; ay (23, 236, f—- 130+ 30) (a + 563)], 

Piso = (N50 Bro) =[59, 0+ 46, +8; oh, (23, 230, &— 130 + 30) (a + 793)], 
Poo = (Quos tro) =[59, 9 +46, +8; 2, (23, 236, 6-130 + 30) (a+ 563)], 

Boy = (t50, Boo) =[59, 0+ 55, 6 + 43; xy (23, 230, 6-130 + 30) (a + 793)], 
Bo = (Uso, Cro) = (59, 0+ 55, @ + 43; ay (23, 236,  — 136+ 30) (a + 563)], 
and, evidently, po = so Ly, jp B= J 55 By Myo etc. 

It is readily seen that the ideals %, in (i) and (i)’ etc. are identical. 
Every prime ideal in the normal field, other than ¥3, @.., 3.3, is a 
prime ideal of the first degree in one of the fields [6, «], [6], [6’], [6], 
[a]. 

Hilbert has given a discussion of certain sub-fields of a normal field 
and the groups with which they are associated. In the present example 
the group of inertia | Trégheitsgruppe] of each of the prime ideals 
Ys, Pos, Bog is identical with its resolving group [Zerlegungsgruppe]. 
The corresponding resolving fields are [6], [6'], [6’] and 

Bu? = Gs®, Cys? = qu’ @O, Re: = gus". 
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CHAPTER XIV 
EXTENSIONS OF PREVIOUS RESULTS 


74. When the third dissection fails to separate the prime ideal 
factors of p the reasoning of § 49 still shews that w(6)"-" x, (8) is 
divisible by each prime ideal factor of (p, a (@)) at least as often as p*. 
There exist cases however in which an integral polynomial 

C (0) = 0 + 6°44 ... +0, 
of lower rank than a (@)*-” x, (@) is divisible by each of these prime 
ideals as highly as p*, so it cannot, in general, be inferred that 
Xu (4) =m ()"~* Xx (8). 
A simple numerical example is given by 
6 —2.37=0, D()=28. 3% 
The (3, z) diagram has one edge joining (9, 0), (0, 3), and since 
—2.3%= (25+ 3)° (modd {2/3, 2}°) 
the divisors of the third dissection are identical. Had they been 
distinct, the rank of x. (@) would have been six, as in Chap. 1x, whereas 
the number 
wo = (+ 3)/9, 
of the fifth rank, is integral since 
w® — 608 —4=0. 

It is evident that an unlimited quantity of numerical examples can 
be constructed with similar features. A numerical example could 
probably be constructed to defy any finite number of dissections of the 
type contained in Chaps. vi—v11I. 


75. In certain cases of failure the difficulty can be removed by 
taking a new irreducible divisor 
«(z) which= @ (z) (mod p). 
Thus in the field given by 
a (0) = @ +28 =0, 
with a(z)=z2 and p=2 there is one edge, joining (2, 0) to (0, 2), and 


since a(z) =(2 + 2) (modd (2, z)’) 
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the third dissection fails. But taking w=z+2 as a new irreducible 


divisor, / ee 
a(z)=w?—2?.w+ 2 


and the second dissection now separates the prime ideal factors of (2). 


76. Another example is given by 


a(0)=@-—5=0 
regarded as a relative-field of [2/7]. Taking 
a®—7T=0, 


hy == 1, a, a"), P3= (3; a—1, a’— 1), (3) = D,, 
(5) =(5, a—3, a? — 4) (5, 5a, a? + 3a + 4)=p59G5, 
also oD (0) = pe? Ps Ge". 
Since a(z) =(2+1)?-3 (2 +1)? +3 (¢+1)-6, 
the p,-diagram contains one edge joining (3, 0) to (0, 3) and the third 
dissection fails. Evidently 6+ 1=0 (mod 9,), so putting 
‘gz: 2(6+1) 
a—1 
b (A) = — (a? +a 41)? 4+ (a? + 3a +5) A—(6a* + 10a + 22) = 0, 
and b(z)=(z+1)* (mod p,). 
But since 
b(z) =(2 +1)? — {3 (2-1) + 2.3 +(a—1)} (2 +1)? 
+ {2.3°+3 (a-1) +11 (a—1)}(2+1) —10.3(a—1)-17.3-8 (a—1)? 
the second dissection now separates the prime ideal factors of p,; in the 
relative-field. 


> 


77. In certain cases a suitable transformation 
A708 a Ge. + By 
gives a new representation of the field, b(A)=0, in which the third 
dissection, at furthest, separates the prime ideal factors of p. Taking 
6 —4(4n +38)=0 
a fitting transformation for p = 2 is 
h=4(8426 +2): 
cf. §§ 104-5, below. 
The following questions present themselves in this connection: 
(i) Can every number-field be defined by an equation (A) =0 which 
makes 
(1, A, 0%... A"™-2) 
an integral basis 
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(1) Failing (i), can it always be represented in such a way that 
0 =(1, A, A’, ... A™-") (bas p), 
p being an assigned prime number ? 


(ui) Does every field possess a representation 6 (A) =0 such that no 
two distinct prime ideal factors of an assigned prime number p divide 
the same irreducible divisor of b (X) (mod p)? 

A suitably chosen numerical example is sufficient to shew that each 
of these questions must be answered in the negative. The example is 
given by 

&-17=0 


2 3 2 
for which 0=(1, peak one ee\ 1) oso) 


and (2) = p,’pop; with 

P, = (2, 1+, w,, 3), po=(2,14+4, 1+, os), 

p;=(2, 1+ 6, 1+, 1+ 03). 
Taking a transformed equation 6 (A) =0, the only possible linear divisors 
of b (z) (mod 2) are z and z+1. Were 
o0=(1, A, r2, A®) (bas 2), 

(2) could only have two distinct prime ideal factors of the first degree, 
their partial bases being 

(2, A, A2, A¥) and (2, A+ 1, A? +1, A*¥+1) (bas 2). 
Since (2) has three distinct prime ideal factors of the first degree, the 
results stated follow at once. 

It can, however, be proved that there always exists a transformation 
separating the prime ideal factors of (p) at the second dissection. 
Taking 

(p) = Prt pa «.. Pn’, } (82) 
(A) = pitt po”... Prtma, (a, po)=1, do(f,, gi) =1, 
with the ratios //9, --- 4m/Jm all distinct, there is one diagram, of m 
edges, for the prime p, whence the result stated. 


78. In certain cases of failure of the third dissection another method 
is effective. For convenience it will be supposed that there is only one 
edge to the p-diagram. The field, of degree nw, is defined by 

a(6)=0™ + ap’ or)" +... + anp™ —f (8) =0 
where dv (uw, v) = dv(p, dn) =1 and / (8) is a sum of terms represented 


by nodes on 
wo+yu=nuv+w, w>0. 
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Evidently 6"/p” is a complex integer. A number (9) will be said to 
be isobaric with p* (mod p) when 
(i) w(6)/p7 is integral and | ed Aca Ser (33). 
(ii) WV [Wy (@)]=0 (mod p™) exactly) 
When 7 is a rational fraction ¥(9)/p" does not belong to [6]. If ¥, (8) 
is isobaric with p™, %.(6) with p™, w,(6) with p™® and 7,<7.<7; the 
number 
A,W, (9) + Ase (8) + Ass (9) 
is evidently isobaric with p™ (mod 7p). 
Taking ¢, tr to be coprime integers each prime ideal factor of p 
divides y (6)', p’* equally often. It may happen that, for a particular 


value of A, with 
x (8) = 4 (9) + Ap”, 
x (9)/p**¢ is integral and NV [x (#)]=0 (mod p™ +) exactly, o being 
>0. More generally (when the degrees of the prime ideal factors of p 
exceed unity), 
xi (8) = (0) + App (O)O 4 +... + Ap 
may be isobaric with p+? for o>0. In the application to numerical 
cases o is the reciprocal of a factor of nw. The field then only contains 
the members p* 64, of rank <7'st, isobaric with x, (@)" (mod p). It may 
happen that 
Xo (9) =x (9)" + Bip Om + ... + By pr Otte 
is isobaric with p™+"**e (modp), for p>0. Continuing the process, 
which necessarily stops after a finite number of such steps, the complete 
stem of 0 (bas) is finally put down by noting that, for suitable values 


of @, Y, 4, 
xx (8)"X2(8)* 
is isobaric with a higher power of p than any integer of lower rank. 


Detailed applications of this method are given in Chap. xv (vr and 
vil) below. 
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CHAPTER XV 
THE INTEGRAL BASIS OF [x/a] 


79. The methods developed in the preceding pages will now be 
apphed to determine the integral basis of the field defined by 
e —a=0. 
Since D (0) =+ N (nO) =+n"a""! 
it will be enough to obtain the partial basis of 0 (bas p) whenever p 
divides ” or a; in some cases thé partial bases of prime ideal factors of 
p will be obtained as well. The following twenty-three cases require 
discussion. 
I. n=p,. dv(a, p)=1. 
I n=p*, dv(a,p)=1, A>1. 
Ill. n=l", dv(a, p)=do(i, p)=1: 
IV. a=p"b, dv(n, p)=dv(b, p)=1. 
V. a=p™b, dv(m, p)=dv(b, p)=1. 
VI. n=p", a=p'b, q=p", dv(b,p)=1, 6°-b+0 (modp%), 
excluding the cases in which 
h=1, &>2, 6°-'-1=p (mod p?). 
VIl,- n=p", a=p™b, gz=p", dv(b, p)=dv(m, p)=1, 
b?-b £0 (mod p’), excluding the cases where 
h=1, k#>2, b-1—1=mp (mod p’). 
VIII. podd, n=p'**, a=p™b, dv(b, p)=dv(m, p)=1, 
b?-2=1+ mp (mod p*), m>1, k>1. 
i p=2, n=2** a=2""b, k>1, m=1 (nod 2), b=3 (mod 8). 
X. p=2, n=2** a=2'"b, k>1, m=1(mod2), b=7 (mod 8). 
XI. n=lp*, a=p™b, g=p", k>h, 6-140 (mod p’), 
dv (b, p) = dv (I, p) = dv(m, p)=1. 
XI. n=h*, a=p™b, gq=p*, ksh, 
dv (b, p) =dv(l, p) = dv(m, p) =1. 
mit XXII a=, a=p™b, =p" E> hI, 
: b?-1=0 (mod p*), dv (b, p)= dv (I, p)=dv(m, p) =1: 
further subdivision in § 108 below. 


SS ee eS Th Ore es es | lCUF 
St al it still til ee 
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80. I. n=p, dv(a, p)=1. 

The integers of [,/a] being well known, we assume that p>2. Since 
P—a=(z— a)? +?Cia (z—a)? 1+... +?C, a?” (g—a) + a? —4, 
and ?0,, ... ’C,_, contain the factor p once only, it is evident that, 

when a” — a +0 (mod p’), 
0=(1, 6, ... 6-*) (bas p) 

and (p)=p" with 

P= (p, d—a, ... P-3- aP-) (bas p). 
But when a? —a= 0 (mod p*) the diagram has two edges which meet at 
(p —1, 1) whence 

(p)=p2—"p. and 6— a=0 (mod p,p,). 
Since (6-—a) ("1+ a6?-*+ ... +a’) =a—a®=0 (mod p’) 


the number wo =| (68-1 + q@?-2 +... + a?) 


is an integer which= 0 (mod p,). Hence 
o=(1, 6, &, ... &—, w) (bas p), 
pPi=(p, 9-4, ... *—a?-*, w) (bas p), 
p,=(p, O—a, ... -*—a? > p 1(0 —a)?*) (bas p)- 
D=0 (mod p”) or (mod p?-*) exactly according as a—a?#0 or=0 
(mod p’). 

When p=3 these results agree with those obtained by Woronoj. 
The integers of [2/a] have previously been found by Westlund, who 
also distinguished the prime ideal factors of (p). Recent writers* have 
connected Fermat’s last theorem with the congruence 

a —1=0 (mod p*): 
its roots have been tabulated by Beeger as far as p = 199. 


81—s4. II. n=p", dv(a, p)=1, Ak>1; 
take also 
a—a"=0 (mod p’) exactly, f>1, w=p7, l=p~. 


81. Here 2” —a@=(z—a)” (mod p), 
2"—a=(z—a)" $e = "Ca (z- a)"-*+ a" —a, 
»n—1 


"Co—nat=0 (mod p’) exactly, 1<f< h -1, 
and "C,=0 (mod p*) for n—nrt<i<n. 


* L. E. Dickson’s History, u, 764, 773. 
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Hence when p is odd and j </+1 the diagram of squares has j edges 
whose slants are 
(p" —p)-1, (pr? — ph-9)-1, vo (ph-st2 — ph-9+1)-1, pete. 
and each prime ideal factor of (p) is of the first degree. In fact 
Be —ur . nr—nr (p-lI) nps npg 
PSV e Sail oe Seaton } ee (34). 
6—a=0 (mod p,p, ... pj_1 pj) exactly 
When p=2 and 1 <j <h+1 the last two edges run into one whose 
marked nodes represent terms 
= 27 [(z- a)S+ 2 (2 — a)'$ + 2”) (modd {z— a, 2"8/2}?i"S+1) 
and the second factor is irreducible. Hence 
(2) = ene wk faye } Ss Ae (35), 
6—a=0 (mod p, py ... Pj_oPj_1) exactly 


~;-. being of the second degree and the others of the first degree. 
Whenever 7 = 1 there is only one edge of slant p~". In all such cases 
(p) =p" with 
o=(1, 0, 6, ... 6-1) (bas p), 
p=(p, 9—a, P—a’, ... &1—a"") (bas p). 
Finally when j> +1 (p being 2 or odd) the diagram has 4+ 1 edges 
of slants 


(p" el il ie Ces me Aras piels Woes 1)", j-h, 
and (p) ~ eine jrciiais he pot Sar ae 
(6 —a) =0 (mod yp «.- PP) exactly ; 


all the prime ideals being of the first degree. 


82. Putting 7, (0) = 6°?-) + ap Gel?) +... + ar?) 


with p=p-, rs h, r<j, 
; _n() (0) (6) __a~ a 
an vals pf pg (6p = a?) 2 
a—a" a-a"\ 
then 6p — qr = pro ’ a~ (w+) 3 
— gq”\yi-} 
2 mig Pes tiie es =0 


which is the irreducible equation satisfied by ». Each binomial coeffi- 
cient being integral, » is a complex integer provided 
a—-a"=0 (mod p"*’) 
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which is satisfied when 7 <j. Since w is of rank p”—p"-", the same as 
¢, (9), it is sufficient to take the stem of 0 (bas p) to be 
a Dil, 7 (8) (9) (9) --- 12 (9) ...(37), 
Pp Pp P 
=1, 0,, Qe, ... Og, 
where 4 =7— 1 in (34) and (35), but 4 =A in (36). 
The discriminant D is divisible by p to the power 


hp —2 3% i(p*-* — p*-i-1) — afp-* 
iy a 


which = hp” — 2p"-* (p* —1)/(p —1). 


83. It being readily seen that 
nr (2) = (z—a)P?-) (mod p) and 2° —ae=(z-— a)? (mod p), 
each of the prime ideals p,, po, .-- Py: divides 7, (6), 6°—a? just as 
often as (@—a)'?-), (6—a) respectively. Hence, when s<4, p, 
divides 
tex1 (9), «+ (8), OP * — a? ™ 
just PEP El) ie Pi 
times respectively. Since also 


tsi (2) = 75 (2)”" + pa?” "9 (modd {p*, p(z—a)}), 
h—s 


ps divides y,_;(9) just as often as p, ie. p*-*(p—1) times. From the 
identity 
(8) 92 (8) «+. 1 (0) (00 — a?) =a —a? occas (38), 
it now follows that p, divides y, (@) just 
[((j-—s +1) (p—1)—-1] p” times. 
Accordingly m1 (9) 72 (8) «.. 75 (9) 
contains the factor p, to the power 
[(j-—s+1)(p—1)—1] p**+ (s—-1) (p-1) 
which =(j (p=1)—-1]p** and >k(p—1)p*-*. 

When p is odd the prime ideal p, divides each of the numbers 
(9), 72(9), --- m-1(8) just as often as p, and 62” *— gr" just p’-* 
times. Hence, after (38), p;, divides (6) just 

[i -&+ 1) (p-1)-1)p** 
which > (p—1)p"* times. 
Hence m (9) 92 (8) -.. m% (0) =0 (mod p,* ie Lapat 
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Again, p being 2 or odd and ¢ <s<k<h, 
r (@) = r+ (2)? + p (modd {p*, p (z—a)}), 
whence  9.-. (0) =7,-2(6) 5... =m (0) =p (mod pte" "* 
and th (8) 2 (8) -.. 1 (8) =p" (mod pit? @-D2*), 
In the case of py4. (= Pasi) in (36) 
Np (2) =P * + ae? +... +a? =(z—a)? (modd {p*, p(z-a)}) 


so, when p is odd, mn (0) =0 (mod Pah 
and, since Nr—1 (2) = (2)? (modd {p’, p (z — a)}), 
n-1 (8) = 2 (8) =... =m (8) 30 (mod P41), 


mm (9) 12 (8) «-- (8) =0 (mod prt). 
But, when p = 2, 


™ (0) =6+a=(6—a) + 2a=2 (mod paces 
M1 (6) = 6 + a? = (6 —a) (0 +.) + 2a°=2 (mod pi, , 4), 


hence nr (9) =2 (mod pi, ,,) 
and 1 (8) 1 (8) .-. mp (8) =2" (mod pF ti). 
Similarly in the case of p;,,=p; of (34) 
ys (9) =1)-2 (0) =... =m (0) = 0 (mod p5), 


™ (8) 2(8) --. (8) =0 (mod pi), r<j-L. 
Thus, retaining only the stems of the partial bases, 
R= (p, é- a, Q,, Q,, see O,) (bas Pp) 
p, =(p, 9—a, Q,—-1, ... A_1—1, Og, --- Qx) (basp), 1<s<k 
Pj-1 =(2, O— 1, Q,—-1, ... Q_.—1, 20j_1, (@—1) Q-») (bas 2)in (35) 
pr=(p,9 —a, 2,-1, ... Q_1 — 1, O,) (bas p) in (34) and (36) 7 (39). 
p; =(p, 9-—a, Q,-1, ... &%_.—1) (bas p) in (34) 
Prin =(p, O—a, OQ, -1, ... Q,—1) (bas p) in (36), p odd, 
Pry =(2, 9—a, OQ —1, ... Q,—1) (bas 2) in (36) 


84. Noting that 
a” —a=a(a?- ~ 1) (a"-? + a” 414... +1) 
and a P+ gh Pty + Lap t+ ph*+... +1 (mod p) 
(by Fermat’s theorem), the congruence 
a” —a=0 (mod p’) exactly 
involves a?! —1 =0 (mod p’) exactly. 
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This last congruence has y—1 solutions which are incongruent (mod p)- 
A solution of a? — 1=0 (mod p’) also satisfies a?-1- 1=0 (mod p’?*) 
and, if } is any solution of the latter, a root of the former is obtained 


by solving the linear congruence 
0 =(b+ api -— (6 + ap? )=b” — b— ap’ (mod p’). 

Solutions of a?-!—1=0 (modp/) are conveniently tabulated in 
Hensel’s notation in which an entry 


means 


a i | 
Abad .«.- 


, 0<a<p, 


, a 
OSG, @, «.; 


<P 


a’-?~1=0 (mod p) 
(a + pa’)?-*—1=0 (mod p’) 
(a+ pa’ + p’a’)?- —1=0 (mod p*) 


and so on. The solutions for p= 2, 3, 5, 7, 11, 13, of which the last 
two sets have been calculated by Mr M. Cashmore of London, are as 


follows: 
p=2, 10000 00000 00...; 
p=3, 22222 22292 22..., 10000 00000 00...; 
eg ne 42303 22..., 38231 02141 22..., 
> (44444 44444 44..., 10000 00000 00...; 
34630 26243 44..., 42036 40423 22..., 
p=T, 124630 26243 44..., 52036 40423 22..., 
66666 66666 66..., 10000 00000 00...; 
2¢491 23978 tt..., 90619 87132 00..., 
47952 98078 66..., 73158 12¢32 44..., 
p=11, 48¢987 4023¢ 47..., 30123 6¢870 63..., 
52517 85t3t 80..., 68593 25070 2¢..., 
ttttt ttttt tt..., 10000 00000 00...; 
26224. 25873 10..., e6¢¢8 £7459 eT\..., 
46697 24488 15..., 91635 #8844 e67..., 
p=13,{87¢T7 TeTed 46..., 55105 51018 86..., 
‘ 3¢697 24488 15..., #1635 #8844 e7..., 
619¢3 56441 36..., 10000 00000 00..., 
TITTT: TUTTO TT... e890 Weeks Cea 


Col. Cunningham has recorded a few other solutions of a?7 
(mod p’) with 7 > 2 and p < 43. 


— 
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As a numerical example take 6 =a. Putting 
FQ, = G00 4 G7 4. + gO, 
250, = 6° + a G4... + a, 
1250, = 0+ a G+... + a™, 
6250,= 0% +a OF +... +a™, 
the stem of 0 (bas 5) is as tabulated below: 


v= when a= but a= 
1 1, 2, 3, 4 (mod 5) 1, 7, 18, 24 (mod 5?) 
1, Q; 1, 7, 18, 24 (mod 5?) 1, 57, 68, 124 (mod.53) 
1 2;, 0; 1, 57, 68, 124 (mod 53) 1, 182, 443, 624 (mod 5*) 
160;. Os, Ge 1, 182, 443, 624 (mod 5!) 1, 2057, 1068, 3124 (mod 5°) 


i O4, Qs, Qs, Q4 i, 2057, 1068, 3124 (mod 5 5) 


85. III. n=Ip", dv(a, p)=dv (i, p)=1. 
The field can be defined by the equations 
G=6, a=a,) g=p"; 
it is a relative-field of that discussed in 11. If 0 is the integral basis of 
[a] the relative discriminant is 
0D, (9) = ol'a' 

which has no prime ideal factor in common with (p). 

Hence @= (1, 4, ... 6) 0 (bas p) 
and, arranged in ascending order of rank, its stem is 

1 2A) (A) m0 (B) -- 6) Ouag 9) 


i Ri: P 
where & is defined as in IL. 
86. IV. a=p"b, dv(n, p)=dv(b, p)=1; 
and V. a=p™b, dv(m, p)=dv(b, p)=1. 


The case when m and m are both prime to p can be regarded as 
belonging to either of these which are solved in the same way. 
Put n=ut, m=vt with dv(u, v)=1; necessarily de(t, p)=1. The 
field is defined b 
eld is Mg Page afaab, 
and can be regarded as a super-field of [a]. Since a/p” is integral, and 
D (a/p”) =¢'b'* 0 (mod p), 


2 t-1 
0=(1, 5, seo pias) (asp) 
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Passing to the relative-field, put 
rm|n=e(r) +f (r) 
with e(r) =I (rm/n), a rational integer, and 0 </(r)<1. The numbers 
6 6? gv-1 
po? pe? peed 
are complex integers and, after § 78, it is readily seen that, if p is a 
prime ideal factor of (p), 


6 gu 
@O= (1, pe ae 7s) 8 (bas p). 
If n=0 (mod p”) exactly, D is divisible by p just 
rm 
nh +m(n—1) Sa eS 


1, 


= -1)—two(¢-1)-2¢ 3 1(™) 
nh+m(n —1)—tuv(¢-1)-—2 ee 


times. Noting that, after an argument due to Eisenstein, 
= L(rv/u)=4(u-1)(~—1), 
0,v-1 


D=0 (mod p'“) exactly in Iv, when 4=0, 
and =0 (mod p™*‘—) exactly in v. 
87—94. VI. 
n=p, a=ptb, q=p", do(b, p)=1, b?#b (mod p’), 
omitting an exceptional case to be noted later. 
87. First to dispose of two extraneous cases. 
When k'< hf the equation 6” —a=0 becomes 


(O/p’)"-b=0, v=pr* 
and, by 1 above, 


2 jn—1 
0=(1, ep Ke oa) (bas p). 
Again when h=0, g=1, after Iv above, 
o=(1, 0, &, ... 6") (bas p). 
In all other cases, on writing 
K=h+k, h>I, 


ph 
we have (“) = 
it is convenient to put 6" = pf go that £4 =b, also 


K=q", p =e, e=e), @= (hae 0</, 
J integral, l<r'<g, qg=rr’. 
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88. Since 6*/p, pb/6 are both integral, the numbers 6%, p are isobaric 
(mod p) and each prime ideal factor of p divides p and @ just ew and w 
times respectively. Following out the process of § 78 we determine 
the greatest index p, and appropriate 2, making 


e-p 
eget (G)* th pe 
a complex integer. Putting 
eye “he a oe 
we have wo, + prea, = pret, 
and wy? an = : *Cip ‘ea! wnt * + p-%¢ (a4 — b) = 0. 
a 


The last coefficient is integral for 
p=(ge) t=ex when 2,=6 
but never for a greater value of p since the congruence 
a1 —b=0 (mod p’) 
is insoluble when 6? —-b+=0 (mod p*). Since also 
1C,=0(modp), 1<7<q-1, 
each of the numbers %Cjp**, 1<i<q-1, 
is an integer: it follows that 
C-b_ 6°—pb 
pk ve pite 
is integral and that 6°— pb is isobaric with p'** (mod p). 
When /=0, 6°—pb is isobaric with @ for no integral value of y. 
The integers 


1 & (6 pb) 
> p? p 


then form the first three terms of the stem of 0 (bas p). 
89. More generally, when f> 1, the numbers 
ih = b, Qex 

are isobaric (mod p), so continuing the process of § 78 we determine 
the greatest exponent « which makes 
6° — pb + pa,o* C-b+'x,0« 
Sito pitkte si pete 
a complex integer. On expansion, 

wt = p-1-97 [(€ —b)% + wt + & 20, (€—b)' at? O(0 Yee], 

1,q-1 
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and, each term under & being certainly divisible by p’, it follows that 


w,! = p-1-97 [(€ —b)* + px.f]+an integer ......... (40) 
so long as 1+qo0<2 or o<k, 
Noting that b=[b + (€-b)]4 


(€—6)* + pare 
=b—b1-q (€-b)bt'- & Ee ee 
1,q- 
+ pit, (€—b) + pitab 
= =f 1 uw Z ol_ 3 s 20; b) q- tht 
=P Ce ®) ie ~P ? 1,q-2 a 

provided w,=(b4"—1)/p. Bike ¢£-b is isobaric with p* (mod p), it 
follows that 


(€—b)2 + (627-1) € 
is isobaric with p!+* except when 
bt -1 
2p 
in which event it is divisible by a higher power of p. 
The congruence (41) gives 
(1 — q) bt *=1 (mod p’) 
and, since b= b?-1 (mod p”’), this involves 


. b1-1=0 (mod p) v.escessecseees eee (41), 


b?=1 +p (mod p’) 
and p=q ! Sen UOT aan anes. (42) 
also f>0 already noted 


An exceptional case mentioned in the enunciation of vi is defined by 
the conditions (42). Since, when p=2, b=3 (mod 4), all the fields for 
which g=2 are exceptional. We return to these exceptions in vur 
when p is odd, in 1x and x when p=2, and for the remaining part of 
vi assume that the conditions (42) are not satisfied. 


In the present case l+go=1+k 
or o=«° which <x, and it is sufficient to take 
@ = b, = least positive residue of (b?-*— 1)/p (mod p)...(43), 
an integer different from 0 and 1. The number 
piteterws= 6 — pb + pb 0%  ...ccececcccecnees (44) 


is then isobaric with p!t+*+*« (modp). When /= 1 this number is 
isobaric with no integer of [6] of rank <e and 


1 8 Ome (6 = ph + pb, 6) 
2 


9 Bors 


are the first three terms in the stem of 0 (bas p). 
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90. When /> 2 the integers 
be —pb + pb, er pee (1+) 
are isobaric (mod p): so we put 


6¢ — pb + pb, Ger + px, 6° (L+e) - _ b+ by Qex 4. 2, Oe« 1+) 


(— 
3 pitereets perce 


whence, on expansion, 
_ (€—b)% + ph, 6 + xe +) 


ws! pihetds +an integer ......... (45), 
provided Llixtgr<2 
Or. 4 T<K—K, 
Now (£—b)2 + pb, C + 2460 +6) 
=p[(d,— g/p) (6— b) + bay6] + M (pit), 
So taking b, =b, —q/p (mod p), 
Le. pie theniie f } PT Re Srey (46), 
b,=b,—1 when g=p 
and a3b= b,b, (mod p), 
or a=" "5, 6, 


a comparison with (44) shews that the numerator of the fraction in (45) 
is isobaric with p!t+«+««, that + =«*, and that 
6° — ph + pb, 6% + pb?*b, b, bx Ate) 
is isobaric with p\«-5) where 
(x. z)=1Lt Kt et ... tK%, 
91. Next assuming that 
6° — pb + pb, 6* PR pbb, by" GL-T oy. (47) 

is isobaric with p«-/+) (mod p) when 2</<f, it readily follows by 


induction that the same result is true when 2</<j/. We cannot pass 
rationally to the next stage since [6] does not contain the number 


Oe (x-f+1) -e = Ge(k.f)-e, a6", 
92. Putting a=(k.f+1), 
also Pei x (0) = 6 —pb when f= 0, 
x (0) = & — pb + pb,6* when f= 1, 
x (0) = 0° — pb + ph, 0% + & ph?-*b,b,'-1 Gel) -1) when f> 1, 
2, 
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the integer 6°x (0) is isobaric with p%*+* (mod p) when s, ¢ are positive. 
Further if 
c=e[(x.f)—1], whence e-(r—1)e>0, 
each of the numbers 
1 6° 6°-°x (@) P= y (6)? Oo etteX CP dese 
fh ee ee p 
is integral, whereas 6°-”-y (6)'/p**" is fractional when 1<i<r—1. No 
two of the last » integers in (48) being isobaric (mod p), these 7+ 1 
numbers are the first 7 +1 terms in the stem of o(basp). They form 
the complete stem when 
r'=1, ie. when e=q’, n=q""" 

the rank of the last one then being e(qg—1) +1. 

93. More generally when 1 <7’ <q the number 

x (7) = — pb + pb, O* + p tees b, bai? 6 [le 4) -3), 

which lies in [,4/6"], is isobaric with p«-4+2 (mod p). 

On putting 

, £-b+b0%+ & BP-*H,b F716 &-9-U) 
pcr, Ud ed emneieaes new ee Tere =" 
pe -J+2) pe -f+2) : 

and noting that 3 rk+1l—r(k+0°+...+0)>4, 
it follows, as in a previous argument, that 

oF = [(E—B) +B, +B BPD,B Grd pre 42)—r4 ME (ph 


Accordingly the integer 
Xi (9) = (0 — pb)” + p" bbe + Sp b-*b, ber.) - 1), 
2, f+1 


which belongs to [6], is isobaric with p"«-*+2) (mod p) and, if 


B=r (x. f+ 2), 
6x (8)' x: (6) is isobaric with psctte+us, 
94. Since when ce =erk (x. f), 


e—(s—1)c'-(t-1)c 
=(r' —s) erk(x.f) +(r—t)e[(x.£) -—1] + ernt*4 
which > 0 when s <7’, ¢<z2, all the 1 + g numbers 
1 0° 6°°x (@) Ge-2¢ Xx (6)? (emda alg (6)? 
? > 2 > r 


PO eee ee Ns P 
~ 8 %y, (8) G°-%-*x, (6) x (8) Gey, (8) x (8) 
yi? pe 1s SPEER NE  pRe ite (49) 


erret ee pt 
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are integral. Each of them becomes fractional, however, when a single 
factor 6 is removed from the numerator. For taking the (¢+1)th term 
in the (s+ 1)th row 
@—se'—te—1+sre(x.f+2)+te(xk.f+1) 
=e(rs+t+1) 
—(r’-1-s)x-(r—1-#) «r—k 
and the expression in the last line is negative when 
Oss¢gr-l1, O0<t<r-l1. 
The last g—1 integers (49) are also heterobaric with 6” (mod p) for 
every integral y. Further, no two of the last g integers (49) are 
isobaric with each other (mod p), for 
[e—se’—te+sre(xk.f+2)+te(k.f+1)—e(sr+t+1)] 
—[e—s'c -—te+sre(k.f+2)+te(k.ft+1)—e(sr+t+1)] 
=«(s—s') + xr’ (¢—#') which +0. 
It follows immediately that the g+1 integers (49) form the stem of 
0 (bas p) except when 
g=p, f>0, b° 431+ p (mod p’). 
The simple form of the stem when /=0 (mod f) has already been 
noted in § 92. 
Another simple case occurs when f= 0, whence 
ear, n=¢r, -¢=0, c=1, x(0)=?—pb; 
the stem of o (bas p) then being 


Le GRA eae 1s 


’ p b) p 3 p Ses, p ’ 
61x (6) gly (oye) Gy aces 
rte ? ake sa pr 


pA RENO eaten A) ae 
oer 7 gee Mei” aT ee 

95—98. VII. n=p", a=p™b, g=p", dv(m, p)=dv(b, p)=1, 
b? —b + 0 (mod p’), omitting an exception. 

95. The cases in which # <A and #=0 fall under 1 and 1v and can 
be disregarded here. All other fields are defined by 

6 =p, f’=b, @ =p", K=k+h, 

and, as in VI, it is convenient to put 


e=e, p=m, K=q 
O</ (an integer), 1<r<qg=rr. 
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The first m +1 terms of the stem of 0 (bas p) are 
6B (eu) OE eu) OE(e-en) 6 
ee Oy gen in 
where H(z) is the integer next greater than (or equal to) 2, but since 
6 is isobaric with p” (mod p) the next term is not generally 


Get Een) [pm *1, 
It can be proved as in § 88 that 6°—p™b is isobaric with p™** (mod p). 
When /=0 the number 6’— pb is heterobaric with & for every integral 
exponent y and the process of § 78 stops at the first stage. 


96. More generally when f>1 the number 6°—p”6 is isobaric with 
pe: provided wz, v, are the unique positive integers such that 


mg¢g+1l=qtt+m,, 0<%<¢. 


6 —p™b-+ aap £— b+ aap-men 
pmtKte .: pste = 


If es 


it readily follows that 
wt = p14 [(€—b)4 + pa.g%] + a complex integer, 
so long as l+go<2. Now 
(6-0) + past 
=b-—b*-¢q (€-6b) be of SSG; (€—by'be-* 


+ PX, [b”: +Y (¢ — b) 6 += Ci (- byob), 
so taking = 
Xz = b, = least positive residue of (b¢—6)/pb" (mod p) (50) 
(€—b)*+pb,,¢% is divisible by p'+*. It is only divisible by a higher 
power of p when 
bt*—1 q 
e,-= 
rid P 
Noting that mv, =1 (mod p), and b!-=b?-" (mod p®), this last involves 
bP *=1 + mp (mod p’) 
and sy aang ROO ee Moet (51) 
which with S>0 
define the exceptional fields. The discussion of these cases is resumed 
in VII—x and, as in VI, every field for which g=2 is exceptional. 
_When the conditions (51) are not satisfied (€—b)%+ pb, is isobaric 
with plt« (modp) and &—p™b+b,p%6e% with pmt«tee go that 


c=, 


62 =0 (mod p). 
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97. The approximation now continues exactly as in vi. When 
f > 2 there exist unique positive integers w., c, making 


mg +g+1= qu, + M(%m+ Grr), O<m<¢, 


acs hm = V,b,6% — b*'q/p (mod p), 
in Am = 06,6" when g> p 52) 
Om = bnb®-1 7 when q oy ee oer ( : 


whence dv (am, p)=1, the number 
6e —p™b ie bmp Gene, + Qn Din 2-1-2 9%s Bex (vo+Kr) 
is isobaric with p”+*«-2) (mod p). Unique positive integers w;, 0;, with 
0<v;<4¢, t>1, also satisfy 
mg +gi+q?+...¢4¢qg4+1 
= FUz+ M (V+ Yo + +e. + pol Stettie sa 14 
The number p”+««-/) is then isobaric (mod p) with 
x7 (9) =x (8) SO — p™b + by po Geers 
ap tae Din 9-1 2a + Pints Dom! (Wit geet. FU 09), 
whereas x ,+1 (9), which does not belong to [6] is isobaric with p™+«® J+), 
It is readily seen, however, as in § 93, that 
xi (0) = (6° =p" bY + bop 6 
aie a bin ba-1-%- se Viggrtld Gere’ (Dit qvsteo bg 104) 


a member of the field, is isobaric with p+" -+, 
The stem of 9 (bas p) contains mg+1 terms of which the first and 
(m+1)th are 1 and 6°/p™. All its other terms are included in the 


formula 
SU LEST inane Send (54), 


1 iat tata 


for O<w<m, 0<t<r, 0<s<r, 
provided z is the integer next greater than 
Bie see), Phe 2) 


1-k 1—k 


98. The sequence of integers 0, ., %, ---, defined by (53) is 
periodic, since it is readily seen that 
[m (q —1)]-?=0. dy oz --- M2 
as a circulating radix-fraction in scale q. 
When m = 1 the solution of (53) is 
. W=1, YW=%M=...=H%=1, 
and this accounts for the comparative simplicity of x (@) in VI. 
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There is an obvious modification in the form of x, (@), both here and 
in VI, when f= 0, viz.: 
x1 (0) = (0 —p™ BY + bap O%. 
99—103. VIII. podd, n=p'**, a=p™b, k>0, dv(m,p)=1, 
b?-1=1 + mp (mod p’). 
In these cases, omitted as exceptional from vi when m=1 and from 
vit when m> 1, we put 
pr=e, B=p"l, 2=b, pr=mp=l. 
The first m terms of the stem of 0 (bas p) are 
OB (eu) GE (2em) GE (e—en) 


, pt po ee 
99. Unique positive integers 7, s are such that 
pr, +ms=mp+ 1 
and then 6°—p™b, p"6, p™*™ are isobaric with each other (mod p). 
Putting 


—p™b a ap" ers ¥ c— b + CM (ok aia seb 


ae p™ tte i. ptte ? 
— b)? + xp?” 6 é 
wo? = aera +a complex integer ......(55), 


so long as 1+pp <2. Now 
1 EHP B Pp E—0) BP Ap (pI) E— DHOP ete 
an 


ZapPi—2™ 6% = xopl* = xp {b + (€—b)} 
= aap {b§ + s(€—b) b& +48 (s—1) (€- by be? + ...}, 
hence, taking 2, = mb?-*, the numerator of (55), being 
= 2p-” (€ — b)? {-(p—1) b? * + mb? s (s — 1)} (mod p'***), 
is isobaric with p'*** (mod p). (‘The argument fails here when p = 2.) 


Hence 
_ 6° pb + mb?—"p" 6 
> oe ar 


is isobaric with unity (mod p) and the method of § 78 can be applied 
again. 


100. Next putting s,=2s when 2s<p and s,=2s—p when 2s>p, 
unique positive integers 7, s,' satisfy 
mp +p+2=p ry+m (s+ ps’), O<s) <p. 
It readily follows that 
O° — p™b + mb?—*p"t O75 — QP—2 97? gh8P — 28-81 3 ay Heme (8, +82) 
is isobaric with p™*™+?7"+2"" (mod p). 
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The approximation is now continued by induction. A unique 
sequence of positive integers is defined by 


mp’ +p) + Wim? + ...+204+2 
=p'r,+m[s, + ps,+ ... + p'-*s,_, + p*13/'] 
OeGp ee uO) See ake SNC ee ee Lc (56). 
8; = 8; +s when s; + s <p, 
8; = 8; +s-—p when s/+s>p 
Putting, when 7> 4, 
a; = — sh?-?*t1 7, 27;_, 
= (- ‘a _ Qp-2 m?-} H2t—8) P= (t—1) 8 -8,!—...—3g_y/— Bre 
and, when 7 > 2, 
W; = (S) + pS. + . + p* *5;_, + p*1s;') ex* 
the number x (@), defined by 
x (0) = 6 — p™b + mb?-*p" 6 when &=1 ] 
x (@) = 6¢ —p™b + mb?-* py" 68 as > ch deme wecees (57), 
3, k-+1 
when & > 1, is isobaric with p™*™ +277 (7-*-1), 


101. Noting that 
(p —2)7> 74+ Qn? + ...42n*+1> (p—1)7 
a unique sequence of positive integers g (mi +) is defined by 
0<t[m+m+ 2x? (1L—2*)/(1— 7)] + ma*g (mi +7) — (mi +j) < mr" 
for 1<i<p—2,1<j<m, and by 
0<(p—1)[m+r42r? (1 —7*)/(1—7)] 
+ mrn* g (mp—m+ J) —(mp—m+j +1) < mr 
for 1 <j <m. 
The mp +2 integers 
OE (eu) OE (2eu) gHte—en) y (6) 
A RE PE ASG ae ee ae 
Gaim ix (G) Gem (8) GE" (8) 
ya ] aie’ aes ym 
G9(pm—2m+1)y (G)P—2  ga(Pm—2n+2) y (Byp—2 


? 


69(pm—m) (9) P-2 


pee ? pa tein ‘ Ue pone 
Bee ee ee Pe FOXES 
pm—m+1? pm—m+2 pene perm 1 
x oe ene aR RRS Pen gn et (58), 


~ are all heterobaric (mod p) and form the stem of 9 (bas p). 
D, the discriminant, =0 (mod p*?*”~**) exactly. 
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It is most remarkable that this set of exceptional fields should only 
exist when g=p. An investigation of the prime ideal factors of p in 
VI, vii and viii would probably reveal other peculiarities. 


102. If Mis the least solution of 
{3 (p—1) m}*=1 (mod p), 
the fraction 2/(p—1)m can be expanded as a circulating radix-fraction 


in scale p, 
0. SySy-a --- S281, 


thus the sequence of integers s,, s., etc. is periodic. 
As a numerical example I take 
n= 3. b= bs kas, meas, 
which belongs to an exceptional class since 
5?=1+3.2 (mod 3?). 
2/(p -—1)m=4=0.1 
in scale 3, so x (0) = @ — 3°. 54+ 36+ 67 
is isobaric with 37". 'The stem of 0 (bas 3) is 
ROD ERO EXO OES re, 
TB. @ Saag ea meee ig (de 
and D=— 37. 5%. 
On the other hand, in the field defined by 
n=3, G=3°e2; 
which follows the normal case vu, the number 
x (8) = —3?. 2+ 66°+186" 
is isobaric with 3°". The stem of 0 is 
1, © XO), Ox) Ox), x OF Fx F yas 3) 


’ 2 5) 22 2) 33 ’ 34 ’ 35 ? 36 
and D=— 3" , 2%, 


103. When m is an assigned residue of p the congruence 
Baer es a + ep (mod Pp"). dkslew waves cere (59) 
has p—1 solutions which are incongruent (mod p). One solution is 
b=1- mp (mod p’) 

and if 1, y, ... Yp-. are the solutions of 

~ y*—1=0 (mod p’) 
the complete set of solutions of (59) is 

1— mp, (1—mp) ys, ... (L—mp) Yp-s (mod p*). 


-_ 
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The integer p* has p(p-1) residues prime to p: p—1 of them 
satisfy 


y’-*—1=0 (mod p’) 
and appear in the table of 1m above. Each of the remaining (p-—1)* 
residues is a solution of (59) for 
m=1, 2, ... orp—1. 
The solutions when p = 3, 5, 7 are appended. 


=n ics 1 (mod 3), 6=7, 2 (mod 9), 

P=?" \m=2 (mod 3), b=4, 5 (mod 9). 

m=1(mod5), 6=21, 22, 3, 4 (mod 285), 
_5,}Jm=2 (mod 5), b=16, 12, 13, 9 (mod 25), 

Pp '|m=3 (mod 5), b=11, 2, 23, 14 (mod 25), 
m=4(mod5), b= 6,17, 8, 19 (mod 25). 
m=1(mod7), b=43, 16, 10, 39, 33, 6 (mod 49), 

me: (mod 7), 5b=36, 2, 38, 11, 47, 13 (mod 49), 

Seg m=3(mod7), b6=29, 37, 17, 32, 12, 20 (mod 49), 
P<" * m=4 (mod 7), b= 22, 23,45, 4, 26, 27 (mod 49), 
{ =5(mod7), b=15, 9, 24, 25, 40, 34 (mod 49), 
m=6(mod7), b= 8,44, 3,46, 5, 41 (mod 49). 


104. IX. p=2, n=2"**, 21, a=2?"b, m=1 (mod 2), b=3 (mod 8). 
In these exceptional cases, omitted from vi and vi, put 
g=2*=in, 2 =mp=}. 
Every two integers of the field, of rank lower than 2g, are hetero- 
baric (mod 2) whereas 
4 + 2b, 
are isobaric with each other. he number 
o= (64 + Q9(m+1)r ga — Pd Ve teal 


Qim+1)7 92, Qm-+r 


is a root of 
wf + 2u*—4 (b — 8) w — $ (3b —1) 0 + Ps (B?- 1464+ 1) =0 
and so isobaric with ./2 since 
b?— 14h + 1=32 (mod 64). 
(The argument fails here when b=7 (mod 8) since then 
b? — 146 + 1=16 (mod 82).) 
It can now be readily seen that 
624 — 9 4 O(m-+1) 7 OY 4. (m+5) am O3qr 
is isobaric with 2”+1+7-* (mod 2). Also if 
2* (m +1) + 24-1 = 2a, + my; 
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with 0 < v; < 2* when 7 =2, 3, ... &, it can be proved as in vi that 
x (6) = 04 — 2” + Qm+1) O14 % Q% Garivs 
2, ke 


is isobaric with 2™+1+7-1/”, 'The field [6] contains no integer of rank 
2q (or lower) isobaric with x (@) (mod 2). Putting 


Sq [Aen 
g()=B| 24 (i-5 + ae) |, 1<7i<m, 
the 2m +2 integers 


OL (244) OH (4qu) 64 (2¢—2q4) 
? 5 p) 92 3 2° a ? 
x(6) x(9) x (9) 67("*x (8) 
gm , gmt ’ gm+2 Lire: gam +1 


are heterobaric (mod 2) and form the stem of o (bas 2). When m=1 
or m>q, g (m) >2q and the last term in the stem as above is omitted. 

D, the discriminant, =0 (mod 24+1+™) exactly. 

In the simplest case when m=1, m= 4 the stem of o reduces to 

@ &+26+2 
gee (bas 2), 

and, when m= 1, n=4q> 4, it becomes 
PL P14 2694+2 Gt (G4 + 2624 2) 


1, 2 b] 92 > 938 


(bas 2). 


105. X. p=2, n=2"*, k>1, a=2?"b, m=1 (mod 2), b=7 (mod 8); 
put also g=2*", 2r= mp=1. 

The field [6] can be defined by 

Ole a ome eb: 
and will be considered as a super-field of {a]. Since the third dissec- 
tion fails to separate the prime ideal factors of 2 in [a] when repre- 
sented by a‘ — 2?"b = 0 we apply the transformation 
ee 2+? B = a? + 2(m+1) wo + OM, 
givins 
B(B)=B*— 2B°— 4 (b —3) B—3$(b +1) B+ ys (b +1) =0. 

The only irreducible divisor of B (z) (mod 2) is z. 

First, when b= 7 (mod 16) 

B(z)=z + 22°+4 (modd {z, ,/2°), 

which is irreducible: hence 

0=(1, 8, 38°, 36°) (bas 2) 


-(1 a a? + Qim+1)rq 49" g3 4 O(mtl) rg? + 9MQq 
a ’ 9(m—1) 7? gmt ’ 2 (8m+3) = ) (bas 2). 
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Also (2) = p? where 
p=(2, B, 6°, 36°) (bas 2) 
= a a? + Qt) rq 49" gF 4 Q(m+)m—2 4 QMq 
= (2, 9m -1) x ? omri Sans 9 (8m+1) T oe ) (bas 2). 
Secondly when b=15 (mod 16), 6+ 1=2¢ (mod 2‘), ¢>4, and the 
diagram contains two edges of slants 4, 4 (2¢—5). 


Hence 
cs 2 P—267+4(3-6 
0=(1, B, tS % B eM aa) (bas 2) 
te a a? + Q(mtirqg+9™ oF + 9(m+1) rq? + 9Mq 
= (1, Q0m—1)m? gmet ) 2Q(8m+38) = ) (bas 2). 


Further (2) = p,’p.2 where 
3— 9B? +1(3—-b 
P= fiPs= @ PsP, p ae = 2B (bas 2) 
= a a? + Q(mt1)7q4Q™ oF + Q(mtl) 7g? 49% 
= (2 Q(m—-1)7? gm+i 5) ae) (bas 2). 


Each prime ideal factor of 2 divides a just m times, and each 
p-diagram for 64=«a contains but one edge joining (q, 0), (0, m). Hence, 
as previously in Iv, 
GE(mu)y GECw)p? — @E(a- aH) yp" 
®= (9, oo ame eee a ) (bas 2). 

3, the relative discriminant of [6] with respect to [a], is exactly 

divisible by p*4“-)*2-! whereas 
D=d1N, (B)=0 (mod 2***4-*) exactly. 
106. XI. n=Ip*, a=p™b, g=p", k>h, 
b? —-b#=0 (mod p’), dv(b, p)=de (/, p) =dv(m, p) = 1. 

This reduces to tv when g=1: in other cases the field can be defined 

by 


@=a, a” =p™™b 
and will be considered as a super-field of that discussed in v1, VII, VIII, 
1x or x. In each of these cases it has been shewn that the (¢ + 1)th 
term of the stem of [a] (bas p) is 
a x(a)" x (a)*/p" 
where x(a), x(a), of ranks 7, s are respectively isobaric with p’, 
p’ (mod p) and 2, y, 2 are positive integers (or zero) so chosen that 
ut+yr +28 
is least, subject to the condition 
amp’ *+yq + af >t. 
6-2 
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The (¢ + 1)th term of the stem of [@] (bas p) is 
6 x (6)" x. (6° 

where 2’, y’, 2’ are so chosen that 
v+ylr+ea'ls 

is least, subject to amp T+ y' gta fot. 


107. XII. n=lp*, a=p™b, gq=p*, k<h, 
dv (b, p) = dv (I, p) =dv(m, p) =1; 

put also p* =e, g=er. 

This field can be defined by 

ie a ae 
and the prime ideal factors of p in [a] have already been separated 
in u. A prime ideal factor p of p divides p just 
p’(p—1)° times, O<gse, c=O0orl; 

it therefore divides p”™ or 6 just p’*?-* (p — 1)°m times. Hence, since 
lis prime to p, 


E(u) OE (2p) OE (t—l) 
®=(0, “ ae BS eee sicet (bas p) 
Pp z Pp 
where y= pl=pt9-*(n-1)m 


and o is the integral basis of [a]. The partial basis of [@] (bas p) is 
obtained by combining, as in § 71, the partial bases for the different 
prime ideal factors of p. 
108. XIJI—XXIII. n=", a=p™b, g=p", #F>h>1, 
b?-—b=0 (mod p’), dv (b, p)=dv (I, p) =dv (m, p)=1. 
Put also K=k+h,-e=p*>p, 
then (6?* /p™)?” = b, 
and the field can be defined by 
6% =p"a, at=0, 

The stem of ® (bas p) for the relative-field is a combination of its 
stems for the several prime ideal factors of p in [a]—and these factors 
have been separated in 1. Eleven cases now need separate discussion, 
p dividing p just p’ (p—1) or p” times. 

XUI. p=Pr, --- Pj-a of (34), pi, ... pj» of (35) or Pi, «++ Pao of (36), 
g>eSp. 
XIV. p=pr, ..- pa of (34), Pi, -.. ys of (35), fr, --- Baa of (36), 


also pj-2 of (35) when j <h+1 and p,_, of (36) when p>2; 
e=p*>g 2p. 
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XV. p=2, p= pj» of (35) when j=h+1; g=2. 
XVI. p=2, p=p,-, of (36); g =2. 
XVII. p odd, p = p, of (34), g>e>p. 
XVIII. p odd, p =p, of (34), e>g>p. 
XIX. p=2, p=p,-, of (35), g>e>2. 
XX.“ p=2, p =py-1 of (35), e>g>2. 
XXI. p=2, p=p,, of (35), e>g=2. 
XXII. p=p, of (36). 
XXIII. p=pz,4, of (36). 


109. XIII. p=p,, -:: pj_s of (84), p,, ... pio Of (35), Pi, --- Prog Of 
(36), g>e>p; also ce=1, t=71 =mg (p—l1)e. 

Since 6” is isobaric with p™’’—) (mod p) and 6! with pe(»-1), the 
first ¢ terms of the stem of ® (bas p) are as tabulated in (60) below. 
Again since 

n = a9 (P-1) + Hoag (p-2) +... + bo (P-1) =0 (mod poe (P-1)) 
exactly, after §83 above, the integer 
(Re 6 Wu Ay” 
must, as in § 78, be tested for divisibility by ps(»-l)+* with o>0. 
Forming the equation of degree ¢ in [a] satisfied by », 
+ Na (w)=A’n™ —p™a, 
and nothing is lost in assuming A to be rational since p is of the first 
degree. From § 83 the number 
Ng (a) = oF PY + HF aMP—) +... + B97 =0 (mod p7(?-*?) 
at least, also identically 
n (z)°= ng (z) + 69) (p* — p) + Ai (2-6) + A ( —b)? + ete., 
where A,, A, etc. are rational multiples of p. Differentiating this 
identity and putting z= b we have 
A,=0 (mod p’), 
whence 7 (a) =— p (mod p?'?*"). 
Thus An (a)™— p™a 
=p” [b—a+ ("A — 6) (amod prelr), 
so, taking A =(-)4, 
N,[—(-)by (a)”"]=0 (mod p”’ (+7) exactly, 
and for no integer A of [a] is 
N.. (6! — An (a)") =0 (mod p™7(?-)+?), 
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It is now evident that 
p=F —(-)"by(a)” and pite 
are isobaric (mod p), so putting 
c= E|mg (p-1)/1) = E(te/2), 
every member of the following tableau is integral : 


OGL (lt) GF (2lr) o£ (t—Ir) 
ea ee 
op oGE [Ir (1-«)] db 00£ (l—Ir—Ire) d 
pe ’ ph Reng oe me ? 
op oGL [lr (1+e—ce)] oo o0F (l-Irt+lre-clze) Nae 
+ yey? porte) an po , 


od’ aE [Ir (1—ce)] ge OOH (I-Ir—clre) f° gGE(I-c«) f° 


p” ? po uf Seer ie cay > peryt ’ 
GE (Ize) oo oGE (ir+lre) do 0G (l—ir+ Ite) ye 
peyirr > pea gee p@ 


No two of these ideals are isobaric (mod p) unless they lie in the 
same row: an obvious extension of the argument in case Iv shews at 
once that the modulus (60) is the stem of @ (bas p). When 

mg (p—1)>Ul(e=1) 
the rank of one or more terms in the last row exceeds /e and such 
terms are omitted from the stem. 


110;-X1V. p= py = fj. of (34), pj, --- Byes Of (85), p,, --< Paaeor 
(36) except when g= 2, e=p">g>p; also 
e=g'r", l<r<g=rr, f21, y=9", =m (p-1). 
The first m (p—1) terms of the stem of ® (bas p) are 
0, oF (sleyn)/p5 1<s<m(p—1)—-1. 
Next if w, = Oley — A, (a — b)™(P-, 
wo! 2 3 PCiAe (a = b)™ (PYF w 9-4 +A?’ (a ts bymg(p-y) —p"™a=0. 


Since "C;/?Cpj=p (mod p*) the diagram of squares shews that 
(a-b)P-N9=_ p (mod p?(?-9+?), 
(The argument fails here when g=2, whence the omissions in the 
heading.) Hence 
(a.~D)"010-)=(—p)" (mod pmt?2) 
and 
Na ("7 — Ay (a—b)™(P-) = p™ (— a + (—)"A,") (mod prtr—42), 
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So taking A, =(—)6 the integer 
w, = Oley — (—)"b (a — bye) 
is isobaric with p™(?-+y (mod p). 
An approximation similar to that in vi now shews that, if a, %;, 2; 
are the unique integers > 0 defined in succession by 
gu; + m(p—1) (+ gr% +... +g) 
=g'ujt+m(p—1)w; 
=m(p—-—1)g'+g'3+...41, 1<i<f-1, 
and A;= (—)™b?-# {(—)m bP -Abert te, 
then the integer 
$ (6) = 0" — (-)"b (a— by"? — A, (a — b)sdlorm — ... 
ve — Apa (a — 5) Grp 
is isobaric with p”(?-l)+y+17+...+7"« (mod p). When 7’ =1, the stem of 
@® (bas p) contains mg (p—1), or fewer, ideals, the [1 + tm (p—1)]th 
of them being o¢ (@)‘/p™-) when 
(¢-1) [m(p-1)+yt+y' +--+] +m (p—1) (ley -1)/ley < tm (p — 1), 
and otherwise 06” (6)'-"/p’(”-) where a, is the unique positive integer 
such that 


1 — (¢-1) m(p-1)>4,-thy+(t-1)(vt7+-- +7) 
>—(t¢-1) m(p-1). 
All the other terms are included in the scheme 
oF" (6)! 


pame=iyrs O<t<g-1, 1<s<m(p-1)-1 
provided 2, is the unique integer satisfying 
m (p—1)>m(p—1) a. —sley + tley (y+ 7+... +77) > 0. 
In the more general case, when 7’ > 1, the integer 
¢$, (0) = Oy — A, (a— b)mr (Pl) — A, (a — bevy — ... 
v= Aya (a— b) 9-80-31 — Ay (a — by Ot 
is isobaric with p™” (p-1)+ry+ryy+---t+e (mod p). The (1+s)th term of the 
stem of ® (bas p) is 
06? b (6)" 1 (8)*/p° 
where 2, y, 2 are the unique set of integers > 0 making 
a+ yley + zleyr 
least, subject to the restriction 


am (p—1)/ley+y{m(p—-l)+y+yt... +77} 
+ar{m(p-l)+tytyPte. tyes. 
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The sequence of integers 7, %, --- is periodic as in previous cases. 
Further, A,=.A,=... =A,=1 whenever p= 2. 

Ill. XV. p=2, p= py-2 of (85), g=2, f=h+1, g=2* 24; 
also 6= 2, ce=Qy=mp=1. 


Since 67 =0 (mod p”) exactly, we put 
w= [Bley = 2"—Dy (a — 1)]/2"—1>, 

whence w + 2 (a—1) 0, +(a-1)? —2a=0......- eee ee (61). 
Now N [(a—1)?— 2a] = N(a-2-—,/8). N(a-2+ /3) 

= [(2 + /3)*—- 6] [((2— /3)?- 8] 

=1+06?—b[(2+ ./3)2 + (2—./3)4], 
and since (2+,/3)%+(2—,/3)2=3. 2+? + 2 (mod 2"*4), 
N{(a-1)?—2a]=(b-—1)?- 3. 2”*°d (mod 2”**) = 0 (mod 2”***) exactly. 
The prime ideal factors p,, ... pj-s of 2 in [a] are of the first degree and 


each divides (a —1)?—2a twice, whereas p;,, of the second degree, 
divides this integer once only. So if 

(a—1)?-2a=0 (mod p’*) exactly, 

2h+3=2(j-3)+27+2, 

1. w=, 
whence, from (61), since 2 (a—1)=0 (mod »5), 

Gey — 20"—Dy (a — 1), or 2-Drw,, 
is isobaric with p”+1+y (mod p). 

Next using the sequence of positive integers w;, #; such that 
2'u; +mw;,=2'(m+2)-1, 1<i<k—-1, 
it follows without difficulty that 
> (0) = Oley — Q0m-N¥ (a — 1) 3 = : (6 - 1)%4 gleyt wi 


is isobaric with p”*2-< (mod p). Hence as in former cases the stem of 
® (bas p) is 
: bE (eye) 96H Cleyu) OGF (ley ~leyu) 


p) p > Pp pe pe 
0p (8) of(0) ~ 
ad ? prt ’ 
obE lw) p (A) 00 £ Cymtleym) (8) oGE (ley—leyutlyu) ¢ (4) 
* nt ae ’ = gy ee 7 am OO cae 


the last member being omitted when 
2m >I (e—1), 
for then Ei (ley — ley + lyn) > ley-1. 
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112. XVI. p=2, p=p,_, of (36), g=2, J>h4+1, gq=2">4; 
also 2y = mp=1. 

Here y= 0 (mod p”) exactly, and if 

p (8) = Bley — 20m—Dy (a + 1) 
then f (8)? + 2m+Dy (a, + 1) p (8) + 2™-1 (a? +1) =0 ...... (62). 
Also N(#?+1)=N(a+t) N(a—-2)=(6—1) 
which =0 (mod 2”) exactly. The prime ideal factors p,, -.. Pas Pa; 
Pasi Of 2 in [a] are all of the first degree and the first A - 2 of them 
divide a? + 1, which =(a+ 1)?— 2a, just twice, the other two once only. 
Hence if 
a? + 1=0 (mod p’) exactly, 
2(h-2)+a+2=2j, 

Le. v=2(j—h+1)>6, 
and, since 2+Dy (a +1)=0 (mod p™*?), 
it follows from (62) that ¢(@) is divisible by p”** though not neces- 
sarily isobaric with p”*? (mod p). 

Next putting w = Oley — f (a), 
so that w* + 2f(a)w+f(a)?—2"a=0 
it is easily seen that no integer f(a) of [a] Eetiaraae satisfies 

2f (a) =0 (mod p”**) } 

f(a) —2"a=0 (mod p*"**) 
which are the necessary conditions for divisibility of 0’y—f(a) by 
prt2te with o> 0. 

All members of the compound modulus 
oH Ceyn) 9 GE Cley) oGE (ley —leyu) 
ere ree 8 BS 
of (9) o¢ (6) (64) 


p” > put (Oe ees a aed RR oO LS 


0p (0) G8 lem) (8) ab Berle) (8) 


anes ? es ie was gets 


? 


are now seen to be integral. The s-th ideal in the first row is isobaric 
(mod p) with the s-th ideal in the third row but, after (63), no such 
pair of ideals can be combined to give an integer 
[Gey — f (a)] OZ Gley#)—1 which = 0 (mod p”****). 
The modulus (64) is therefore the stem of @® (bas p). 
113. XVII. p odd, p =p; of (34), g>e>p; p=0 (mod p”) exactly, 
ée=1, 
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The diagram of squares shews that 

10, (a — b)9b*-9 + (64— 6) =0 (mod p”**) 
whence, since 2C,, =p’ (mod p’), 

(a —b)2= (1 — b?-1)/p? += Bp (mod p***), 
B being a rational integer prime to p. Noting that 

6, (a—bymsc,  pmge 
are isobaric (mod p), we put 
o= (0) =8—A (a—b)m, 
giving oe > GA (a — bym9etw-* + Ae (a—b)™ — p™a =0. 
ge 


Since -A*(a 5)" —pa=p"(AB—) (mod p™**), 
the number » is isobaric with p+D« (mod p) when 
A=bEa™, 


but with no higher power of p for any value of A in [a]. It follows as 
in previous cases that the (1 +s)th term of the stem of ® (bas p) is 


06% [6 —bB?--™ (a — b)mo¢]us/p° 


where @;, ys are so chosen that 2,+ ly, is least, not exceeding le—1, 
subject to the inequality 


(mg/l) x. + (mg +1) eys>s. 


114. XVIII. p odd, p=y;, of (34), e>g>p; 
e=gr', 1l<r<g=rr, ec=gy=1. 
It is easily proved, as in xvit, that 
w, = Oey — bh Be (a — b)™ = ley — A, (a — 5)” 
is isobaric with p”+y (mod p). Next putting 
. Jy4+my,=mg+1, w421, »%,>1, 


and Wo — Oley ra bBra (a — by" i Ay (a Siar b)™ Gleyyr., 
| wf = p™ (a — b) [1 —A, AB] (mod p™+1+7) exactly, 
so, if A,= A>" B-™ =)?" B™—™ (mod p), 


, 18 isobaric with pty+y (mod p). Repeating the argument it is 
proved without difficulty that if 


gt; +m [0% + gv + ... +90] = gu; + mw; = mg +g 0+ 1 
and Ay=(—) 10704 B-™ {Bm bP Nort..40 §> 1, 
then (6) =0'ey— A, (a—b)™"— & A; (a—b)%Gley# ws 
1, f—1 
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is isobaric with p*ty+yt-.+7< (mod p). Further, when r>1 the 
number 


Oat ke eee Ay (a brome 
is isobaric with pr™+tytryy+..+e (mod p). 
The (1+)th term of the stem of @ (bas p) is 
08  (9)" di (8)*/p°, 
where, subject to the inequality 
amge/l+y(m+y+...+y)+er(mt+yt.n.ty*ss, 
x + yle+ zler is least—not exceeding le —1. 


115. XIX. p=2, p=p,. of (35), g>e>2; and 
XX. p=2, p=p,-, of (35), e>g>2. 

The prime ideal p is of the second degree and attached to the last 
edge H_, of the diagram, passing through marked nodes which cor- 
respond to the terms 

{(a— b)#+2(a—b) + 2 Q-?, 
Since there is no marked node on the integer line nearest to Ay, it 
follows that 


(a—b)*% + 2 (a+b) + 2?=0 (mod p¥*?)_ (65), 
(a — b)*7 =2°=0 (mod p***), 
and (a — 6) — 2% =0 (mod p™*),  ¢>1. 


Again when m=1 (mod 8) 
(a — b)™ = 2" (a. — b)? (mod p”’**) 
and (a — bP"? =2"-* (a, — b)*? (mod p?”*?) 
whence (a— bm + 2™ (a — by"? + 29” | (66) 
=2°"*T(a — by + 2 (a — 5)” + 2°] =0 (mod p””’*”) 
The congruence (66) also holds when m= 2 (mod 3). 
Next putting = O04 = GH CARER cere nL (67) 
and noting, from (39), that Q+0 (mod p), the numbers 
0, 1,0, 14+ 
form a complete set of residues (mod p) and satisfy 
0? +Q + 1=0 (mod p). 
Also 


— by =(e- 8)" = 
(a ) aoe i: aes = (all? — 50) (a9 + 62) = 09 — U9 (mod aH (68), 
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hence, from (67) and (65) above, 
(a — bY Q=2 (mod p’*?) 
ee, MoE er } ie (69). 
116. XIX. g>e>2. 6 is isobaric with (a~5)% (mod p) and if 
$ (0) =0 = 6-0 (ab) 
then w+ & °C,0% (a— b)mgctw’* + OF (a — b)™ — 2a =0. 
l,e-1 


When z= me, 
N, (w) =" (a — by"? — 2a = (a? — 59)" — 2a = 2” (1 — a) (mod p”’**) 
from (68) and (69) above. Hence 
(6) =F - O™ (a —b)me 
is isobaric with p”#¢+¢ (mod p), and, as in former cases, the (1 + s)th term 
of the stem of ® (bas p) is 
of  (9)/p" 


where z, y are integers (>0) making x + ly least subject to the 
inequality 
amge/l + y(mge t+ €) >s. 
117. XX. ex=g>2; e=9"r', 1 <r <g=rr’, gy=e=1. 
The number 6’y + Q™ (a —b)” is isobaric with pty (mod p). Choos- 
ing the unique set of rational integers w;, v;, w; which satisfy 
mg tgt+...t+g+1 
= g'u;+ m[1+ G+... + 9°19] 
=gutmw;,, u>0, %>0, wi>O, 
it is easily proved that 
$ (9) = ley + A" (a — bY" + : > > (a. — b)igley** we 


is isobaric with p™+y+y+---+7"« (mod p), provided Q;=1, Q, Q? accord- 
ing as 
Further ~ 
tr (8) = Blom +" (ab) +S OF (ab) Glen 4 O(a — DOM 
Lea 


m (g — w;) =0, 1, 2 (mod 8). 


is isobaric with pe"+yr+...+¢ (mod p). 
Accordingly the (1 + s)th term of the stem of ® (bas p) is 
? | 06” b (4)” di (8)*/p° 
where w + leyy + leyrz is least subject to 
amiley+y[mt+y+...ty]ter[m+yt...+y"]>s. 


er ee 
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118. XXI. p=2, p=p,-, of.(85), e> g=2; gy=mp=1. 
An inspection of the diagram of squares shews that 
(a — 6)* + 2 (a—b)? + 2? + 2? (a —b) =0 (mod p'), 
1.€. (a? — b?)? + 2 (a? — 5?) + 27=0 (mod P') ..... cease (70). 
— ff 
Putting Q=0,,5 Gr B) 
Q (a? — b*) = (b — 6%)/2 =2 (mod 2?) or (mod 7%), 

whence, from (70), 0?+0+1=0 (mod p’). 
Next if w= ¢ (6) = bey —O?" (a — b)”, 
w? + 20?" (a — b)™w + 0 (a. — 6)" — 2a =0, 


and since 
04" (a. — bP" — 2"a =" (a — b)™[(a +b) — 2b]” — 2a 
=” (a — 5)” [(a + b)™ — 2mb (a + b)™—"] - 20 
= 2” (b — a) (1 + mbQ) (mod p””*?), 
¢ (8) is isobaric with p”*Y (mod p). Hence the stem of ® (bas p) is 


: oGE (leyn) GE @leyn) oGE (ley—leyn) oh (8) 

’ p ’ p? ae ~ ? p” ’ 
GE (ley) (9) OE (lem+iey*u) d (8) 0G (lev —ley* 4) (8) 
oo ? on t ee hee oe ‘) 


the last term (at least) being omitted when 4m> ke. 


119. XXII. p=p, of (86); p't=m(p-1). 
Since p divides p™ just m(p—1) times the argument given in Vv 
shews that the stem of ® (bas p) is 
oGE (lee) gE Clep) GE (le—lep) 
9, , i co oe 
P p Laie 
120. XXIII. p= pps of (86); mue=1. 


This prime ideal divides p once only: hence, as in v, the stem of 
® (bas p) is 


> 78 


GE Cen) gGEQlen) GE (elem) 
0 ————— 


5) p > yp? ee 


> 
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PREFACE 


T is now over thirty years since Heaviside’s operational methods of 
solving the differential equations of physics were first published, but 
hitherto they have received very little attention from mathematical 
physicists in general. The chief reason for this lies, I think, in the lack 
of a connected account of the methods. Heaviside’s own work is not 
systematically arranged, and in places its meaning is not very clear. 
Bromwich’s discussion of his method by means of the theory of functions 
of a complex variable established its validity ; and as a matter of practical 
convenience there can be little doubt that the operational method is far 
the best for dealing with the class of problems concerned. It is often said 
that it will solve no problem that cannot be solved otherwise. Whether 
this is true would be difficult to say; but it is certain that in a very 
large class of cases the operational method will give the answer in a 
page when ordinary methods take five pages, and also that it gives the 
correct answer when the ordinary methods, through human fallibility, 
are liable to give a wrong one. In particular, when we discuss the small 
oscillations of a dynamical system with m degrees of freedom by the 
method of normal coordinates, we obtain a determinantal equation of 
the mth degree to give the speeds of the normal modes. To find the ratios 
of the amplitudes we must then complete the solution for each mode. If 
we want the actual motion due to a given initial disturbance we must 
solve a further family of 2m simultaneous equations, unless special 
simplifying circumstances are present. In the operational method a 
formal operational solution is obtained with the same amount of trouble 
as is needed to give the period equation in the ordinary method, and 
from this the complete solution is obtainable at once by a general rule 
of interpretation. For continuous systems the advantage of the opera- 
tional method is even greater, for it gives both periods and amplitudes 
easily in problems where the amplitudes cannot be found by the ordinary 
method without a knowledge of some theorem of expansion in normal 
functions analogous to Fourier’s theorem. Heat conduction is also 
especially conveniently treated by operational methods. 

Since Bromwich’s discussion it has often been said that the operational 
method is only a shorthand way of writing contour integrals. It may be; 


Vi PREFACE 


but at least one may reply that a shorthand that avoids the necessity 
of writing = | dni every line of the work is worth while. Connected 
Tt 


with the saving of writing, and perhaps largely because of it, is the fact 
that the operational mode of attack seems much the more natural when 
one has any familiarity with it. After all, the use of contour integrals 
in this connexion was introduced by Bromwich, who has repeatedly de- 
clared that the direct operational method of solution is-the better of 
the two. 

My own reason for writing the present work is mainly that I have 
found Heaviside’s methods useful in papers already published, and shall 
probably do so again soon, and think that an accessible account of them 
may be equally useful to others. In one respect I must offer an apology 
to the reader. Heaviside developed his methods mostly in relation to the 
theory of electromagnetic waves. Having myself no qualification to write 
about electromagnetic waves I have refrained from doing so; but as the 
operators occurring in the theory of these waves are mostly of types 
treated here I think the loss will not be serious. It can in any case be 
remedied by reading Heaviside’s works or some of the papers in the list 
at the end of this tract. 

A chapter on dispersion has been included. The operational solution 
can be translated instantly into a complex integral adapted for evalua- 
tion by the method of steepest descents; a short account of the latter 
method has also been given, because it is not at present very accessible, 
and is often incorrectly believed to be more difficult than the method of 
stationary phase. Two cases where the Kelvin first approximation to the 
wave form breaks down are also discussed. 

My indebtedness to the writings of Dr Bromwich is evident from the 
references in the text. In addition, the problems of 4.4 and 4.5 are taken 
directly from his lecture notes, and several others are included largely 
as a result of conversations with him. 

My thanks are also due to the staff of the Cambridge University 
Press for their care and consideration during publication. 


HAROLD JEFFREYS 


St Jonn’s CoLLEGE, 
CAMBRIDGE, 


1927 July 19. 
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CHAPTER I 
FUNDAMENTAL NOTIONS 


1.1. Let us consider the linear differential equation of the first order 


y 


dy 
de fy tS: lad wVehayaiaberanereters ayanetshenereteren te (1) 


where # and S are known functions of x, bounded and integrable when 
0 <a@<a. Suppose further that y=y, when 2=0. Let @ denote the 
operation of integrating with regard to 2 from 0 to a, so that 


Qy = f Eesha en ee (2) 
Perform the operation Q on both sides of the equation (1). Then we 
find 
PY GAO RIES yi aes iaas Fe beonserie (3) 
and the right side vanishes with 2. This can be rewritten in the forms 
Chee Oe a aetigee WIS, memseceke oaconeecom nae (4) 
PGCE AIS AT Tie esta pate ee (5) 


These are both equivalent to the original differential equation (1) to- 
gether with the given terminal condition. When we write QRy we mean, 
of course, that # is to be multiplied into y and the product integrated 
with regard to zw from 0 to w. But the whole expression for y may be 
substituted in the last term of (5), giving in succession . 
Y=Yo+ QS + QR (y + OS + Ohy) 

= + QS + QR (y+ QS) + QROR (y+ QS + QRy) 

= (yo+ QS) + QR (yo + QS) + QRQE (yo + QS) 

PORQHOR Go PQS) Fact wacteetsten tees (6) 
on repeating the substitution indefinitely. We have to show that the 
infinite series (6) converges and that it is the correct solution. In 
evaluating each term £& is supposed to be multiplied into the whole 
expression after it, and @ to operate on the whole expression after it. 
Suppose that within the range considered 

bdo ed cata n GS sc ah Na a eg a any (7) 
where A and B are finite. Then the absolute value of the second term 


J by 
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is less than A Bz, that of the third than A? B2?/2!, that of the fourth 

than A* Bzx*/3!, while the general term is less than A” Ba"/n!. The series 

therefore converges at least as fast as the power series for exp Aa. It 

therefore represents a definite function, and on substituting it in (5) we 

see that the equation is satisfied for all values of x; also the solution 

reduces to y, when a =0, as it should. Thus (6) is the correct solution. 
The solution can also be written 


y=(14+ QR+ QROR + QRORQR + ...) Yo + QS)..-----(8) 
The operator between the first pair of brackets is the binomial expansion 
of (1 -Q#)-, carried out as if QR was merely a number. Since y + QS 
is a determinate function, we can write the solution in the form 


y= oe (yt OD): acsiel ind name (9) 


provided that y, + QS is evaluated first and that the operator (1 -— Q#)-* 
is expanded by the binomial theorem before interpretation. In fact (9) 
is merely a shorthand rule for writing (8). But on returning to (4) we 
see that (9) is also the solution of (4) carried out as if 1— QR was a mere 
number. 

It is evident from (8) that the values of S for negative values of 2 do 
not affect the solution provided y, is kept the same. Suppose then that 
S was zero for all negative values of 2, and that y was zero when x= 0. 
The solution would be 


y=(14+QR+ QROQR+...) QS, onc. (10) 


and this solution would be unaltered if the lower limits of all the 
integrals were replaced by — o. But if now we add to Sa constant y/€ 
for all values of w between 0 and €, QS will be increased by y for all 
values of 2 greater than €, and (10) will be converted into (8). If then € 
tends to zero, y) remaining the same, y, will tend to y, and we recover 
the solution (8) with the original initial condition. The physical interest 
of this result is that it corresponds to our notions of causality. Suppose 
that the independent variable a is the time, and that y represents the 
departure of some variable from its equilibrium value ; then R represents 
a property of the system and S an external disturbing influence. If the 
system was originally in its equilibrium state, the form (10) exhibits 
the disturbance produced by the external influence after it enters. If it 
was undisturbed up to time zero, the part of (8) depending on S repre- 
sents the effect of the finite disturbances acting at subsequent times, 
while the part depending on y represents the effect of the impulsive 
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disturbance at time 0 required to change y suddenly from zero to y. If 
we like we can separate the solution into two parts 

(1-QR)*y% and (1- QR) QS, 
and say that the first represents the effect of the initial conditions and 
the second that of the subsequent disturbances. 


1.11. The method just given can be extended easily to cover many 
equations of the second and higher orders. Thus if our equation is 


a : 
peal 0), Garett cea (1) 
with y=y, and a =y, when z= 0, we find by integration 
CK Bate 
dg = 2 Ay +8), ea Mucliek fiat Secaesane (2) 
Y —Yo— LY, = QQ (By +S). ...- ec cececeececeeees (3) 
This leads to the solution in a series 
y=(1+ PR+ GRE +...) (Yo + ay t+ QS), vecceee (4) 
we é 
where Gf (x)= i i; CFE To hg en (5) 


1.12. Asa special example, consider the equation 


= py ee ee teen nae tea Ne (1) 
with y =1 when #=0. Then carrying out the process of 1.1 (6) we get 
y= (1 £aQ +02 Q? + 26.) 1 eee reeceenen cece neaee (2) 
2 yp ; 
alee (3) 
the ordinary expansion of exp az. Or take the equation 
d/ dy _ 2 
i ae al Ue Aare be cepagontion one 4 
wa, (eg) rey 0, (4) 
with y=1 and dy/dx =0 when 2=0. We can infer 
1 
pela {; Q(wy)} eee Seen cin Sats ica (5) 


ee ree ay 


the ordinary expansion of J) (). 
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1.2. The foregoing method is due originally to J. Caqué*; it is a 
valuable practical method of obtaining numerical solutions of linear 
differential equations. Its extension to equations of any order, or to 
families of simultaneous equations of the first order, is more difficult 
unless special simplifications enter. But if the equations have constant 
coefficients, which is an extremely common case in physical applications, 
a considerable development is possible. This arises from the fact that 
the operator Q obeys the fundamental laws of algebra. Thus if a is a 
constant and w and v known functions of z, 


ONC? oa OAs) 3 operon eer rere gest tre oe (1) 
O (0 + ey Oth 40) PAR het Aeaielnne nig (2) 
QOS = EP = acorns rece (3) 


Consequently @ behaves in algebraic transformations just like a number. 
If for instance we have two operators /(Q) and g(Q) both expressible 
as sums of integral powers of Q, thus 


F(Q) =a) + hQ + a. Q? + a3 Q>+ -.. py et es (4) 
9 (Q) = bo + OQ + be? + Os Qt 2. oe ee eeee eee (5) 
where the a’s and 0’s are constants, let us for a moment replace Q by a 


number z small enough to make the series converge absolutely. Form 
the product series 


SF (2) 9 (2) = (yp + Oy 2 + Oy 2+...) (bp +O, 2 + by 2 +...) 
me lg HC BE Cee naa okie ack oke ateeee nee (6) 


say. Consider first the case where the series are both polynomials. Then 
if S is an integrable function of 


F(QYG(Q)S=( te Qt a+...) Svcs (7) 


For the left side means 
(do + 1 Q + aa Q? + ...) (oS + b, QS + b. QS + ...) 


= Ay (AS +b, QS + bP S + wi + (bo QS + b, PS + sie} 
+ hy (Do QPS + ...) + 


* Liouville’s Journal, (2), 9 (1864), 185-222. Further developments are given by 
Fuchs, Ann, d. Matem., (2), 4 (1870), 36-49; Peano, Math, Ann., 32 (1888), 450-456; 
H. F, Baker, Proc. Lond. Math, Soc., (1), 34 (1902), 347-360; (1), 35 (1902), 333— 
378; (2), 2 (1905), 293-296; Phil. Trans., A, 216 (1916), 129-186. Caqué considers 
only a single differential equation, but notices that the operator in the result is 
in the form of a binomial expansion. For other operational methods based on these 
principles, but applicable to equations of order higher than the first, or to families 
of equations of the first order, the above papers of Prof. Baker may be consulted. 
Physical applications are given by W. L. Cowley and H. Levy, Phil. Mag., 41 
(1921), 584-607; Jeffreys, Proc. Lond. Math. Soc., (2), 23 (1924), 454 and 465; 
M.N.R.A.S., Geoph. Suppl. 1 (1926), 380-383. i 
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using (1) and (2); and then using (3) we can collect the terms involving 
the same power of Q and obtain 
Ay by S + (yb, + ay by) QS + (Gods + ay b+ abo) QS +... (9) 
which is by definition the same as 
Ear Cee Cl tt akc owen otaadiensoigabes (10) 
When the series are infinite, their convergence may be established 
easily. If the series for f(z) converges absolutely when | z|<7, then a 


number M/ must exist such that a,7” < Mf for all positive integral values 
of n. Thus 


nm S yo” Seeger iri rari (11) 
and also if for all values of a, | S| < C, where C is a constant, 
GIRS ewes aero (12) 
Hence if PG AS SOM teas (13) 
n=90 
each term is less than the corresponding term of the series 
S 2); g 
3 (¢ Sut mbri Ses (14) 


which converges for all values of 2 however large. So long as f(z) is 
expansible about the origin in a convergent power series, however 
small its radius of convergence may be, the expression /(Q) S will be 
the sum of an absolutely convergent series however great x may be. If 
F(z) and g(z) are both expansible within some circle, their product 
series will also converge within this circle and the expression /(Q) g (Q) S 
will be an absolutely convergent series however great # may be. 
Provided with this result we can now easily extend the result (7) to the 
case where f(z) and g(z) are infinite series, by methods analogous to 
those used to justify the multiplication of two absolutely convergent 
power series. 


1.3. We can now extend these methods to the solution of a family of 
n simultaneous differential equations of the first order with constant 
coefficients. Suppose the equations are 

Cn Yi + C12 Yo + vee + €1n Yn = Sy 

621 Yr + C20 Yo + +» + Con Yn = So (1) 


Cnr Yr +t Ona Yo t +++ + Cnn Yn =Sn 
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where the y’s are dependent variables, x the independent variable, @,. 
spas 

denotes oe +D,s, Where dy, and 6,; are constants, and the S’s are 


known functions of z. We do not assume that 
rs =Asr, Ors = Dery 
but we do assume that the determinant formed by the a’s is not zero. 
When x =0, y; =%, and so on, where the w’s are known constants. 
First perform the operation Q on both sides of each equation. We have 


_ (7. ws ) | 
Q ers Ys = [ (a de RE Drs Ys da 


= Ors (ys— Us) 2 in Qys 

= fis Ye — Ors WS ico ateaia= a's Sei BORE EE (2) 
where f,; denotes the operator @,,+6,,@. Then the equations and the 
initial conditions are together equivalent to the equations 


Sutittieyot > thin Ya = 11 + QS, 


SET ION PO Eee iene 
ve yy +fnoYo +... +FanYn =Un + VS, 
where Os = Gig thy leg Ola Fo eee ow Me (4) 
The general equation can be written compactly 
> hr 5 Ys = Vp + QS,. o¥ecnsitem @evceeieeuvccens (5) 
Now let D denote the operational determinant formed by the //’s, 
namely, 
Jn So Sin 
oe if ig ee des Be ea ee on cae (6) 
Sa Jus cae as Fan 


If this determinant is expanded by the ordinary rules of algebra and 
equal powers of @ collected, we shall obtain a polynomial in Q. The 
term independent of @ is simply the determinant formed by the a’s, 
which by hypothesis does not vanish. Now let /., denote the minor of 
Jrs in this determinant, taken with its proper sign. F., also is a poly- 
nomial in Q. 5; 

Now operate on the first of (3) with /,, on the second with F,,, and 
so on, and add. Then in the sum the operator acting on Ym, say, is 

: Sy Mien daca cae (7) 
If m = s, this sum is the determinant D; if m +s, it is a determinant with 
two columns equal and therefore is zero. The resulting equation is 
therefore 

dO 5 BE vs CUR SEN IN) His: wae casero: (8) 
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Now if all the $’s are bounded and integrable within the range of values 
of x contemplated, the expression on the right of (8) is also a bounded 
integrable function of «. Also since the function D(z), obtained by 
replacing Q in D by a number ¢, is regular and not zero at z=0, the 
function 1/D (z) is expressible as a power series in z with a finite radius 
of convergence. Define D-'as the power series in Q obtained by putting Q 
for z in the series for 1/D (z). Then operate on both sides of (8) with D7}. 
We have 
US WB cae Pee Ba CS ASM Vek Ste sc ee (9) 


But, since series of positive integral powers of Q can be multiplied 
according to the rules of algebra, D-'D gives simply unity, and we 


have the solution 
Wee Sedge COST) Op racceone nena tat AER (10) 


This gives a complete formal solution of the problem. Its form is often 
convenient for actual computation, especially for small values of x; but 
it can also be expressed in finite terms. D is, as we have seen, a poly- 
nomial in @ of degree m at most, while #’,, is a polynomial in Q of 
degree n —1 at most. Our solution is therefore of the form 


_$@ , ¥Q gg. 


NT 

“ DQ) D@) 

where ¢ and w are polynomials whose degree is ordinarily one less than 
that of D. Since the determinant formed by the a’s is not zero we may 
denote it by A, and then D will be the product of n linear factors, 


thus 
D= A (1—4,Q) (1—a2Q) ... (1 — an Q), -eesseeeeeee (12) 


where the a’s will ordinarily be all different. Then $(Q)/D(Q) can be 
expressed as the sum of a number of partial fractions of the form 


L 
Tie ee ee (13) 
But by 1.12 (3) this is the same as Le*”. The part of the solution arising 
from the v’s can therefore be expressed as a linear combination of 
exponentials. 

The justification of the decomposition of $(Q)/D(Q@) into partial 
fractions is that this decomposition is a purely algebraic process. Hence 
if the partial fractions and the original operator are all expanded in 
positive powers of Q, and like powers of @ are collected, the coefficients 
of a given power of @ will be the same in both expressions, and the 
equivalence is complete. 


\ 
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Exceptional cases will occur if D contains no term in Q", or if two 
or more of the a’s are equal. If the term in Q” is absent the expansion 
of the operator in partial fractions will usually contain a constant term. 
If the term in Q" is also absent we must divide out, and the expan- 
sion in partial fractions will contain a term in Q; this will give a term 
in # on interpretation. 

If several of the a’s are equal, the expression in partial fractions 
will involve terms of the form M/(1—a@)~". These can be interpreted 
by direct expansion; but another method is more convenient. Starting 
with 
A Cl AQ) Se, fect ser oer aeons (14) 


let us differentiate r—1 times with regard to a. We find 


entre aS ST tae wt MRE OG Bacay. ‘(15) 
BO snee a SF = oo Fe PONE Aelia: (16) 


A rather different form of resolution into partial fractions from the 
ordinary one is therefore necessary if each fraction is to give a single 
term in the solution. Instead of having constants in all the numerators 
we must have powers of Q, the power of @ needed in any fraction being 
one less than the degree of the denominator. But if we write p~’ for Q 
the fraction in (16) is algebraically equivalent to p/(p —«a)”. In this form 
the power of p in the numerator is independent of the degree of the 
denominator, and it is easier to resolve into partial fractions of this form 
than into those involving Q directly. 

The above remarks apply to the interpretation of the effect of the 
initial conditions; that is, of the first term on the right of (11). To find 
the effect of the ‘*éring in the S’s we may expand the operators simi- 
larly. To interpret (1—aQ) QS in finite terms, we note that it is the 


solution of es —ay=S that vanishes with z. This is easily found by the 


ordinary method to be _ 
Neck 20h Co ped MO eee ta (17) 
which is the interpretation required. 

To sum up, we can solve a family of equations of the type (1) by 
first integrating each equation once from 0 to a with regard to 2, allow- 
ing for the initial conditions. This gives a set of equations of the type 
(3). The subsequent process for deducing the operational solution (10) 
is exactly the same as if the operators /,, were numbers, and the 
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ordinary rules of algebra were applied. The solution can be evaluated 
by expanding the operators in ascending powers of @ and evaluating 
term by term; this in general gives an infinite series. Alternatively it 
can be obtained by resolving into partial fractions and interpreting each 
fraction separately; this gives an explicit solution in finite terms. 


1.4. Heaviside’s method is equivalent to that just given; it differs 
in using another notation, which is not quite so convenient in a formal 
proof of the theorem, but is rather more convenient for actual applica- 
tion. In Heaviside’s notation the operator above called @ is denoted by 
p-. At present we need not specify the meaning of positive powers of 
p; negative integral powers are defined by induction, so that p~” denotes 
Q". We have noticed that the passage from 1.3 (3) to 1.3 (10) is a 
purely algebraic process. Consequently if all the equations (3) were 
multiplied by constants before the algebraic solution the same answer 
would be obtained. Suppose then that we write the general equation 
1.3 (5) in the form 


Bis (Gra t OreP *) He = Sebeg tle +P Sy. ecsves Pee Ae 
Multiply throughout by p as if this were a constant. We get 
Spl heg fl De ale sre Pe Py, aeaseeee ae (2) 


On solving the m equations of this form we shall obtain a solution 
identical with 1.3 (10) except that p~' will appear for Q, and both 
numerator and denominator will be multiplied by the same power of p. 
If the operators in the solution are expanded in negative powers of p, 
and p~} is then interpreted as Q, the result will be identical with that 
already given. Comparing (2) with the original equations 1.3 (1) we see 
that the new form of our rule is as follows: 

Write p for d/dz on the left of each equation; to the right of each 
equation add the result of dropping the ¢’s on the left and replacing 
the y’s by their initial values; solve the resulting equations (2) by 
algebra as if p was a number; and evaluate the result by expanding 
in negative powers of p and interpreting p~' as the operation of 
integrating from 0 to 2. 

This is Heaviside’s rule. In what follows the equations (2) will usually 
be called the subsidiary equations. 

To obtain the solution explicitly, we put ¢,. for ap + d,s, denote our 


determinant 


Se ry 
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by A, and denote the minor of ¢,. in this determinant, taken with its 
proper sign, by Z;. Then the solution is 


Ys ES s) oe ( D2 OrmUm + Bee pwn tints claves rais malo = 2 (3) 


Since the determinant formed by the a’s is not zero, A is of degree nm in 
p, while Z,, is at most of degree n—1. The operators can therefore be 
expanded in negative powers of p, as we should expect; positive powers 
do not occur. All terms after the first vanish with z; the first is 


3, ae St a, rer a eee (4) 


where A,, is the minor of a,, in A. But 
3 AG A= zt 
=0 (m+s)}” 
and (4) reduces to w,, as we should expect. This verifies that the solu- 
tion satisfies the initial conditions. 


1.5. To interpret the operational solution 1.4 (8) in finite terms we 
require rules for interpreting rational functions of p operating on Page 
and on other functions. We have already had the rules 


l= Os oe OP > ‘aud 80 UD, b jcceeee eee (1) 


a pee aa * —n x 
po1=Q1=2; p "l= Qe=3)3 and in general p 1="5-+--Q) 


If unity is replaced by Heaviside’s ‘unit function,’ here denoted by 
H (a), which is zero for all negative values of 2 and 1 for all positive 
values, we shall still have 


mad: § (a) = = Siac ¥ eins as o's Vn 08 einielninmieipie SAiors (3) 


when wz is positive, but it will vanish when z is negative. We can also 
replace the lower limit of the integrations by — without altering this 
interpretation. 

Again, we shall have when z is positive 


| AP ee GPO 
poe Dea Oe tte (4) 
p s ba 8 2 ge 
(p—a)” @—aQy- (1)! ° SS W0e esse ew oles (5) 
- a a p 7 
pra pra aU eee (6) 


where the function operated on may be either unity or H (a). In the | 
latter case all the operators will give zero for negative values of a. 
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The operators in 1.4 (3) are of the form f(p)/F'(p), where /(p) and 
'(p) are polynomials in p, and /(p) is of the same or lower degree 
than F'(p). If F'(p) is of degree n it can be resolved into » linear 
factors of the form p—a. Then provided that the a’s are all different 
and none of them zero we have the algebraic identity 

AS A ener AO att Ke 
pF (p) = FO) * mid ia aoe ee ee (7) 
F(p) £0) 5 f@__p 8 

FO)> FO)* pe ee aes (8) 

If this operates on unity or H (a) we have therefore for positive values 


of x 
£0), _£@ ,5 F@ i 
F'(p) F() “Aa af" Gon os ee ee acre 
T’o justify this we notice as before that (8) is a purely algebraic iden- 
tity, and therefore if both sides are expanded in negative powers of p, 
beginning with constant terms, the expansions of the two sides will be 
identical, and on interpretation in terms of integrations will give the 
same result. 

The formula (9) is usually known as Heaviside’s expansion theorem ; 
but as Heaviside’s methods involve two other expansion theorems* it 
will be called the ‘ partial-fraction rule’ in the present work. 

If some of the a’s are equal or zero, the expression (7) considered as 
a function of p will have a multiple pole, and its expression in partial 
fractions will contain terms of the form (p —«a)~*, where s is an integer 
greater than unity, and a may be zero. Then /(p)//'(p) will contain 
terms of the forms p~*~) or p/(p—a)’, which can be interpreted by 
means of (2) or (5). 

By means of these rules we can evaluate all the expressions for the 
part of y, in 1.4 (3) that depends on the initial values of the y’s. If the 
S’s are constants for positive values of «, as they often are, the same 
rules will apply to the part of the solution depending on them. If they 
are exponential functions such as ¢#*, the easiest plan is usually to 
rewrite this as p/(p— ) and reinterpret. Thus 


whence 


AG Dee AO RS 2 

F(p)” F (p) p—p Se AOL ON OCOD DOOO ONE Ge Ore hIc (10) 
_ FH) % Taek en”, 
ae Fu)” CS eae aye Sotaeae (11) 


* Namely, expansion in powers of Q or p~! and interpretation term by term; 
and expansion in powers of e~/, where h is a constant, as in 4.2. 


Ve; FUNDAMENTAL NOTIONS 


If S is expressed as a linear combination of exponentials we can apply 
this rule to each separately. This is applicable to practically all func- 
tions known to physics. 
Alternatively we can resolve the operator acting on S into partial 
fractions and interpret p-"S' by integration and other fractions by the 
rule of 1.3 (17) A 
Pp ==", 
This completes our rules for solving a set of linear equations of the 
first order with constant. coefficients. In comparison with the ordinary 
method, we notice that the rules are direct and lead immediately to a 
solution involving operators, which can then be evaluated completely 
by known rules. If it happens that we only require the variation of one 
unknown explicitly, we need not interpret the solutions for the others. 
In the ordinary method we have to find a complementary function and 
a particular integral separately. To find the former we assume a solu- 
tion of the form y,=,é*” and on substituting in the differential equa- 
tions with the S’s omitted we find an equation of consistency to 
determine the » possible values of a, and the ratios of the \’s corre- 
sponding to each. The particular integral is then found by some method, 
but it does not as a rule vanish with 2 The actual values of the 2’s 
are still undetermined, and the value associated with each a must. be 
found by substituting in the initial conditions and again solving a set — 
of m simultaneous equations. The labour of finding the equation for the 
a’s and the ratios of the ’s corresponding to one of them is about the 
same as that of finding the operational solution in Heaviside’s method ; 
the rest of the work is avoided by the operational method. Further, if 
some of the a’s are equal or zero considerable complications are intro- 
duced into the ordinary method, but not into the operational one. 


Sao [ Sear dae del ee (12) 


1.6. The above work is applicable to all cases where A, the deter- 
minant formed by the a’s, is not zero. We can show that if A is zero 
there is some defect in the specification of the system. A system is 
adequately specified if when we know the values of the dependent 
variables and the external disturbances the rates of change of the 
dependent variables are all determinate, and if the initial values of the 
variables are independent of-one another. Now if A is zero, let us 
multiply the 7th equation by A,,, the minor of a. in A, and add up : 
for all values of 7. The coeflicient of dy,/da in the sum is A, which is 
zero ; that of any other derivative is a determinant with two columns 
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equal, and is also zero. Thus the-derivatives disappear entirely from 
the sum, and we are left with a relation between the y’s and the S’s. 
If the coefficients of the y’s also vanish, there must be a permanent 
relation between the S’s, and one of the equations we started with is a 
mere logical consequence of the others; then we have not enough 
equations to determine the derivatives. If the coefficients of the y’s do 
not vanish, we can put #=0 and obtain a relation between the initial 
values, which are therefore not independent. 


1.7. The method is most easily extended to equations of higher 
order by breaking them up into equations of the first order. Thus if we 
have an equation of the second order such as 


ay _ dy 
: = Pp ee OR oe ay Se toe 
det de oY S, (1) 
we introduce a new variable z given by 
Qe = 
ea dee ee (2) 
and the original equation can be replaced by 
dz ye 
dat 0% + by=S: eines asan eee eeu eats (3) 


We have now two equations of the first order in y and z. If initially 
y =y, and dy/dx =y;, the subsidiary equations are 


yD he’ tak | eee PE oe (4) 
(pt a)et by HPP t BQ. cecccceceeieccccenees (5) 
Solving by algebra we find 
SN ACIEON GSES Ve a eRe (6) 
= tao) Re aan es: 
T'o interpret, put 
p+ap+b=(p—a)(p—B), Bate orcas aetna dele eraes (7) 
and apply the partial-fraction rule. We find 
1 1 i 
Y= gap By) O — B29) 0 
+ : [ e* " Se-8* dar — | ere de | seul) 
a—p 0 0 


which is easily shown to satisfy all the conditions and therefore to be 
the solution required. 


/ 
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1.71. A few illustrative examples may be given. (p is written for 
d/da from the start.) 
Ue (p?+4p+3)y¥=1; W=3; W=-2. 
We consider the subsidiary equation 
(p?+ 4p +3) y=1-2p+ 3 (p?+ 4p) 
= 3p7 +109 +1, 
; 3p? + 10p +1 
7 (p+1) (p+ 8) 
=i+8e"%—te™, 


on interpreting by the partial-fraction rule. 


2. (p? + 5p +6) y=12; y=2; m=0. 
Consider (p?+5p +6) y=12+2(p?+ 5p). 
Cancelling the common factor, 

y =2. 

3. (p+3)y=e™; =0. 
This can be written (p+3)y= aoe 
or 3 joe ee 

(p + 2) (p +3) 
=¢ ee 

4. (p? +n?) y=0. 

"Yo + sin na 
a a = YoCOS n+ I = 
5. (pt+2P y=a%e-*; Y=; y= 0. 


The expression on the right is equivalent to the operator 2p/(p + 2)*. 
Hence : ae ] 
x 
egal ie 

We notice the advantage of Heaviside’s method in avoiding the use 
of simultaneous equations to determine the so-called ‘arbitrary’ constants 
of the ordinary method. In particular in the second example the data 
have a property leading to a simple solution. Heaviside’s method seizes 
upon this immediately and gives the solution in one line; with the 
ordinary method the simultaneous equations for the constants would 
have to be solved as usual. 
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In general we may say that the more specific the problem the greater 
will be the convenience of the operational method. 


1.72. The method just given can be extended easily to a family of 
equations of the second order. If the typical equation is again written 


Bors Ya es DiefeyW/eve)(6 (a O7his ste [Qiainia dieieiéie wie iavals (1) 
7 a d 
where now €rs= Ors as + 6. ae (2) 


we can introduce m new variables 2, 22, ... 2, given by 

a 

a Re erg (3) 
thus treating the first derivatives of the y’s as a set of new variables. 
Then the equations (1) are equivalent to 

oy ae ae Dine Crp ope Crs Vy) = hs. ste eke eee (4) 

and (3) and (4) constitute a set of 2n equations of the first order. Suppose 
also that when x =0, y,= Us, Z,=Vs. According to our rule of 1.5 we 
must replace d/dx by p and add pu, to the right of (3), and 3, d,s. pv, 
to the right of (4). We have now to solve by algebra, and may begin by 
writing the revised form of (3) 


DFO LO ats Vea batots aces Leet as ac Rk (5) 
When we substitute in the modified form of (4) we get 

Xs Grs p” (Ys care Us) a 3s brs p (Ys i= Us) a Xs Crs Ys = S,. =f > Ars PVs 5 (6) 
or, on rearranging, 

Se (rsp? + brs P + Crs) Ys = Ss (Ors DP? + Drs P) Us + Bs Ars PVs + S,. --.(T) 
We have thus m equations for the y’s to solve by algebra, and the 
solution can be interpreted by the rules. 

In Bromwich’s paper ‘Normal Coordinates in Dynamical Systems’ a 
method equivalent to the operational one is applied directly to a set of 
second order equations. First order equations, however, arise in some 
problems of physical interest, and merit a direct discussion. This, as we 
have seen, is easily generalized to equations of the second order. 


1.73. In the discussion of the oscillations of stable dynamical systems 
by the ordinary method of normal coordinates there is a difficulty when 
the determinantal equation for the periods has equal roots. ‘This does 
not arise in the present method. If the system is not dissipative, 
and the determinant formed by the e’s as defined in (2) has a multiple 
factor (p? +a)’, we know from the theory of determinants that every 
first minor has a factor (p? + a”)"~?. On evaluating the operational solution 
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of (7) we can therefore cancel the factor (p” + a*)’~* from the numerator 
and the denominator, and we are left with a single factor (p” + a) in the 
denominator. Thus the part of the solution depending on the initial 
conditions is of the trigonometric form as usual; terms of the forms 
¢cosat and ¢sin at do not arise. 


1.8. In all the problems considered so far the operators that occur in 
the solutions are expansible in positive powers of Q, or in negative powers 
of p, and we have seen that so long as the series obtained by replacing 
@ by a number have a finite radius of convergence, however small, the 
operational solution is intelligible in terms of the definitions we have 
had. But we have not defined p as such, because we have only needed 
to define its negative powers, and p cannot be expanded in terms of its 
own negative powers. Then has p any meaning of its own? Since it 
replaces d/dx when we form the subsidiary equation we may naturally 
suppose that p means d/dz, and this is the meaning sometimes actually 
attributed to it; but care is needed. We recall that when the subsidiary 
equation is formed a term like py, appears on the right; but dy,/dz is 
zero, so that if we pushed this interpretation too far we should be faced 
with the alarming result that the solutions of the equations do not 
depend on their initial values. The fact is that though the operators 
d/da and Q both satisfy the laws of algebra and are freely commutative 
with constants, they are not as a rule commutative with each other. 


Thu x 
: £ QF (2)= ES if F @yda=F (@) nine. (1) 
QF f@=[F'@)de=f@-FO. or 2) 


Thus the operators p and @ are commutative if, and only if, the function 
operated on vanishes with x. It appears from (1) that d/dz undoes the 
operation Q if d/dz acts after @. With this convention we can identify 
p, the inverse of Q, with d/dz. When p and @ both occur in an operator, 
the Q operations must be carried out before the differentiations*, 

This result explains why some of our interpretations differ from those 
given in text-books of differential equations for the determination of 
particular integrals. For instance, we have interpreted 1/(p—a) as 


1 : 
~(e — 1). In the ordinary method, due to Boole, we expand this operator 
Q 
in ascending powers of p, and get 
nf 1 »p 1 
eee) Bien AA in 54 (3) 
* Of. Heaviside, Electromagnetic Theory, 2, 298. 
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This assumes that the sum of all the terms of the series after the first 
is zero. But 


Ga)! a 5: Se (4) 


If the operator on the right is written eee pl, it is clearly zero. 


But if it is written =: p oe . 1, it gives by our rules sé The differ- 
ence arises from the fact that the operators p and (p—a)™ are non- 
commutative. 

We may notice, incidentally, that whereas the series in powers of Q 
give convergent series on interpretation, the same is not true of the 
corresponding series in powers of p. For instance, if S = (a — 1)", where r 


is fractional, the series for a . S in ascending powers of p diverges 


1 

like S(@-—1)-"n!. Apart from the greater internal consistency of 

Heaviside’s methods, then, they are capable of much wider application. 
We have also 


dof(a)=(14p+ + -)£@) 


=f(a)+hf' (@)+ Ef" (a) +. 


by Taylor’s theorem. The operator ¢” increases the argument of a 
function by h. 

This operator is useful in enabling us to find a theorem that plays 
in Heaviside’s method a part closely analogous to that played by Fourier’s 
integral theorem in the ordinary method. Instead of trigonometric 
functions, Heaviside treats as fundamental the function here called 
H (a), which is zero for negative, and unity for positive, values of a*. 
This function being discontinuous, we cannot at once apply T'aylor’s 
theorem to it; but continuous functions can be found as near to it as 
we liket, and the results obtained by applying (5) may be regarded as 
the limits of results proved for these. Then we shall write 


nh = —h 
oH (#)=1 when # > i. eens (6) 


=(0 when w <—h 


* Proc. Roy. Soc., A, 52, 513. 
+ E.g. 4 (Erf\xz+1) where \ may be made indefinitely great. 


18 FUNDAMENTAL NOTIONS 


A fuller justification of this step will be given in the next chapter. Then 
if h, <ho, 


(o-Ps — e-Ph) H (#)=1 ith, <a<hy 
=( if c<h, eee teeeetees (7) 
and =0 if r>h, 


If further h, < ho <hz<...<hn; 
{(e-? =e-#M) f (Un) + (eB —e-PM) fe) +... #(6-Pn—r—e-hn) f(I)} H (2) 
=0 for w<h,, f(h) for h,<a<h,, and so on. ......... (8) 

If then the subdivisions of the interval 4, to h, become indefinitely 
numerous, we can approximate as closely as we like to a function f(z) 
by asum 3f(h) (e?— — e-Phr) H (xv). Now with a further proviso about ~ 
replacing H(#) by a continuous function and later proceeding to a 
limit, we can replace this sum by an integral. Then 


F(@)= i a __ fale” H@)|= | “f® eh nH (x) dh. (9) 


If the integration with regard to / is carried out, we obtain a function 
of p operating on H(z). In this way a given function of z can be 
expressed in the operational form*. 
We notice that if 2 is positive 
0 when 2 <0 
x when z>0 
a { 0 when a<h 
~ la—-h when «>, 


1 
—ph — = p-ph 
ti) evn { 


and eM H (2) =" H(w—h)= | H(@-h)de 
P p 0 
=0 when 2 <A, 
=xv—h when «>h. 
Thus the operators and e~P" can be commuted provided is positive. 


ni * 0 when 2<—h 
ee 2 OTS DUN aR Tet 


p zx when z>0. 


Fortunately symbolic solutions seldom contain operators of the form 
evh, where h is positive, so that the fact that this operator is not com- 


mutative with 5 gives little trouble in practice. 


* Heaviside, Electromagnetic Theory, 3, 327. 


COMPLEX THEORY 19 


CHAPTER II 
COMPLEX THEORY 


2.1. All the interpretations found so far for the results of operations 
on unity or on H(«#) are special cases of two closely related general 
rules, as follows. If ¢ is an analytic function, 


$(p)-1=5 5 | bla) ds rem ca s (1) 
$(p) H(a)=55] $0) de Patents ae (2) 


In the former definition the integration extends around a large circle 
in the complex plane. In the latter the integration is along a curve 
from ¢—ta to c+t, where c is positive and finite, such that all 
singularities of the integrand are on the left side of the path (that is, 
the side including — « ). These rules are both due to Bromwich*. 
Considering first (1), we have 
. 1 exe 
LAN Sa Ont oxnrl Ky wat ee cce cnc cccccetesees (3) 

and the only pole of the integrand is at the origin, where the residue 
is 2"/n!. Hence when z is a positive integer 


Sehr 
Pp “yi Po Gaiaiivia (bane isan eine cituaisca ha © pe (4) 
Also we see that 
Ne ee AL a tae eewee TNR iaee reaaa Gey owes (5) 


since the integrand has no singularity in the finite part of the plane; 
and 
Pile oN Dia Ney ee Vee me ae ely 0 (6) 
The interpretation 1.5 (5) of p/(p—.«)” also follows immediately from 
1D) 
iS partial-fraction rule can also be proved easily. For by (1), with 
the notation of 1.5, 


AC RUN scr NSN ORG! RS 
Ol eee 
FO) SSG) 
= FO) t *aF'(a)* eS RNS Meek oie Renee hi (8) 


on evaluating the residues at the poles 0, a, a2, ... ay. 
* ‘Normal Coordinates in Dynamical Systems,’ Proc. Lond. Math. Soc., 15 (1916), 
401-448. 
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We can also prove that 1.4 (3), when interpreted by the rule (1), is 
the correct solution of equations 1.3 (1). If we denote by @,s(«), A (x) 
and E,;(«) the results of replacing p by « in é,., A, and #,,, the part 
of 1.4 (3) not involving the S’s is equivalent to 

Y= sacl a “ Ve galt | SRE TT ee (9) 

Substituting in the differential equations 1.3 (1) we find that the left 

side of the m’th equation is 


L(y 5 En(e) ne 
yo iF SBR Ty Gt (8) PO dR creecceeene (10) 
But S- Eys () Ome (kK) = A(x) f r =m 
if F&M ee (11) 
and the expression (10) is then equal to 
1 Pat bes 
= Um @ UK =O Pes yan ee (12) 


Thus the differential equations are satisfied. 
Now considering the ae conditions, we put 2=0, and find 
S Firs (x) 


3 f, = Riis OM Cagersereter seer 0 fe 
“Also te = Tn = (Om (Shatin ei aces ee (14) 
1 Ens 
and = 5 |, , 34 eS {nm («) — Dp} Um OK 
tere E,.(«) 
= 5, | {Eu - 33m ay om sgh tes cciton (15) 


Now A («) is a polynomial of the n’th degree in x, and £,, (x) one 
of the (z—1)th degree. When | «| is great enough the second term in the 
integrand is of order x. It therefore gives zero on integration, and we 
have 

LP POR OES eer iy Geer (16) 
so that the initial conditions are satisfied. 

Next, suppose that instead of the S’s being zero they are exponential 
terms of the form Pe". Since the solutions are additive it is enough 
to suppose that the initial values of the y’s are all zero, and to consider 


the effect of an exponential term in the first equation alone. Then the 
equations are 


En Yi t Qo Yor «.- +6in9,=Le*= es 
De Ore Y= 0 (s#1) 
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The operational solution is 


E,, Pp 
Y= eS) Mo ddpaioucocedeenAceenes 1 
Ceara (18) 
This is to be interpreted as 
Selby RE NS ee 
y= anf: A («) jae A Dr ee (19) 


Substituting in the differential equations we find that the left sides 
of all vanish except the first, in consequence of the integrand con- 
taining as a factor a determinant with two rows en eale the first 
gives 

P xx 


2ruJoK—p 


CCP Ge es ese (20) 


The differential equations are therefore satisfied. 

When w#=0 and | «| is large, the integrands in (19) are all O(e2) and 
the integrals are therefore zero. Thus all the y’s vanish with z. 

Since all functions that occur in physics can be expressed by Fourier’s 
theorems as linear combinations of exponentials, the proof that the 
solution can be carried out by operational methods is complete. We 
shall see later, however, that Fourier’s theorems are not so convenient 
to use as the formula 1.8 (9) based on the function H (z). 


2.2. Now let us consider the integrals 2.1 (2), taken along the path L. 
If we suppose the contour completed by a large semicircle from ¢ + 1 
to c-.« by way of —, all the singularities of the integrand are within 
the contour, and therefore the integral around it is the same as the 
integral (1) around a large circle. Now if a is positive, and ¢ («)/« tends 
to zero uniformly with regard to arg« as « tends to », the integral 
around a large semicircle tends to zero as the radius becomes indefin- 
itely large, by Jordan’s lemma*. Hence the integral along L is equivalent 
to the integral around a large circle. Thus if z is positive and 

$ (x)/K= O(«™) 

when « is great and m is positive, ¢(p) H (a) is the same as $(p) 1. 
But if # is negative, the integral around the large semicircle on the 
negative side of the imaginary axis is no longer an instance of Jordan’s 
lemma, and this result no longer holds. The integral around a large 
semicircle on the positive side of the imaginary axis is, however, re- 
ducible to the integral along Z, since by construction there is no 
singularity between these two paths. If then $(«)/«=O («™) when « is 


* Whittaker and Watson, Modern Analysis, 1915, 115. 
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great, the limit of the integral around this large semicircle is zero by 
Jordan’s lemma, and therefore ¢ (p) H (@) is zero. 
Thus if # (p) is expansible in descending powers of p, beginning with 
a constant or a negative power of p, we shall have 
+(e) Ha) $e) tat Ole 
¢(p) H(«)=0 when 2 <0 
The integrals 2.1 (2) for p”# (a), where m is a positive integer, are 
divergent, but these derivatives can be found by differentiation. Evi- 
dently they are zero except when 2 =0, anne do not exist. 
Again, OMT (@) = = [= PALE HT ta Rn as (2) 


Qr 


ex (e+ 


This proves the result obtained by less satisfactory means in 1.8. 
We can also translate into the form of a double integral the opera- 
tional expression for a general function. From 1.8 (9) 


f (w)= tes FR CeO HG mses (3) 


where the integration* gives a function of p operating on H (2). Inter- 
preting by Bromwich’s oe 


f@)=—— =| [,SOae dhds, alt — 


where the integration with regard to £ is to be carried out first. 

If the function of » that arises when (3) is integrated has no singu- 
larity on the imaginary axis or on the positive side of it, and if further it 
contains p as a factor, we can replace the integration with regard to « 
in (4) by one along the imaginary axis. Then we can put 


and we have 
f(@)=* es ie F(R) sind (@—h) dhdd. seccseseeeee (6) 


This is Fourier’s integral theorem. 


2.3. In practice the form 2.1 (2) is generally used in preference to 
2.1 (1). In problems involving a finite number of ordinary differential 
equations of the first order the forms are equivalent for all positive 
values of the independent variable; and since the independent variable 
is usually the time, and we require to know how a system will behave if 
it is in a given state at time 0 and is afterwards acted upon by known — 


* The integral is of the type introduced by Stieltjes. 
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disturbances, it is as a rule only positive values of the time that con- 
cern us. But when we come to deal with continuous systems it usually 
happens that when the operational solution ¢(p) is interpreted as an 
integral, the integrand has an infinite number of poles, and that no 
circle however large can include all of them. Hence the contour integral 
2.1 (1) cannot be formed. But the line integral 2.1 (2) usually still 
exists. Again, it may happen that ¢ («) has a branch-point at the origin 
or on the negative side of the imaginary axis. Here again the contour 
integral does not exist, but the line integral does. 

Consequently in most of the writings of Heaviside and Bromwich, 
when a function of an operator ¢(p) occurs without the operand being 
stated explicitly, it is to be understood that the operand is H(a), and 
that the interpretation 2.1 (2) is to be adopted. This rule will be 
followed in this work when we come to treat continuous systems; and 
if it is also supposed to be adopted in the problems of the next chapter 
no harm will be done. 

Considerable latitude is admissible in choosing the path Z. Since by 
construction the integrand is regular at all points to the right of L, we 
may replace Z by any other path on its positive side provided it ends 
at c+vo«. Again, the systems we are to discuss are usually stable 
systems; that is, the poles of $(x) are all on the imaginary axis or to 
the left of it. Then Z can be taken as near as we like to the imaginary 
axis. Z must not cross the imaginary axis if there are poles on the 
latter; but it can be taken to be a line parallel to the imaginary axis 
and distant c from it. This is the device most often used by Bromwich; 
the only advantage of the present definition of Z is that the solution 
is then adaptable to unstable systems as well as stable ones. In all cases 
the actual value of ¢ does not affect the results, so long as it is 
positive. 


2.4. The principal operators involving branch-points are fractional 
powers of p. We require then an interpretation of p"H (x), where n is 
fractional*. By our rule 


1 
pH (@) = one Nan ex* dk, Seven stasis Baierels (1) 


and the integral converges if »<1. A contour including Z as part of 
itself, and such that the integrand is regular within it, is as shown. 
Evidently if 2 is positive the large quadrants make no contribution. 


* Of, Bromwich, Proc. Camb. Phil. Soc., 20 (1921), 411-427. 
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The integral along Z (= AB) is therefore in the limit equal and opposite 
to one along CDEF. If further n is positive the contribution from DH 
tends to zero with the radius of DH, Thus AB, CD and LF contribute 
the whole of the integral. Now on CD and HF 


=e" Bnd. pt G-M naeee se cee ewese nee ee (2) 
respectively, where » is real and positive. Hence on CD 


K"—1 oxx dk =— po e7He gm (n—1) dp. 
Sei Pacts bd (3) 
= — pr Qa Be e7t (n—1) dp 


Fig. 1. 


Therefore 


i ea ee : 
pH (a) =- z I, pe" ee du sin (2-1) 7 
_ sin nt T'(n) 
=> = ss MDW Rseeieve a0 0:.016 6,0. b y'ele'h 656 kD bles ee ee (4) 


But by a known theorem 


T'(m) T (1 —m) = © 00806 7, .:seseceececeeseeees (5) 
and therefore 


pH (a) = Pa vo bk tere eee (6) 
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This result has been obtained for 0 <n <1. If we change n into —m, 
where — 1 <m <0, we have 


p-"H (a) = Spaee Pearse eaae oho (7) 


Powers of p outside this range can be found now by integration or 
differentiation. We have 
—m+1 = x = atts 
PE Tat Dea) 
which shows that (7) still holds when m—1 is written for m. (To justify 
this, the path AB must be replaced by FEDC.) 


Similarly 
pon a” gmt 
H (x)= i CES ea “tery (9) 
By induction we may therefore generalize (7) to any value of m. Hence 
bie ey am 
Pp FE pay: Pye ee (10) 


Since when m is a positive integer '(m+1)=m!, and when m is a 
negative integer I (m + 1) is infinite, the interpretations already adopted 
for integral powers of p are special cases of these. 

In particular, since 


we have 


and so on. Also 


x 
ees Aalelelelnls\siaa\w '<:slaielejele\(a\m(eis\elsibia'6 (18) 


A related function that arises in problems of heat conduction is e-™, 
where a@ is a constant, and g denotes cs By Bromwich’s rule 


eke aa ax? 


e! A (#) =—— Cae inte ge trees ts (14) 


af; K 

On Z the argument of «® is between +47. Hence if a is positive the 
integral is convergent. 

Immediate expansion of en-me in a power series and integration term 

by term would not be legitimate, because all the resulting integrals 

after the first two would diverge. But (14) is equivalent to an integral 
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along a path such as F#DC in Fig. 1, and on this path we can proceed 
in this way. Thus 


e-H (@) = xf eft axd + Fo he dx. ne GS: 


All the positive integral powers of « give zero on integration. The other 
terms are equivalent to 


, op ap? 2 { a = ( a " 1 ( a y } 
Of wo =1-——= =— et eee 
aed oH 5} Vor lode 3\2V/e 215 \Qa/x 


Oy ah es 16 
sO (16) 
where, by definition, 
Bef = [PoP dt ceeeeecetee eee (17) 
7/0 
By differentiation with regard to a we find 
dh : 
—qa = —a*/4x 
ge-"'H (x) Sea : <a sesetnen ts AS 


We shall sometimes need an asymptotic approximation to Erf w when 
w is great. We have 


ties 6-* Gt = ae TE 
1- Erfw= ai dt = [.¢ w-3 du 


Miata oe 1s wt we swt wt... | 
T Dean eee 


nee ii a: a aa Ly ee SS tee du, (19) 
a Re w? 


on successive integrations by parts. But the last integral 


bo) eo 
=2 e-P £2" dt <Qe-w" I t-2n dt, 
20 


mee 
—— ay-(2n-1), 
oP ea a eee (20) 
so that its contribution to the function is less than the previous term. 


We have therefore the asymptotic approximation 


1 Lvs i ymas 
e (1 Erfw) 0 [wr Furry b Bayt LBB yyy). 21 
7 2 2.2 2.2.2 ale 
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CHAPTER III 
PHYSICAL APPLICATIONS: ONE INDEPENDENT VARIABLE 


3.1. An electric circuit contains a cell, a condenser, and a coil with 
self-induction and resistance. Initially the circuit is open. It is suddenly 
completed ; find how the charge on the plates varies with the time. 

Let y be the charge on the plates, ¢ the time, KX the capacity of the 
condenser, LZ the self-induction, and R the resistance of the circuit; 
and let # be the electromotive force of the cell. Write o for d/dé. 

The current in the circuit is 7, and the charging of the plates of the 
condenser produces a potential difference y/K tending to oppose the 
original E.M.F. Then y satisfies the differential equation 


B- <= Lij + Ri. NGSrsee Sa (1) 


Initially y and 4%, the current, are zero. Hence the subsidiary equation 
is sumply 


“i 1 
(Le +Ro+ 7 )y=E, Miah veraeecten (2) 
and the solution is = 
he Dooce (3) 
2 ge 
Lo + Ro + K 


If now the denominator is expressed in the form L(c +a) (o+ £), the 
interpretation is, by 1.5 (9) 


y -4 | KL Ss 7 G e-4t — : e-)] Sonera erals (4) 
Since a+ and af are both positive, a and 6 must either be both real 
and positive, or conjugate imaginaries with positive real parts. In either 
case y tends to KF as a limit, as we should expect. 
We notice incidentally that if the circuit contained no capacity or 
self-induction the differential equation would be simply 
PERG ia Pica easly cag age ee RAR SS (5) 


Hence if a problem has been solved for simple resistances, self-induction 
and capacity can be allowed for by writing Lo + R + a for R. For this 


reason this expression is sometimes called a ‘resistance operator,’ and 
the method generally the ‘method of resistance operators.’ 
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3.2. The Wheatstone Bridge method of determining Self-Induction. 
In this method the unknown inductance is placed in the first arm of a 
Wheatstone bridge; the fourth arm is shunted, a known capacity being 
placed in the shunt*. 

First consider the ordinary Wheatstone bridge, the resistances of the 
arms being F,, ., Rs, Rs; let x be the current in Ay, y that in R,, g that 
through the galvanometer, and the resistance of the battery and leads. 


Fig. 2. 
Then Fi, & — Big y + Gg =O, ..ccsersenssecsoes (1) 
Ries Rhay= Gt he ee (2) 
b(a+y) t+ Roy t+ Ba (ytg) =f, «....-cceeeeecceee (3) 


and on solving we find 

ae ad . (4) 

k,R,-Rh, Ry G(R, + R,+ Ry + Ry) + (2+ RB.) (3+ Ry) 
If 6 is large compared with R, and &,, we have nearly 
BE 9 Ta a eclocte cae ninsn tere geeeeee (5) 
ay (E/b) (R, Rs — RB, Rs) 6) 
G(R, + R, + Rs + Ry) + (2, +R.) (s+ Ryo 

According to the result of 3.1, we can allow for the self-induction in 
the first arm by replacing #, by Zo +R. Let the arrangement in the 
fourth arm be as shown (Fig. 3). The resistance of the main wire is Ry, 


and 


S 
Fig. 3. 
* Bromwich, Phil. Mag. 37 (1919), 407-419. Further references are given. 
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that of the shunted portion of-it r. Suppose the shunt to have a 
resistance S. Then the effective resistance of the whole arm would be 
rs r 
r +S — iy —s r+sS Ce «= DH MOP dewaceDeecnes (7) 
If the shunt contains a capacity K, we must replace S by S+1/Ke. 
Hence in the formula for g we must replace R, by Lo + R, and R, by 
rKo 
ta (r+ 8) Ko+1° 
The result expresses the current through the galvanometer when the 
battery circuit is suddenly closed. 

It can be shown that in actual conditions g cannot vanish for all 
values of the time. A sufficient condition for this would be that the 
operator f,#,;—f,R, should be identically zero; then g would be 
identically zero whatever the remaining factor might represent. But 
with our modifications this factor becomes 

rKo 
Rh, R; -(Lo + Rj) (2 = GER Era) ahonsles eee ees (8) 


Multiplying up and equating coefficients of powers of o to zero, we 
find 


Ry-r+ 


Ripe he Paria eek (9) 
APRA O ie Me ioe ih fae 9 WME oe TO ap (10) 
Rk, Rs fore Palen soe 0. Peewee cee c ee een eens eseecers (11) 


From the construction of the apparatus r< R,, r<r+S. Thus (9) can 
hold only if r= #, and S=0. The shunt wire must be attached to the 
ends of 2, and must have zero resistance. Substituting in (10) we find 


Thy 9 (39) Oae re: ir eRe (12) 


together with the usual condition (11) for permanent balance of the 
bridge. 

Actually these conditions for complete balance cannot be completely 
satisfied; but for the determination of LZ it is not necessary that they 
should. Suppose the galvanometer is a ballistic one, and that it is so 
adjusted that there are no permanent current and no throw on closing 
the circuit. Thus 


Sat HOF f OG AERO LAG sae ve ca ce aned ean (13) 
t>n 0 


If g is expressed in the form /(c)/F'(«), we have 


t(0 TAO ae 
9= By tr NO aa a ean tes (14) 
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where all the a’s, in the conditions of the problem, will have negative 
real parts. Then the condition that g shall tend to zero gives 


FO) 20. oi ee ee (15) 
Also I gdt = 3 5 eerie re (16) 


Equation (15) shows that the operational form of g contains o as a 
factor. Also we can write 


g=3 Jes —— sale eieliigasd Moen Dea (17) 


so that (16) is the limit of (— g/o) when o tends to zero. The vanishing 


of Lim g and i gat imply therefore that the operational form of g 
0 


contains o? as a factor. Hence the modified form of R, R; — R, Ry must 
contain o? as a factor. Then (10) and (11) still hold; (9) no longer 
holds. We now have 

hg Beg — Fe Deg or snc ew ate (18) 


TR Reg 0 asad ae AS (19) 
which gives the required rule for finding L. 


3.3. The Seismograph. In principle most seismographs are Euler 
pendulums—pendulums with supports rigidly attached to the earth, so 
that when the earth’s surface moves it displaces the point of support 
horizontally and disturbs the pendulum. The seismograph differs from 
the Euler pendulum as considered in text-books of dynamics in two 
ways: instead of being free to vibrate in a vertical plane, it is con- 
strained to swing, like a gate, about an axis nearly, but not quite, 
vertical, so that the period is much lengthened; and fluid viscosity or 
electromagnetic damping is introduced to give a frictional term pro- 
portional to the velocity. The displacement of the mass with regard to 
the earth then satisfies an equation of the form 


te Day agile AES Se aeckwcaclnaiees (1) 


where € is the displacement of the ground, and x, n, and A are constants 


of the instrument*. Suppose first that the ground suddenly acquires 
a finite velocity, say unity. hen 


SMALE) Rand Geum (2) 


* Some instruments, such as that of Wiechert, are not on the principle of me 
Euler pendulum, but nevertheless give an equation of this form. 
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and our subsidiary equation is 


(err AKO Me) PARE (ED educa Oiieccesst (3) 
Put Oo + 2Ko +n =(o+a)(atB).  ....cceccceceees (4) 
Xo 
Then v= (c+ a)(o+f) H (t) ine istailsts epeteyuieiGieeleies ciate lores (5) 
SAP WHEL OA) cock sagan ser icucchie ra teas (6) 
r 
and etary (ef — g-at) when ¢>0. ........0-55 (7) 
The recorded displacement 2 therefore begins by increasing at a finite 
1 
Neyer 
rate A, reaches a maximum (=) * after a time oy log =, and 
a a—pB B 


then tends asymptotically to zero. 

If a and £ are real, and £ less than a, we see that the behaviour after 
a long time depends mainly on e-*'; now as the experimental ideal is 
to confine the effects of a disturbance to as short an interval afterwards 
as possible, we see that we should make £ as large as possible. But 


n? 


K+(7— n?)2 


B=«-(¢—nift = 


and for a given n, 6 is greatest when «=n. This is the condition for 
what is called aperiodicity; the roots of the period equation are equal, 
real, and negative. Many seismographs are arranged so as to satisfy this 
condition. The solution is then 


Xr 
a= a BUR oar ee (9) 
Es( PAULO: 7 One se coe eee (10) 
Sere Whend Uae es twtees owes (11) 


The maximum displacement is now at time 1/n after the start, and is 
equal to A/en. ; 
If k<n, we can put 


Then the solution is 
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and the motion does not die down so rapidly as for x = 2. The aperiodic 
state therefore gives the least motion after a long interval for a given 
value of n. 

In practice, however, x is usually made rather less than ; in the 
Milne-Shaw machine, for instance, « is about 0°7z. The motion is then 
oscillatory, but the ratio of the first swing to the second is e*”’”, or about 
20. But x vanishes after an interval z/y from the start, or about 4/n, and 
ever afterwards is a small fraction of its first maximum. The reduced 
damping effect after a long time is considered less important than the 
quick and complete recovery after the first maximum. The time of the 
first maximum is 1‘1/n from the start, as against 1/n for the aperiodic ~ 
instrument and 1°57/n for the undamped one. 


5 


nS 


Fig. 4. Recovery of seismographs with x=n and x=n/N2 after same impulse. 


3.31. The Galitzin seismograph is similarly arranged, but the motion 
of the pendulum generates by electromagnetic induction a current, 
which passes through a galvanometer. If 2 is the displacement of the 
pendulum, and y that of the galvanometer, the differential equations 
are 


BRI GANS = AEM Gane eee (1) 
y + QkoY Se Ns Y = pa. ete eeeeeee Renn tene en eeese (2) 
Supposing both pendulum and galvanometer to start from rest, we have 
Amos € 


via (07 + Quo +”) (6? + Qego tm) (3) 
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As a rule the two interacting systems are so arranged that « and m are 
the same for both, and both are aperiodic, so that « =, Then 


_ Aporé 
¥y => (o +n) Wiwiehe rela’ eisibieeie tiarelh eiblalalere ejcletala aeié.s (4) 


Fig. 5. Recovery of Galitzin seismograph after impulse. 


If we suppose as before that 


we have = el (t), 


SRA (FE — ENE) OM Va Nacsesuten tcc vedecn ee (6) 


The indicator therefore begins to move with a finite acceleration, instead 
of with a finite velocity as for the pendulum. The maximum displace- 
ment follows after time (3 — /3)/n=1'27/n, the mirror passes through 
the equilibrium position after time 3/n, and there is a maximum dis- 
placement in the opposite direction after time 4°73/n. The mirror then 
returns asymptotically to the position of equilibrium. The ratio of the 


two maxima is ¢ “5109 +/3)?=2°'3. In comparison with an instrument 
such as the Milne-Shaw, recording the displacement of the pendulum 
directly, the Galitzin machine gives the first maximum a little later, 


_ the first zero a little earlier, and the next maximum displacement is 
larger in comparison with the first maximum. 


J 3 
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In an actual earthquake the velocity of the ground is annulled by 
other waves arriving later; the complete motion of the seismograph is 
a combination of those given by the separate displacements of the ground. 


3.4. Resonance. A simple pendulum, originally hanging in equilibrium, 
is disturbed for a finite time by a force varying harmonically in a period 
equal to the free period of the pendulum. Find the motion after the 
force is removed. 

The differential equation is 


Bags = 7 SiN Rojas. < watwoe enone temas (1) 
no 
=F Bape reese (2) 
eee no 
The solution is then Caaf. awe foe (3) 


nothing having to be added on account of the initial conditions. 
To evaluate this, we notice that 

o ihee 
aaa SIN 92Es sete antic cae saeeeanremene (4) 


Differentiating with regard to n, we have 


2no if 1 
eee t cos nt — nein Nb oe ak napecceeee (5) 
and L= 28 (sin mt — nt COS ME). «22-20... .enesseeeses (6) 


Suppose the disturbance acts for time rz/n, where 7 is an integer. At 
the end of this time 


f =a 
a=—p arm(—I)"; @=0. Rileweiiv os Cie aoe akeRie eee (7) 


The subsequent motion is therefore given by 
“4 (-1)" raf 
2n? 


=— aL os HE opens vasc teed seank seen aaionee (8) 
~ 3.5. Three particles of masses m, 24m, and m, in order, are attached 
2 BOs ? ? attache 
to a light stretched string, the ends of the string being fixed. One of the 
particles of mass m is struck by a transverse impulse J. Find the sub- 
sequentmotion of themiddleparticle. (Intercollegiate Examination, 1923.) 
If a, #2, vs are the displacements of the three particles, P the tension, 
and / the distance between consecutive particles, we find in the usual 
way the three equations of motion 


v= cos (nt— rz), 
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Re NB — Gila aca dosh evetedeearss teas (1) 
$542 =—A(— By + 2H.— Ay), oceecvvcceceeecceces (2) 
2 ae NESE ONG Sa ios Cae 6 et ee er (3) 
where A= & 
poy (4) 


Tnitially all the displacements are zero, #,=d, = 0, @, =, /m. Hence the 
subsidiary equations are 


CORON a — Agee Lm. ature (5) 
eh eee ON oe Ae SO rio ces (6) 
— Ax, + (0? + 2X) a =0. @ =.= (ele,0/a[atals.o7 siasahecve/nele (7) 
eek Ca ee G ff 
an08 Bey La ee Seas EE Sa (8) 
ay ae ay Oe vee ei A 
and (5° +2Xr an) Oa Se ee (9) 
Multiplying by o? + 2d we find 
(To? + 4A) (807+ 10A) a=20ACT/m, oe ee eeees (10), 
and 
re 20Ac i 
* (To? + 4A) (30? + 10A) m 
_20L { 1G BESO. 
~ 58m \To?+4A 307+ ae 
_10TZ fsinat sin Bt 
=a aa i, St, Nae (11) 
where Gre NA On As obec tbwieasrtacvesnte (12) 


We notice that the mode of speed ,/(2A) is excited, but does not need 
to be evaluated because it does not affect the middle particle. 


3.6. Radioactive Disintegration of Uranium. The uranium family of 
elements are such that an atom of any one of them, except the last, is 
capable of breaking up into an atom of the next and an atom of helium*. 
The helium atom undergoes no further change. The number of atoms 
of any element in a given specimen that break up in a short interval of 
time is proportional to the time interval and to the number of atoms of 
that element present. If then w, 2, #2, ...@, are the numbers of atoms of 
the various elements present at time ¢, they will satisfy the differential 
equations 

* We neglect 6-ray products, for reasons that will appear later. 


3-2 
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du e 

beet i Fy 

dt f 

da, = KU — K\& 

‘dt co 1“1) 

da dig aga eae a (1) 
BT tae er ae nd 

dz 

ae = Kn-1 @n-1 


Suppose that initially only uranium is present. Thus when ¢=0, w=, 
and all the other dependent variables are zero. Then the subsidiary 
equations are 

(o+Kk)wU =U, 

(o + k,) 2 =KU, 

A al Soa = Ns io a ane e 


(o+ Ky-1) Un—1 = Kn-2 Un—2) 
OXy = Kn-1Vn-1- 
The operational solutions are 
i Se oe eater en 
o+K? 7 (7+k)(G+K)’ 
oe manne nt Ang Se BT 
(7 +x) (o +) (7+ ky)’ 


Ce KK; 0. Kyo Up 
~ (7 +k) (G+ 4)... (0+ Ky_y) 


These are directly adapted for interpretation by the partial-fraction 
rule. In fact 


a KU 
U= Me™; #=—*(e"t— ent); 
Ky Soil Ns 


1 1 
Bo = Kk, U, | pat pecan ie ea —Kt 
‘ ka? (1 —k) (kg —k) («= K) (Ky ky) . 
ric 8 
+ eet ( ) 
; (K = ky) («; — kp) 3 
Kj 2ee Realy 


eee gg eS ted 
aay (Ie (eed Re : 
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Of all the decay constants « is much the smallest. If the time elapsed is 
long enough for all the exponential functions except e-* to have become 
insignificant, these results reduce approximately to 


U= me"; g,=~er*ts gy=~ dN nN Ret ae Se (5) 
Ky Ky 

With the exception of the last, the quantities of the various elements 
decrease, retaining constant ratios to one another. 

On the other hand, if the time elapsed is so short that unity is still 
a first approximation to all the exponential functions, we can proceed 
by expanding the operators in descending powers of o and interpreting 
term by term. Hence we see that at first 2, will increase in proportion to 
t, 2 to f, and z, to &*. 

In experimental work an intermediate condition often occurs. Some 
of the exponentials may become insignificant in the time occupied by 
an experiment, while others are still nearly unity. We have 


Ky_yUp_ = 
2,= Soe Read be ais = Kyo? Lp + a boutons (6) 


and if x,¢ is small we can neglect the second and later terms in com- 
parison with the first. Thus in this case 
POs Oe canes Pate viene (7) 
If z,_, is of the form ¢*, we can put 
Kat Kea l eO: Ky—18! 


Ls. = oe, = 
Se OSI, ) Os ON aT ee Ot 


If «,¢ is small, we can replace the exponential by unity and confirm 
(7). If it is great, 
ote-*rt = | ert dt =+ + O(e-*r?) 
0 7 


and on continuing the integrations 


—s8—1 ,—Kyt — 8 Se 
oO r’ =O = . 
: Kp KpS! 
Kr—1 pe Kp_1 (9) 
Thus @=— t= REA urewon sey vasow donee ts 
Kr Kr 


Classifying elements into long-lived and short-lived according as Kt is 
small or large for them, we find that the quantity of the first long-lived 
element after uranium is proportional to ¢, the next to ¢’, and so on. 
All B-ray products are short-lived when ¢ has ordinary values. 
Radium is the third degeneration product of uranium. In rock 
specimens the time elapsed since formation is usually such that the 
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relations (5) have become established. As a matter of observation the 
numbers of atoms of radium and uranium are found to be in the con- 
stant ratio 3°58 x 10-7. This determines «/«,. Also the rate of break-up 
of radium is known directly: in fact 

1/«x,= 2280 years. 
Hence 1/x =6°37 x 10° years. 
This gives the rate of disintegration of uranium itself. 

A number of specimens of uranium compounds were carefully freed 
from radium by Soddy, and then kept for ten years. It was found that 
new radium was formed; the amount found varied as the square of the 
time. This would suggest that of the two elements between uranium 
and radium in the series one was long-lived and the other short-lived. 
Actually, however, it is known independently that both are long-lived. 
The first, however, is chemically inseparable from ordinary uranium, 
and therefore was present in the original specimens; initially, instead 


of z,=0, we have 

K 

v=— U- 

Ky 

For the next element, ionium, we have 
Ly = KT "2, = KUyl, 
the variation of 2, being inappreciable in the time involved. Also 
Xs; => Kao 12q = $kkyUol. 


Soddy* found that 3 kilograms of uranium in 10°15 years gave 
202 x 10-* gm. of radium. Hence, allowing for the difference of atomic 
weights, 

5) = ied. x LOSS 
and kp = 8°64 x 10-*/year; 1/«K,.=1°16 x 10° years. - 
This gives the rate of degeneration of ionium. Soddy gets a slightly 
lower value for 1/x. from more numerous data. 

3.7. Some dynamical applications. Suppose we have a dynamical 
system specified by equations such as those in 1.72, save that 2 is 
replaced by ¢, and that the system is at first at rest and then disturbed 
by a force S, applied to the coordinate y,. The subsidiary equations 
are 


ZsemsYe=0 (M+); VeemsYs=S, (M=r). ...++.(1) 


* Phil. Mag. (6) 38, 1919, 483-488. 
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Writing A for the determinant formed by the e’s, and Z,, for the minor 
of ¢,, in this determinant, we have the operational solution 


| ake ce hak MUS ated oy (3) 


we see that a given force S, applied to the coordinate y, will produce 
precisely the same variation in y, as the same force would produce in 
yr if it was applied to y,. Thus we have a reciprocity theorem applic- 
able to all non-gyroscopic systems; linear damping does not invalidate 
the argument if the terms introduced by friction contribute only to 
the leading diagonal of A. 

If the forces reduce to an impulse, so that S, can be replaced by o//,, 
the solution becomes 


We can evaluate the initial velocities by expanding in descending 
powers of o. The first term is 


where A is the determinant formed by the a’s, and A,, the minor of 
ay; in it. Hence the initial velocities, found by operating on this with 
o, are 


oYs => ae J. Teer eee errr ry eee ee eT (6) 


Now the constants a,, are merely twice the coefficients in the kinetic 
energy, which is a quadratic form. Hence the determinant A is sym- 
metrical whether the system is gyroscopic or not, and the reciprocity 
theorem for impulses and the velocities produced by them is proved. 

The subsequent motion can be investigated by interpreting according 
to the partial-fraction rule. But let us consider the simple case where 
the system is non-gyroscopic and frictionless. Then 


A= ATL (o? +a”), Disralle/(elefajei pis ¥is's\aleih ajetsisiniets (7) 


where the a’s are the speeds of the normal modes. Then 


ra ei adhe Socata 8 
iD aay GINE hy Ppa teaetiae Rgsseauetee ( ) 


where L,,(—a?) denotes the result of putting — for o? in #,,. The 
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contribution of the a mode to the initial rate of change of y, is therefore 
Lys Es (4 es ”) 
= (aka OD Pie errr ts eT ery (9) 
An immediate consequence of the presence of the factor #,,(—.*) in 
the numerator is that if an impulse is applied at a node of any normal 
mode, that mode will be absent from the motion generated. 

Another illustration is provided by Lamb’s discussion* of the waves 
generated in a semi-infinite homogeneous elastic solid by an internal 
disturbance. The normal modes of such a system include a type of 
waves known as Rayleigh waves. These may be of any length, and 
involve both compressional and distortional movement; if the depth is 
z, the amplitude of the compressional movement in a given wave is 
proportional to e~**, and that of the distortional movement to e*, 
where a and 8 depend only on the wave-length. Lamb found that if 
the original disturbance was an expansive one at a depth /#, the ampli- 
tude of the motion at the surface contained a factor e~”; but if the 
original disturbance was purely distortional, the corresponding ampli- 
tude contained a factor e-*’. These factors are the same as would occur 
in the compression and distortion respectively at depth fin a Rayleigh 
wave with given amplitude at the surface. 


CHAPTER IV 
WAVE MOTION IN ONE DIMENSION 


4.1. In a large class of physical problems we meet with the differen- 

tial equation 

ey ay 

=H -¢ ae 
where ¢ is the time, a the distance from a fixed point or a fixed plane, 
y the independent variable, and ¢ a known velocity. Let us consider the 
solution of this equation first with regard to the transverse vibrations 
of a stretched string. In this case we know that 

fe DLW catairek caw ace eae (2) 


es P is the tension and m the mass per unit length. Write o for 
a/dt, and p for 0/dz. Suppose that at time zero 


=F (0); LHP Wy evresssscesssseeee(8) 


* Phil. Trans. A, 203, 1-42, 1904, 
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where f and #’ are known functions of x; that i is, we are given the 
initial displacement and velocity of the aang at all points of its length. 
Then we are led by our previous rules to consider the subsidiary 
equation 


(OPO y= O° (@) Bo M(B) - speek vevbenens- (4) 
or I= aap! + aap FO. Seve pa hc Maer (5) 
B ery (ee 
te 
= (eh +o) i ee (6) 


o ey —( o o 
o—cp? ep \o —cp oo) 


1 1 
== (ght — p= wt) = 
2c ae, 
In (7 ) the 1/p has been put last in consequence of our rule that opera- 
tions involving negative powers of p must be carried out before those 
involving positive powers. Hence 


agg = dem +6*) F(e) 


=4${f(@+ch) +f (a—ct)}, .......0.c00e0. (8) 
ae y=3, eal F(a) da 

= F@) de- [*" F(z) de | 

=5 “" F@ de iataah dad sereteeeeeneee(Q) 


and therefore 


y=h fw et) +f (ee) ¥ Lact F(x) de, ...(10) 


This is D’Alembert’s well-known solution, 

This cannot, however, be the complete solution, Equation (1) has 
been assumed to hold at all points of the string; but if any external 
forces act these must be included on the right of the equation of motion. 
In such problems the ends of the string are usually fixed, and reactions 
at the ends are required to maintain this state; in the complete equa- 
tions of motion these reactions should appear. They are unknown 
functions of ¢, and therefore necessitate a change in the mode of 
solution. 
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But D’Alembert’s solution can be adapted so as to fulfil all the con- 
ditions. We notice that the solution consists of two waves travelling in 
opposite directions with velocity c. If the initial disturbance is confined 
to a region within the string separated by finite intervals from both 
ends, it will take a finite time before D’Alembert’s solution gives a 
displacement at either end; hence no force is required to maintain the 
boundary conditions, and the solution will hold accurately until one of 
the waves reaches one end. 

Again, the initial disturbance is specified only for points within the 
length of the string, that is, for values of 2 between 0 and /, say; and 
by the last paragraph D’Alembert’s solution would be complete if the 
length were infinite. If then we consider an infinite string stretching 
from — 0 to+ «,and disturbed initially so that f(z) and F(z) are both 
antisymmetrical about both z=0 and a =/, y will vanish ever after at 
these points, so that no force is required to keep them fixed, and 
D’Alembert’s solution for such an infinite string will therefore be 
equivalent to that for the actual string from 2=0 to 2 =/. Thus we have 
a formal rule for finding the position of the string at any subsequent 
time: consider an infinite string with the actual values of the initial 
velocity and displacement between #=0 and 2=J, but with the dis- 
placement and velocity outside this stretch so specified as to be 
antisymmetrical with regard to both z= 0 and z=; then D’Alembert’s 
solution for the infinite string will be correct for the actual string for 
the same values of z. 


4.2. We may approach the problem in another way. Taking the same 
subsidiary equation 


except that the effects of the initial velocity will not be considered at 
present, let us solve with regard to a as if o were a constant. The 
justification of this procedure is given later in 4.6. The boundary con- 
ditions are that y=0 when x=0 and when a=J/. Using the method of 
variation of parameters, we assume that the solution is 


y = A cosh + B sinh a hee satin (2) 
where A and B are functions of x subject to 


A‘ Gogh’ "= +B sinh 0... chased (3) 
c c 
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Substituting in the equation (1) we find 


A sinh + B’ cosh = =- ~ J (2). ee haere (4) 
Hence 
es ee ReeCasatiny # illpaa Ded aa 
A’= 7 F (@) sinh — SORT xx cv (#) cosh—. Aenean chs (5) 
Now y must vanish for all time when 2=0; hence A (0) = 0. Thus 
ie: e “48 sinh % dé ety es . (6) 
Also y must vanish when x =/. Hence 
B(D) sinh = =— A (D) cosh Lee Ree (7) 
4 
and B()=—coth = [Ff (2) sinh d,s esoereoe (8) 
U 
giving Bias coth i FO sinh % ae 
lg o& 
_ =f fe SAE er ee ns 9 
+f =f (8) cosh % dé. (9) 


Tn all we find 
y= [3 eae (€) sinh ge = (cosh = = coth z sinh 72) a 


+[2 J (§) sinh = (cosh oe — coth = d inh =) dé 
o€ sinh o (J— alc 5 


i ef@ a € sinh ol/c ds 
ca sinh a (J — &)/e 
+ [27 sin © sinholje Re CE Boe (10) 


Before carrying out the integration with regard to €, we can interpret 
the integrand by the partial-fraction rule. Each integral vanishes when 
o=0, and therefore no constant term appears in the solution. But 
sinh of/e vanishes when 


where 7 is any integer, positive or negative. Hence 


rur ur€ l-a 
o anh ésinh o (J—a)/e _ ee 7 inh sinh rur 7 Ay 
o°e sinh ol/e ics — cosh (rum) * - 
. $2 VSS wh a0 ae 83 OL (12) 


= aT sin ive sin a CAL IS ce tefe ujerBre aCe 
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By symmetry the corresponding factor in the second integral has the 
same value. Hence 


y= = if f (sin * ae. sin - ze cos Sooke (13) 


This is the solution given by the agi of normal coordinates. Putting 
t zero, we obtain the Fourier sine oat 


t(z)= 7 an F(é sin" Sr a GE, os Races (14) 


The effect of an initial Healy can be obtained by a similar 
process. 

But in practice the solution by trigonometrical series is not often the 
most convenient form. It usually converges slowly; but what is more 
serious is that its form suggests little about the nature of the actual 
motion beyond the fact that it is periodic in time 2d/c. To find the 
actual form of the string at any instant it is necessary to find some way 
of summing the series, which may be rather difficult. A more convenient 
method is often the following*. We have seen that the interpretation of 
any operator valid for positive values of the argument is equivalent to 
an integral in the complex plane, the path of integration being on the 
positive side of the imaginary axis. Then a factor cosech o//c in the 
operator can be written 


1 Jew? 
sinholje 1 —e-20v° ~ Zee? (1 4 Rete 4 goto +.) (15) 


and when interpreted by Bromwich’s rule this will give rise to a series 
in powers of e-**"" in the integrand. But since the real part of « is 
everywhere positive on the path, the series is absolutely convergent, 
and integration term by term is justified. Hence it is legitimate to ex- 
pand the operator in this way and to interpret term by term. Then for 
é<a, 
sinh cé/c sinh o (2 — 2)/e 
=1e-e @ - Bie (1 — -2et 
sinhol/e attra re Mec tt 

(1 — 6-2e@-aile) (1 + g-Balle + gaelic + ...); ...(16) 
and for €> 2, 

sinh ov/c sinh (J— &)/e 


sinh ol/¢ is ge-o (Eafe (1 =o- 2ox/c) 


(1—e-20 0-8/e) a + en2elle 4 g-dolley ...). ...(17) 
On multiplying out either expression we obtain a series of negative 
exponentials of the forms e~7 (4 ®/¢, with a> €, or e-*€-e, with €> a. 


* Heaviside, Electromagnetic Theory, 2, 108-114. 
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Then oS (é)e-# bie dg = | f (8) de-2(a-Ble. (18) 


But according to our rule e~7(«-8)/e is zero when t —(a—&)/c is negative 
and unity when this quantity is positive. Hence the integral (18) is 
zero unless a— ct lies between €, and é,, and then it is equal to f(a— ct). 


& 
Similarly I, af (Bene t-ale dé-= — I Ff (8) de-e-avle a... (19) 


and e-7 €-ale=O if E>ct+a 

=1if é<ct+a, 
so that (19) is zero unless ct+a lies between & and &, and then is 
equal to f (ct + a). 

It follows that at any instant the effect of the initial displacement 
J (€) at the point € is zero except at a special set of points where one 
or other of the quantities a + ct is equal to €. Since a does not involve 
€, we see that this way of expressing the solution reduces it to a set of 
waves moving in each direction with velocity c. The first three factors 
in (16) give 

4 ia" (z—-£)/e _ g—o (@+€)/e — g-ol(a—-£) +2(l-a)Ve + g-of(at+8)+2 (7—2)}/e} 


for values of 2 greater than é The first term gives +/(é) at time 
(a—€)/c, the second —}$/(€) at time (a+ )/c, the third -}/(é) at 
time fa —&+2(l-~z)}/c and the fourth $/(€) at time {7+ £+2(l-2z)}/c. 
The first term represents the direct wave from & to z, the second the 
wave reflected at 2 = 0, the third that reflected at 2 =J, and the fourth 
one reflected first at 2=0 and then again at e=/. The term e-2eVe in 
the last factor of (16) will give four further and similar pulses, each 
later by 2//c than the corresponding pulse just found. These are pulses 
that have travelled twice more along the string, having been reflected 
once more at each end. Similarly we can proceed to the interpretation 
of later terms as pulses that have undergone still more reflexions, 

The part of the solution arising from values of € greater than # may 
be treated similarly. The interpretation in terms of waves is exactly 
the same. 


4.3. As a particular case let us consider a string of length /, origin- 
ally drawn aside a distance 7 at the point #=8, so that initially it lies 
in two straight pieces, and then released. Then 

Ut ad Le aad BEA gee pees (1) 
p=n(l-a)/I-b) b<a<l 
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and the subsidiary equation is 


ey oa I o 
Sti ieee @ I 050} 0/0/oe (e's ig pial pew a RIOT atate relate (2) 


The solution that vanishes at the ends is 


y=; + Asinh = sinh = (lb) O0<a2<b 


y= (2 4 A sinh sinh = (i- 2) Ga pad 
where the constants have been chosen so as to make y continuous at 
a=b, Also a discontinuity in éy/éz at this point would imply an infinite _ 
acceleration, which cannot persist. Hence we add the condition that 
dy/éa shall be continuous, which gives 


n G + “4)* gf = feosh = oY sinh — = (i- b)+ sinh = — See Ns Ais d)}=0 


hig Ia] aE STR 2S ea ree renee (4) 

and on simplifying 
Soin l ol 4 
sir FG Silanes ee Senad deeneee nents (5) 
Thus 
_ mt fl-b_ ec sinhoa/csinho (J—b)/c 
he S b) pre sabalie } o<w<s ey 
¢ sinh «b/c sinh o (J—2)/c aot 

Fai ee a sinh fie } b<@<t 


Interpreting by the arcuate rule, we notice that the contribu- 
tion from o = 0 just cancels the term independent of c, while the rest 
gives* 
BOC ree aT os b . 9m: t 
y= Bd oe = sin = cos O<x<l. (7) 
Alternatively, we can interpret the solution for 0 <a <b in exponentials, 
for 


sinh oa/c sinh o (J—b)/c = he-o (0-2) /e (1 — e202) 


sinh ol/c 
(1 — e-2e@-dy/e) (1 + e-20lle 4 g—Adal/o ...)...(8) 
Cc : 
and GE EHO. creeseeeeeees Bike grasetertins (9) 
Then e-2 (b—a)/e Pie fons (eat) rn eee (10) 


* Rayleigh, Theory of Sound, 1, 1894, 185. 
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when this is positive, and otherwise is zero. Thus y retains its initial 
value 72/1 unaltered until time (6 — z)/c, when the wave from the part 
where w > 6 begins to arrive. After that we shall have 


Y= 5p aT eh eb +0} = stp 2-2 @-A}. 


This solution remains correct until ct =b+ a, when the wave reflected 
at «=0 begins to arrive. Thenceforward 


(e-7 ale _ g-o(b+a)/e) a = {ct —(b- x)}— {ct - (6 + w)} = 2a. ...(12) 


nl l-b x 
ay a= aaa Ss — "gcc tc ccneenes 1 
Hence y FEB 7 x) aa (13) 


pa. 
pee 


SS era eee eee 
> 


aT E, en ae 


Fig. 6. 
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The part of the string reached by the first reflected wave is therefore 
parallel to the original position of the part where 6<a</. 
When ct—(b — xv) +2 (J—b), a wave reflected at a= arrives, and 


l 150 
Y=) {(5-7) #+4 (t+0)-a . seieieee2 (14) 
This holds until ct = (6+) +2 (7-6); in the next phase 
NT ee 
I-52 lagers 2: (15) 


When ct = 2/1, the whole of the string is back in its original position; 
the term in e~2e/e then begins to affect the motion, and the whole _ 
process repeats itself. We see that at any instant the string is in three 
straight pieces. The two end pieces are parallel to the two portions of 
the string in its initial position, and are at rest. For the middle portion 
the gradient @y/éz is the mean of those for the end portions, and the 
transverse velocity is + aTGeD- 
extending or withdrawing at each end with velocity c. [Fig. 6.] 


The middle portion is always either 


4.4. A uniform heavy string of length 2/ is fixed at the ends. A 
particle of mass m is attached to the middle of the string. Initially the 
string is straight. An impulse J is given to the particle. Find the sub- 
sequent motion of the particle. (Rayleigh, Theory of Sound, 1, 1894, 
204.) 

The differential equation of the motion of the string is 


Take x zero at the middle of the string. By symmetry we need consider 
only the range of values 0 <#</. Suppose that the displacement of the 
particle is y. When ¢=0, y and @y/d are zero except at 2=0. The 
subsidiary equation therefore needs no additional terms. The solution 
is therefore ‘ 
__ sinho (l—2)/c 
y= ae Wheievwet ene hwctes coemes eee (2) 


If now P be the tension in the string, the equation of motion of the 
particle is 


en ey 
nr te 2S (2) . Se ceeeeeecercvececentcs (3) 


If p be the mass of the string per unit length, 
Doel Sie nT EEE pe pee (4). 
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On account of the initial conditions the subsidiary equation for the 
particle is 


mon =2P () +Jo 


=- 2Pn= coth is Dap Nts ener ee: (5) 
Hence toe ae alle: sees (6) 
Put BE PT ee. eceennense (7) 
Then PD a a od Nts ea BOE nah aa ot (8) 
Bad "GIS ine apn eee (9) 


To interpret this solution by the partial-fraction rule, we recollect that 
the system is a stable one without dissipation, and therefore all the 
zeros of the denominator are purely imaginary. Putting 


ol/c ZS ee Se Se ees ee (10) 
we see that the zeros are the roots of 
Ed Fea fe cert hak Se een (11) 


There is a root between every two consecutive multiples of z, positive 
or negative; and the roots occur in pairs, each pair being numerically 
equal but opposite in sign. Then 


lJ l 


= LI A RE Ee 12 
1 me wwe (1 + kcosec? w) (d/e) oe, oe) 
the summation extending over all positive and negative values of , 
Be > SSS Sree BUY LOCH IE ea ta kcoene 2s (1a yo 


me w (1+ cosec? w) 
the summation being now over positive values of o. 
If a root of (11) is m7 +A, where m is great and A <7, we have 
Cr A NAIK SS BOS ices hives cedeseeeets (14) 


and bic 11 Ce ercn ety eee tere oN: (15) 
: F Less 1 
approximately. The series (13) converges like > ~, Sin’ o, or xa It 


therefore converges fairly rapidly at the beginning, but more slowly 
later. Also the w’s are incommensurable, and therefore the motion does 
“not repeat itself after a finite time; thus the labour of computation 
would be great. 

J 4 


oy 
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To express the solution in terms of waves, it is convenient to change 
the unit of time to J/c, the time a wave takes to traverse half the length 
of the string. Also J/m may be replaced by V. Then 

vA rf V(il-e”) 
1~Gakeothe (¢+k)—(o—he™ 


- Vee (1+ jews (5) w+...) 
o 


o+k +k ot+k 
aE, he ee DNS = Fey ) 16 
= ae (o +k? i eae ge 


The first term is zero for. negative values of the time; for positive 


values it is equal to 


a ag’ SY Cc aerod unt aecduben deameceaan (17) 
After time 2 the second term no longer vanishes. We have 
eee. ¥ Co = o 
(o+ky k k(o+k) (co +k?p 
ee a 
| ay a iis ee ----(18) 
and the second term is equivalent to 
= =e — et) — & (¢—2) eo *-)} for FS 2. oe. (19) | 


The third term is zero for ¢<4; for greater values it is easily found to 
be 


PP LG +kG— 4) + POOH ee (20) 


‘The process may be extended to determine the motion up to any in- 
stant desired. The entry of a new term into the solution corresponds 
to the arrival of a new wave reflected at the ends. 


4.5. A uniform heavy bar is hanging vertically from one end, and a 
mass m is suddenly attached at the lower end. Find how the tension at 
the upper end varies with the time. (Love, Elasticity, § 283.) 


- If w be the distance from the upper end, and y the longitudinal dis- | 


placement, y satisfies the differential equation 


ae 


eS — lhe 
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where p is the density, H Young’s modulus, and F' the external force 
per unit volume, in this case pg. Put H/p =c*, and let the displacement 
of a particle before the weight is attached be y,. Then 


074 
SRaw. 2 SY. CORTE ere esas ERE oe (2) 
When 2 = 0, y, = 0; and if the bar be of length J, @y,/da = 0 when a = J. 
Hence © Yo= i (i - 45) See REE cy taccs 2 (3) 
After the weight is attached, we still have 
ey 2 ey pak aS 2: PY 
oe 7° ap 9-~ Fe (4) 


and the solution that vanishes with 2 is given by 
Mae A BION UA Cs as detee de coecnUaesareney (6) 


where A is independent of z. 
If a be the cross section of the bar, the equation of motion of the 
mass m is 


+ 


e é 
m2 = mg— Ea, PON reer tie (7) 
the derivatives being evaluated at z=/. The subsidiary equation is 


mo?y = mg + mo*y, — Ha fa EE tee ete eee (8) 
which gives on substituting for y from (6) 
G Ran co ues cosh 3) 0, Ry paneer (9) 
¢. me c 


The tension at the upper end is 


Eimg 
gpl + HoA|e= gpl + pe (ol/c) + meo sinh (ol/c)’ a 


If & be the ratio of the mass of the weight to that of the bar, 


m mec L. 
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and the tension is 


ae ‘claakeye| oo 

a |k cosh(ol/c) + (ol/c) sinh ol/c 
We see that gm/ak is the tension due to the weight of the bar alone, 
and gm/z is the statical tension due to the added load alone. To evaluate 
the actual tension, we expand the operator in (5) in powers of e~7*. 
Taking //c for the new unit of time, we have 

i 2e-° 
ko sinho+cosha (ko +1)—(ko -1) €-7 


=e if a 2 
2e Ee ee, (=) cHt...| ; 


he +1 jo + 1° ko+1 
aA (13) 
The first term vanishes up to time unity, and afterwards is equal to 
PTO ey ee a a eee ee (14) 
This increases steadily up to time 3, when the next term enters. Again, 
ko-1 EOE Fe ko i 2Qho 
(ko +1) ko+1 (ko +1) 
=—1+¢e-4k+2(t/k) eH... ++-(15) 
and the first two terms, when ¢> 3, are equivalent to 
2(1—e7 @-D/k) — 2 [1 — e- C-SI — 2 f(t — 8)/h} e~ E-S)/F] 
= QoS) [1 + (2/K) (E-3)— EWR], once cenaesseneeee (16) 
This has a maximum when 
14 6-Alb 5 (6-8) Aitieeneneeeonem (17) 
Equation (17) has a root less than 5 if 
OU ee nae Ee bd Pe, SR es (18) 


which is an equality if /=2°7, Thus for s=1 or 2 the maximum tension 
will occur before ¢= 5. If /=1 the maximum tension is when ¢ = 3°568, 
and is equal to 3°266 gm/w—1°633 times the statical tension. If 4 =2 
the corresponding results are ¢= 4°368, 2°520 gm/a, and 1°680 times the 
statical tension. 

The third term enters at time 5, and afterwards is equal to 
: 2[1 —e-@- S)k_ 2 f(t — 5)/k} e-E-DIE], 
If /=4, the maximum stress is when ¢ = 6°183, and is equal to 2°29 gm/a. 
The statical tension is 1°25 gm/a, so that the ratio is 1°83. 

Love proceeds by a method of continuation, but the present method 
is much more direct, and probably less troublesome in application. 


WAVE MOTION IN ONE DIMENSION 53 


4.6. A general proof that the results given by the operational method, 
when applied to the vibrations of continuous systems, are actually 
correct, has not yet been constructed. It would be necessary to show 
that the solution actually satisfies the differential equation and that it 
gives the correct initial values of the displacement and the velocity at 
all points. The proof that it satisfies the initial conditions would be 
difficult in the most general case. We have seen that in one of the 
simplest problems, that of the uniform string with the ends fixed, the 
verification that the solution is valid for the most general initial dis- 
placement is equivalent to Fourier’s theorem. But for more specific 
problems the operational solution is equivalent to a single integral, and 
the direct verification that it satisfies the initial conditions is usually 
fairly easy. To show that it satisfies the differential equation, it would 
be natural to differentiate under the integral sign and substitute in the 
equation. But in practice it is usually found that the integrand, near 
the ends of the imaginary axis, is only small like some low power of 
1/x (the second in the problems of 4.3, 4.4, and 4.5), and consequently 
the integrals found by differentiating twice under the integral sign do 
not converge. But we can proceed as follows. If a part of our solution is 


y= =S(o)ert=s—'f f@expe(t +! 2 oe 


and this integral is intelligible for all values of 2 and ¢ within a certam 
range, we have 


ey Soh aah Ytth — = + Yt-n 


ae 
ech 2 + 67h dx 
oes im 5, | Sexe (+5 ae I? ee 
ey Yooh ~ 2Yn+ Yo-ch 
rp Fame: toh A Jm © J e—ch 
Also ae a oR 


See | a eh —2 + eh dk 
= Lim 57, | Se exp« (# +7) i? ae 

The two integrals are identical before we proceed to the limit, and 
therefore their limiting values are the same. Hence 

Py _ 

ata 
and the differential equation is satisfied. This argument does not 

assume that the derivatives of y are expressible as convergent integrals, 

but only that they exist. 
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The argument breaks down at points where the second derivatives do 
not exist; as for instance in 4.3 at the points where the slope of the 
curve formed by the string suddenly changes. At these points there is 
a discontinuity in the transverse component of the tension, so that the 
point has momentarily an infinite acceleration. This is why the velocity 
changes discontinuously when a wave arrives. The momentum of a 
given stretch of the string, however, varies continuously; the difficulty 
is the fault of the representation by a differential equation, not of the 
method of solution. 


CHAPTER V 
CONDUCTION OF HEAT IN ONE DIMENSION 


5.1. The rate of transmission of heat across a surface by conduction 
is equal to -4@V/dn per unit area, where V is the temperature, / a con- 
stant of the material called the thermal conductivity, and dn an element 
of the normal to the surface. Hence we can show easily that in a uniform 
solid the rate of flow of heat into an element of volume dzdydz is 

kV? V .dxdydz. 
But the quantity of heat required to produce a rise of temperature dV 
in unit mass is cdV, where c is the specific heat, and therefore that 
required to produce arise dV in unit volume is ped V, where p is the 
density. Hence the equation of heat conduction is 


) 
ae (pc V) SG Vat sel eee cian ORCC ORE OO (1) 
If we put 
k/ pc = h’, Cave ere ence rcetereresecesenes (2) 
h’ is called the thermometric conductivity, and the equation becomes 
OV 
< =a OE V Fat Oa (3) 


In addition, there may be some other source of heat. If this would 
suffice to raise the temperature by P degrees per second if it stayed 
where it was generated, a term P must be added to the right of (3). 

It is usually convenient to write o for 4/a, and 


Laat 5! ES TTT ee ee, (4) 
The operational solutions are then functions of g; butg must be expressed 
again in terms of o before interpreting. . 


‘ 
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5.2. Consider first a uniform rod, with its sides thermally insulated, 
and initially at temperature S. At time zero the end w=0 is cooled to 
temperature zero, and afterwards maintained at that temperature. The 
end «=/ is kept at temperature S. Find the variation of temperature at 
other points of the rod. 

The problem being one-dimensional, the equation of heat conduction 


; MOISE LEN 
1S Ot —h an? = 0, e veeecccnsicvececevensceuens (1) 
while at time 0, V is equal to S. Hence the subsidiary equation is 
a e V ‘ 
oV-Ph aA dS ROR eh torres (2) 
eV 

or ye — g V= — GS. mle uiaisawvorelals eisai "seiete wisteioe cic’ (3) 
The end conditions are that 

Jey Geen (4) 

V=Swhene=l.f 0 

sinh g (J- 2)) 

Hence V=S (1 She (5) 


The integrand is an even function of g, and therefore a single-valued 
function of o. It has poles where 

gl =+nz; that is, c=— Wn a7 /P, v... secs c seen (6) 
where n is any integer. But the negative values of g give the same 
values of o as the positive values, and therefore when we apply the 
partial-fraction rule we need consider only the positive values. The part 
arising from o=0 is 


s(a = 5 *)=8%. Ret eeeneeat (7) 
The general term is 
g sinh uz (J—2)/1 gone h2t/2 
—° (ne B) cosh (ur) (F/2h nm) 
= = gin OE gwreriuit, .....(8) 


and the complete solution is 
V=8 Ee +3 2 sin Se ae raw aariowears (9) 


If rht®/1 is moderate, this series converges rapidly, and no more con- 
venient solution could be desired. It evidently tends in the limit to the 


steady value Sa/l. ; 
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But if 7h¢2/2 is small the convergence will be slow. In this case we 
may adopt a form of the expansion method applied to waves*. We can 
write (5) in the form 

V=S[l—-e@(l—e 46) (1 46-4 + oe + ...)]. «2. (10) 
For if we interpret this as an integral along the path ZL, the argument 
of g is between +4r at all points of the path, and the series converges 
uniformly. Integration term by term is therefore justifiable, and we may 
interpret term by term. Now 
ae =e0i/h, « shvoet oat bats Saseoneeneeee (11) 


and by 2.4 (16) =1-Erf 
Hence 


V= s[ Bt 5+ (1- Ba 5 (1-8 Mae 2] te 


When w is great, 1—Erf w is Ee compared with e~“*. If then a/2ht? 
is moderate, but d/ 2he? large, this series is rapidly convergent, and can 
in most cases be reduced to its first term. This solution is therefore 
convenient in those cases where (9) is not. 


Qht® 


5.3. One-dimensional flow of heat in a region infinite in both direc- 
tions. First suppose that at time 0 the distribution of temperature is 
given by 


V =i (a) ea a ee (1) 
We have just seen that the function expressed in operational form by 
Pe PIES Be Spa AMER (2) 
; oht® 
satisfies the differential equation 
OY ay 
as i? ago On veresestetsesesseneeesnenenees (3) 


for positive values of x; and by symmetry it will also satisfy it for 
negative values of x, since the function and its derivatives with regard 
to w are continuous when 2=0. Also when ¢ tends to zero this function 
tends to zero for all positive values of 2, and to 2 for all negative 
values. It follows from these facts that the function 


t@-e#)=3[ 1+ Et arte exNunvuceecerite (4) 


satisfies the differential equation for all are of x and all positive 
values of ¢; and when ¢ tends to zero the function tends to zero for 
* Heaviside, Electromagnetic Theory, 2, 69-79, 287-8. 
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negative values of z, and to unity for positive values. Hence this function 
is the solution required. 


Suppose now that the initial distribution of temperature is 


Soe AED See sey ce he ee (5) 
where f(x) is any known function. Then this is equivalent to 
sd bee Fate ae ee (6) 


But the solution for positive values of the time that reduces to H (€-2) 
when ¢=0 is 


3 [1+ bet Sand 
2ht? 


Hence by the principle of the superposibility of solutions the solution 
of the more general problem is 


a fe E-wv 
ed NE OLE BET |p eerste nsse (1) 
1 SY 2 dé 
== 9 A fy ee icine er ee ee ee 8 
aft fee Qht? (8) 
Put now ey 8571) ee eae eS (9) 
Then Y= Fle s DbNe- ad, 6 Basseedd (10) 
T/i—@w 


This is the general solution obtained by Fourier. 


5.4. If the temperature is kept constant at «=0, but the initial 
temperature is f(a) for positive values of z, we may proceed as follows. 
If we consider instead a system infinite in both directions, but with the 
initial temperature specified for negative values of a so that 


Ef (RSE (Oy. Stepeasoatanracadssiwoeeses (1) 
we see that the temperature at w =0 will be zero at all later instants and 
the solution of this problem will fit the actual one. Hence 


[e'0) 1 © +0)2 dé 
aia I ee Pacis a E ; LHe eat mare rien (2) 


= z fs one? (@ 2 2ht*r) e-Ndd — = x f2ht? = ee 2aht?d) aaa 
rj—# T 
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If in particular the initial temperature is everywhere S, /(€)=S, and 


1 x/2ht® 
Vege | e-™ dd 
Ne —a/2ht® 


Thus the solution of 5.2 is regenerated. In Kelvin’s solution of the 
problem of the cooling of the earth, 5.3 (10) was adapted to a semi- 
infinite region in this way. 

The value of @V/éa at the end 2=0 is obtainable by differentiating 
the solution valid for a semi-infinite region. In Kelvin’s problem 


V=S(1-e™®), 
oV S 
and ( We = Sg= iad fies anismeehe ease (5) 


The same result is found by differentiating (4). 

We notice the curious fact that although the original exact solution 
for a finite region in 5.2 (5) is a single-valued function of o, a square root 
of ¢ appears in the approximate solution for a greatly extended region. 
The reason can be seen by differentiating the exact solution. It gives 


(=). = Sq cothtgl <ivcediskeste acc (6) 


which is a single-valued function of o. But when we use Bromwich’s | 
interpretation we find that 


oV. 1 Pome 3 Pe} 
a2 Beek) kK? al\ 
i Ly, = Dart S ch coth (‘s) OF BR ai ibene (7) 


which is again single valued ; but if «+ is specified to be real and positive 
when « is real and positive, it has a positive real part at all points on 
L, and therefore if J is great coth «#//h is practically unity. The integral 
is therefore equivalent to 


1 «kt 
< =8 [5 inte Pi at eee eeae (8) 


which is our interpretation of o3,8/A, and is equal to S/h,/(xt). We could 
have started by specifying the sign of x? to be negative when « is positive, 
but then « and coth «4/k would both have been simply reversed in sign, 

and the same answer would have been obtained. . 


5.5. Imperfect cooling at the free end of a one-dimensional region, 
With the initial conditions of 5.2, let us suppose that the end w =/ is 
maintained at temperature S as before, but that the end 2=0 is not 
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effectively cooled to temperature zero. Instead we suppose that it radiates 
away heat at a rate proportional to its temperature. At the same time 
heat is conducted to the end at a rate kdV/ax per unit area. These 
effects must balance if the temperature at the surface is to vary con- 
tinuously, so that instead of having V=0 at the end as before we shall 
have a relation of the form 


OV 


Tyee eto Ata Orissa aeaibeseer (1) 
The equation 5.2 (3) is unaltered, and the operational solution is 
V =S{1—Asinhg C—7z)} su. cccaeeeccseceanne (2) 
where A is to be determined to satisfy (1). Hence 
qA cosh gl—a(1—A sinh gl)=0 ...ecceseeeeeeees (3) 
eid v=s{i- ; aes =o hyenas (4) 


The roots in o are real and negative, and we can proceed to an inter- 
pretation by the partial-fraction rule as usual. Or, using the expansion 
in “ waves,” we have 


V=S [1 = — (1 ~¢-%0-#) (1 S a + mate ...(5) 


If the length is great enough to make the terms involving e~*” inap- 
preciable, we can reduce this to its first two terms, thus: 


If a is great, the solutions reduce to those of 5.2; this is to be expected, 
for (1) then implies that V=0 when 2=0, which is the boundary con- 
dition adopted in 5.2. If a is small, V reduces to S; the reason is that 
this implies that there is no loss of heat from the end, and therefore the 
temperature does not change anywhere. For intermediate values we may 
proceed as follows. If 


Bromwich’s rule gives 


Put K= As caient te dce Lesa anaes iaeaeume ny ts (9) 
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The path of integration for 4 is a curve going from Fe~#* to Ret, 
where & is great, passing on the way within a finite distance of the 
origin on the positive side. Denote this path by JZ Then 


gen zidh aa exp (xe-F) Do cee (10) 
ie GH say) ex (2-*7) F Nam! 29°75 (11) 
Bandas Lemp (32) dn fom (es-B8) 
=e 
=1-Erf aa eee oe (12) 


The second part of (11) can be written as an integral with regard to p, 


where 
Ae WS! Berek rere ret its nce (13) 


along a path obtained by displacing W through a distance ah; but the 
integrand is regular between these paths and the route MZ may still be 
used. The second part is therefore 


ase 1 exp {ut p (Baht + i) exp (a@h°t + ax) du 


Mp 

AS x+2Qah?t 
=~ exp (wht+ az) {1 - Ria \ Soe (14) 
and y=1-—Erf €- exp (7° + az) {1- Erf (€+y)}......... (15) 
where E= a/Dht®s yaahth. ...ececcseseseeee (16) 
Hence V =S[Erfé + exp (y*+ av) {1- Erf (€+ y)}]. «0... (17) 


This is the same as Riemann’s solution*. 
The temperature at the end is 
Vann = Sexp 7? {1 — Erf y} «........cccccceenees (18) 

whence the temperature gradient at the end follows by (1). For small 
values of the time the temperature at the free end falls continuously; 
the temperature gradient there is not instantaneously infinite as in 
5.4 (5). For great values of the time we can use the approximation 2.4 
(21), giving 


Venom Fes [1-3 (aha) 4-5 (ates) +] 09 


* Riemann-Weber, Partielle Differentialgleichungen, 2, 95-98, 1912. 
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This is equivalent to one found by Heaviside*. Heaviside gives also an 
expansion in a convergent series, suitable for small values of ¢, but it 
is probably less convenient than the equivalent expression (18) in finite 
terms. We see from (19) that the longer the time taken the better is 
the approximation to (@V/ér)z=» given by the simple theory of 5.2. 
5.6. A long rod is fastened at the end 2 = 0, the other end not being in 
contact with a conductor. Initially it is at temperature 0, but at time 0 
the clamped end is raised to temperature S and kept there. Each part of 
the rod loses heat by radiation at a rate proportional to its temperature. 
The differential equation is now 


aV a ie 
rte = h V eee rec eccccccececcceceeces (1) 
where a is a constant. Let us put 
Facts == p29 aeosing Rewer eee eee (2) 
and write the equation 
EEN an (3) 
aa? PEE Arete toy er Te 


At x=I there is no conduction out of the rod, and therefore 6V/dx 
vanishes. Also V = S when x=0. The solution is 


Fe tad hs (4) 


cosh rl 
This can be expanded in powers of e~*”. The first term, which is the 
only one we require, is 


Pea es Oi Ee, 2 ew aoe aan ek Ihe ns vereone cates (5) 
S (Kk + a2) dk 
ise Sa ah de cies in Of 
Put (ee ri ea ty app ROSA CECE RA te: Doe, (7) 
S - ha) Add 
Then ete ie exp {oa —o°)t- Ghee Moa! 


== [exp {or— ye Shae } GA (8) 


But if A eae Pel Woes Sahn sesw'o)<daaueynn ee coats (9) 
the term in 1/(A —a) becomes 


as ie exp {uee- a G = zat) exp (- =) wh 
= 3 Sexp (-) {1 - Be eS ve os (10) 


* Electromagnetic Theory, 2, 15. 
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as in 5.5 (12). The complete solution is 


7=48 xn (-32) fe 2} 


+ exp €3) {1- Erf = oe tote (11) 
When a= 0 this reduces to 


V=8(1- 


so that the disturbance of temperature spreads along the rod, the time ~ 
needed -to produce a given rise of temperature at distance x from the 
end being proportional to 2*. If ¢ is small enough to make at? small, the 
error functions will be practically unity except where @ is not great 
compared with 2h¢?. For such values of 2 the exponentials are nearly 


unity.. Thus at first the heating proceeds almost as in the absence of 
radiation from the sides of the rod. 


But if af? is great and a/2he® small or moderate, the first error func- 
tion in (11) 1 Is practically —1, and the second +1. Thus in these con- 
ditions 


Y= Bee ad eee eee on ee (13) 
This is seen by a return to the original equation to be the solution 
corresponding to a steady state. This will hold so long as at? — 2/2h¢® 


is large and positive, even if 2/2hé? is itself large. The region where the 
approximation (13) is valid therefore spreads along the rod with velocity 


Qah; if at? has once become;large, each point on the rod reaches a nearly 
steady temperature at a time rather greater than 2/2ah, 


If ot? is large and a/2h¢ still greater, the solution is nearly 


Y= pSe-ei {1 - Ext ® ei eae (14) 
2ht 


If further the argument of the error function is large, we can write 


4 
Seah (w@—2aht)’)  2ht 
2 ms aia, {- 4t | @—Qaht 


: V= 


2a, x" ht? 
= = S exp amet viseresressevevene( 15) 
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In the regions that have not reached their steady state, the temperature 
resembles that for the problem without radiation, except that the small 
factor }e-« —% 
. x — Qaht 
5.7. The cooling of the earth. Cooling in the earth since it first became 
solid has probably not had time to become appreciable except within a 
layer whose thickness is small compared with the radius. It is therefore 
legitimate to neglect the effects of curvature and treat the problem as 
one-dimensional. Radiation from the outer surface must have soon 
reduced the temperature there to that maintained by solar radiation, so 
that we may suppose the surface temperature to be constant and adopt 
it for our zero of temperature. The chief difference from the problem of 
5.2 is that we must allow for the heating effect of radioactivity in the 
outer layers. Suppose first that the quantity P defined in 5.1 is equal 
to a constant A down to a depth H, and zero below that depth. Take 
the initial temperature to be S+mz, where m is a constant. Then the 
subsidiary equation is 


must be introduced. 


eV 
GeV =~ poe S+ma)  0<a<H| gy 
and =-@¢@(S+ mz) He<x, } 
and the solutions are ; 
A 5 
Urey Rained chee qz + (eq ae wuss (2) 
and =S+ma+ De-% Hez. 


A term in e® is not required in the solution for great depths, because 
it would imply that the temperature there suddenly dropped a finite 
amount at all depths, however great, in consequence of a disturbance 
near the surface. The conditions to determine B, C, and D are that V 
vanishes at #=0, and that V and @V/éx are continuous at «=H. 
Hence 


BHO AAS PANG EN ocdidiiiests ntavenieivers a) 
Be- + Cet + Ajo = De-V,....cceeeeeeseeees (4) 
WEY ie HEE a OFC ESNCEAY BY fect HEED SS Ai hone eer (5) 


Solving and substituting in (2), we find 


V=S(1-e #)+maet+ = {1 —e-9—e- sinh ga} 0<0<H| 


ey (6) 
V=S(1-e-@)+maz+ = (cosh gH — 1) e- 4% xv>H. | 
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: ° 1 : ve 
These solutions involve terms of the form pel ibe, where ais positive. T'o 


interpret, we write 


Sexi 
ha 
Re AN Se 8 fe oN Nd as a 
ae n° xp (7 i) 4 @) 

on integrating by parts. But 

1 2 da RS Ear 

ti [exp (Mt 7") Ye ceeeeeesesees (8) 
and a further integration by ae gives 


2m =f one (x = oo — Bare fie(2¢- in) (we = 9) vs 


=htge™%* — = 6M AA9) 


In all bow = (++ 5.) (1- Ef“ aye ; J tenon, ---(10) 


Thus we can obtain a solution in finite terms, which is easily seen to 
be identical with that previously obtained by a more laborious method *. 

The temperature gradient at the surface is found most easily from 
(6); we have 


a 
(=) =Sq+m+ = SE lee are se a (11) 
LS x=0 
Ls ont on ds 
But oe = 35 [exp (« Se ad be rence (12) 


h H\ dd 
= (MEA) Se 
= 2h’tqge-V — He- 


=2h (t/n)3 e- Hyset — AT (1 — Erf aa are (13) 
and therefore 
r a : A — 72 2 
= ey «8 a |H- ier at 2h (= a (l-e HT?/4h: |. 
vaceteek (14) 


This is identical with the result given in earlier works of mine oxee : 
that in these the factor 2 was omitted from the last term. 


* Jeffreys, Phil. Mag. 32, 575-591, 1916; The Earth, 84. 
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In the actual problem a considerable simplification arises from the 


fact that H is small compared with 2h¢%. On this account we can 
expand the solutions in powers of H, and retain only the earlier terms. 
Thus for the surface temperature gradient we have 


aV A 
Seca ——..q.(qH-k¢e@ 
Ga) ie aa q (qH $¢° H*) 
= S54 m+ 42 (1-4 1) fevcealist (15) 
h (xt)? h 
and for the temperature at depths greater than H 
V=S(1-e@) + ma+ a. $¢°H’.e@ 


AW A 
1S NT a) 


= ma + (s- ) ee ere (16) 
5.71. An alternative possibility is that the radioactive generation of 
heat, instead of being confined entirely to a uniform surface layer, may 
decrease exponentially with depth. In this case the subsidiary equation is 
eV ye 
eh ee ae HGS HIM) < etewsss tection (1) 
at all depths. We already know the part of the solution contributed 


by S+ ma. The remainder is 


Wo faye ee Raa (2) 

—aAL —axr rf : 

But P@ 2) = es = Bae (1) steseecenes (3) 
a?e a a c 

oe eee er meme’ oe 

= 4 [e-* — exp (7° + aw) {1 — Erf(A + y)}] 

+4 [e-® — exp (7? — ar) {1 -— Erf (A—y)}]........ (4) 
where A=2/ ht? 7 y= aht?. tecnico oes hia manent a (5) 


Hence W= — {exp (7 — av) — exp (-az)} 


+ As(G- Ef )—} exp (7+ a2) {1-Exf (A+ 9)} 
—} exp (7'- ax) {1—Exf A—y)}] 
= Aji Bef A—o-*— J exp (y+ aa) {1 - Bef (A+ 7)} 
) + } exp (7° - aw) {1 — Erf (y—A)}] (6) 
which is the same as the solution obtained by Ingersoll and Zobel*. 


* Mathematical Theory of Heat Conduction, Ginn, 1913. 
Tia 3 


’ 
; 
j 
: 
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The contribution of radioactivity to the temperature gradient at the 
surface is 


ow 7: | x 

Cela. reece ener eat eereeeeee ES ORES (7) 
A AF oak 

os {1-expy'(1—Exfy)}. ......--.-.- (8) 


When y is great, as it actually is, we have 


G4 m- fe (1 Y 7) = = (2 ah ice) gee @) 


5.8. The justification of the method is easier in problems of heat 
conduction than in those of the last chapter, because the integrands 


always contain a factor exp (- <*) . This tends to zero when « tends 


to ceo in such a way that the integrals obtained by differentiating 
under the integral sign always converge, and can therefore be sub- 
stituted in the differential equation directly. But the integrals for the 
temperature are of the form 


V==— | sex (e252) “, 


and when we substitute in the equation 


the integrand vanishes identically. 


CHAPTER VI 


PROBLEMS WITH SPHERICAL OR CYLINDRICAL 
SYMMETRY 


6.1. So far we have treated only problems of wave transmission or 
conduction of heat. in one dimension. If our system has spherical 
symmetry, the equation of transmission of sound takes the form 


where ® is the velocity potential, and 


15 / 08) PS 9 oo 
v2 ee a —— = SS een 
= ae yt POF 


1# a 
= os a (r®). Pete cence ence cece eeeeeseeeceeeecares (2) o ; 


nd. 
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The differential equation is therefore equivalent to 


eo oe 
Bea CR) RRO a cerbysccneartisact. (3) 


This is of the same form as the equation of transmission of sound in 
one dimension, 7® taking the place of ®; but differences of treatment 
arise from differences in the boundary conditions. A similar transforma- 
tion can of course be applied to the equation of heat conduction. 

If the symmetry is cylindrical, we take Cartesian coordinates 2, y, z, 
and put 


Cry =a, Y= eo tanid, oi.9-aancoennes (4) 
and if ® is independent of z and ¢ we have 
eed Oks ob 

Vo-= (=), were w reece esercsreeres (5) 


which is capable of no simple transformation analogous to that just 
given for the case of spherical symmetry. This fact gives rise to striking 
differences between the phenomena of wave motion in two and three 
dimensions. 


6.2. Consider first a spherical region of high pressure, surrounded 
by an infinitely extended region of uniform pressure; the boundary 
between them is solid, and the whole is at rest. Suddenly the boundary 
is annihilated. Find the subsequent motion. The problem is that of an 
explosion wave. We suppose the motion small enough to permit the 
neglect of squares of the displacements. At all points 

OF e 
(Ga-e gs) r®=0. See ee (1) 
Initially there is no motion, so that ® is constant, and may be taken 
as zero. The pressure P is — pd@/ét, where p is the density; this is a 
positive constant when 7 <a, but zero when r>a. Then we can take 
the subsidiary equations to be 


2 
(Ga- B) 3" lh een @) 
=0 r>a. 
The pressure must remain finite at the centre. Hence 
rb =—" +A sinh Bag A ee eee (3) 
2B OXp (OF fC) PS Ge oe ivosesnesceseacs (4) 


“There can be no term in exp (or/c) in (4) since it would correspond to 
a wave travelling inwards. Now the pressure and the radial velocity 


5-2 
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must be continuous at r=a; hence ® and 66/ér must be continuous. 
These give 


Ne A sinh @ = Bexp (-“), Bes Fe 2 Sets (5) 
o c c 

2 +24 cosh 4 =-" Bexp(-*), Es (6) 
Gane c c C 


whence 
A=1(c+a0)e-eale; B=, (¢— ac) evtle — +, (c+a0)e-*4l2, (7) 
o 2o 20 
Thus outside the original sphere 
ie ae (c—ae)e-#(r-ale— 25 (6 +aa)e-ertae, ...(8) 
The associated pressure change is 


peed l(c = a) eno (r—a)ie— ¢ + a) e-7 (rate | --(9) 
2rL\o o 


C 


But See 0 when ¢ is negative oe ae eng (10) 
= ct —a when ¢ is positive. 
Hence le a) e—7(r-a)ie = () when ct<r—a 
and =ct—(r—a)—a 
=ct—9r when Ch> r—@. .......0 (11) 
Similarly ¢ ~ a) e-rr+ale = when ct<r+a 
oO 
and =ct—r when cf>r+d. ......0e. (12) 


Hence the pressure disturbance is zero up to time (7—a)/c, when the 
first wave from the compressed region arrives, and after (7 + a)/c, when 


the last wave passes. At intermediate times it is equal to 5 (r —ct). 


Thus it is equal to pa/2r when the first wave comes, — pa/27 when the 
last leaves, and varies linearly with the time in between. The compres- 


sion in front of the shock is associated with an equal rarefaction in the 
rear *, 


Within the sphere the pressure is 


en ee ral eee 
Be | is = (¢ + ac) sinh — eee] 
a Rc c 


=p [1 ek = & a a) (e-ete—ne— grater) : Ba GE 


* Of. Stokes, Phil. Mag. 34, 1849, 52. 
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This is equal to p up to time (a—r)/c, then drops suddenly to 
p (1—a/2r), decreases linearly with the time till it reaches — pal2r at 
time (a+r)/c, and then rises suddenly to zero. The infinity in the 
pressure at the centre is only instantaneous, for the time the disturbance 
lasts at a given place is 27/c, which vanishes at the centre. It is due to 
the simultaneous arrival of the waves from all points on the surface of 
the sphere; at other points the waves from different parts of the surface 
arrive at different times, giving a finite disturbance of pressure over a 
finite interval. If r < 4a, the pressure becomes negative immediately on 
the arrival of the disturbance. 

The behaviour of the velocity at distant points is similar to that of 
the pressure. If w is the radial velocity, 

u = 6®/er 
Sea's Zoek LUN ae TT Oe oe (14) 


If r is great the first term is proportional to 1/r, the second to 1/7’. 
The first is therefore the more important. But the first term is simply 
a multiple of the pressure. Hence there is no motion at a point until 
time (r—a)/c, when the matter suddenly begins to move out with 
velocity a/2r. This velocity decreases linearly until time (7 + a)/c, when 
it is —a/2r, and then suddenly ceases. The total outward displacement 
contributed is zero. The second term, however, gives a small velocity 
which vanishes at the beginning and end of the shock, and reaches a 
positive maximum at time r/c. It produces a residual displacement, of 
order a/r times the greatest given by the first term; this represents 
the fact that the matter originally compressed expands till it reaches 
normal pressure, and the surrounding matter moves outwards to make. 
room for it. 


6.21. Consider next the analogous problem with cylindrical sym- 
metry. With analogous initial conditions, the subsidiary equation is 


1 @ ed sea yRes a<a 
ae e  ¢ Sey ee (1) 
=. oa: 


The solutions are Bessel functions of imaginary argument and order 
zero, Iy(oa/c) and K,(oz/c). The latter is inadmissible within the 
cylinder, because it is infinite when «=O. The former cannot occur 
outside it, for the following reason. The interpretation is to be an 
integral along a route through values of the variable with positive real 
parts, and when a is great the asymptotic expansion of L, («a/c) con- 
tains exp (xa/c) as a factor. Hence the solution would involve exp (oa/c) 
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and thereforea disturbance travelling inwards. The solutions are therefore 


o=-~+A41,(=) 0<0<a 
o C 


oigh af dae ee eee (2) 
= BK, J a<@. | 
Also @/é¢ and 0@/éa must be continuous at a= a. Hence 
oa 1 oa 
Al, (“) -5=BK, (“), BM Ae (3) 
/(T2\  _ prs (Fa 
Al, (=) = BE, ( : \s aero ee (4) 


Also we have the identity 
dy (2) Ky (2) —L, (2) Ko (2) HA «+2 --- eee enone (5) 


Hence we find for points outside w=a@ 


0-81 (2) (E) 


log , (Ka Ko\ |, dk 
=-5- o/h (“ K,(=) et =. eecccccecene (6) 
But* I.) =+ [rex (0038.0) dO; sisnettone Ps jer 
0 
K,(2)= i . exp (— ZC0sh VY) dv, .......e0ees oes (8) 
0 

whence 
® I, ie ie Fexpx(t+2 cos 6 -= cosh v) cos Od«dédv. 
cE @) 
st pe 9 


Performing first the integration with regard to x, we obtain a function 
of the form H (¢—6), Thus 


o=-— e i CB dO can tacseens eth ns (10) 
mC Jo JO 
where the range of integration is restricted by the condition that 
ct + @ C08 6 — @ cosh U> 0. ...00s.csvceeneeseees (11) 


It follows at once that there is no movement at a place until time 
(w—a)/c. Integrating next with regard to v, we see that the admissible 
values range from 0 to cosh~'{(ct +a cos @)/a}, provided the quantity 
in the parentheses is greater than unity. Hence 


o=-— = cos@ cosh (ftace?) WO a eee (12) 


* The notation is that of Watson’s Bessel Functions. 
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So long as ct>w—a, there will be a finite range of integration with 
regard to 6; the lower limit is then always zero. If ct>a+a, the 
inequality is satisfied for all values of 6 up to x, and therefore = is the 
upper limit. If ct <a +a, the inequality is not satisfied when @= 7, and 
the upper limit is cos (a—ct)/a. The disturbance at any point may 
therefore be divided into three stages, the first until ct=a—a, the 
second from then till ct=a +a, and the third later. 

We are concerned chiefly with the pressure. This remains constant 
until ct =a —a; in the next stage it is equal to 
__ pa oe (w —ch/a jal at, cos 6 dO 
= pa: OS: (13) 


ei {(ct + a cos 6 — a \3 


and in the last to a similar integral with the upper limit replaced by z=. 
By applying the transformation 


ch+a—mw=2b; ct+acos6—aw=2beoos’yp ......... (14) 


and integrating on the supposition that 4 is small, we find that soon 
after the arrival of the wave 


P=ip, /(2)[1-32-17]. tno Sen (15) 


When the wave arrives the pressure therefore jumps to tp (a/a)?, and 
then falls by 2c/a of itself per unit time. The corresponding fraction in 
the spherical problem is c/a. At time a/c the pressure is still positive ; 
but when ct = a +a or more and 6 is greater than $7, the integrand in 
(18) is numerically greater than for the supplementary value of 6, and 
thus P is negative. The passage of the wave of rarefaction is therefore 
indefinitely protracted. To find out how it dies down with the time let 
us suppose that ct is greater than a, and that a is small compared with 
either. Then 


approximately. The residual disturbance falls off like ¢~’. 


6.22. If the motion was one-dimensional, as for instance if the original 
excess of pressure was confined to a length 2a of a tube, the resulting 
disturbance of pressure would consist of two waves, each with an excess 
of pressure equal to 4p, travelling out in opposite directions with 
velocity c. Comparing the results for the three cases, we see that the 
first disturbance at a given point outside the region originally dis- 
turbed, in each case at the same distance from the nearest point of it, 
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occurs in each case at the same moment. The increase of pressure in 


the one-dimensional problem is 4p, in the two-dimensional one $p (a/a)?, 
and in the three-dimensional one $p(qa/r). In the first case the pressure 
remains constant for time 2a/c, and then drops to zero and remains 
there. In the cylindrical problem it begins to fall instantly, and becomes 
negative in an interval less than 2a/c; it then reaches a negative maxi- 
mum, and dies down again asymptotically to zero. In the spherical one it 
decreases linearly with the time and reaches a negative value equal to 
the original positive one at time 2a/c; then it suddenly becomes zero 
again. 


6.3. Diverging waves produced by a sphere oscillating radially*. 
Suppose that a sphere of radius a begins at time 0 to oscillate radially 
in period 27/n. We require the motion of the air outside it. 

The velocity potential ® satisfies the equation 


oe e 
= (rb) — aoe (FP) =O. sosnsneeeees (1) 
Initially all is at rest; the solution is therefore 
FD SAG CON: theories seca tape ea) 


When r= a the outward displacement is, say, * sin nt when ¢> 0, and the 


outward velocity cos nt. Hence 


Z Bs (: emer) | a ee Kees (3) 
ot boa (o? eee exp {- ero 


ee ele eye |-<(r—a) cos nt + sin nt — a 
C+ an P C RE eg a, 
Ca? r—a Na . 72 
Frama 008" {t-—" } +Msinn {e-7—* } 
=> ct—-rt+a 
—exp {-S=2 44h) Perret (4) 
when ct>r—a. 


The solution has a periodic part with a period equal to that of the 
given disturbance, together with a part dying down with the time at a 
rate independent of n, but involving the size of the sphere. As there 
is no corresponding term in the problem of 6.2 we may regard it as 


Love, Proc. Lond. Math, Soc, (2) 2 1904, 88; Bromwich, id. (2) 15, 1916, 431. 
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a result of the constraint introduced by the presence of the rigid sphere. 
Its effect on the velocity or the pressure is to that of the second term 
in a ratio comparable with (¢/na). 


6.4. Aspherical thermometer bulb is initially at a uniform temperature 
equal to that of its surroundings. The temperature of the air decreases 
with height, and the thermometer is carried upwards at such a rate that 
the temperature at the outside of the glass varies linearly with the time. 
Find how the mean temperature of the mercury varies*. 

The temperature within the bulb satisfies the equation 


where SS I San usnitcn ee (2) 
That at the outer surface of the glass is G¢, where G is a constant. 
But the glass has only a finite conductivity, so that the surface condition 
at the eutside of the mercury is 


aV 
ap KE (GE Vy eoseeee tees es eeceeeneteens (3) 
K being another constant. The solution of (1) is 
Pie MINE AY Satars ta on PREG cs be Sed os ace (4) 
@ KG/c 


and (3) gives <A 


~ Ka sinh ga + ga cosh ga — sinh ga 
where @ is the inner radius of the glass. 
The mean temperature within the bulb is 


Vy=3 [et Var 
3A ; 
=e (ga cosh ga — sinh ga) 


3KG ga cosh ga — sinh ga 
~ aog Kasinh ga + ga cosh ga — sinh ga" 


Botte (6) 


In applying the partial-fraction rule, we notice that near o = 0 


7 3KG (ga b+ tee) 
°~ ace qa Ka+, KPa +t 70") 


-oft-(e-ti) 
2 
-a{-8 (beats) 


* Bromwich, Phil. Mag. 37, 1919, 407-419; A. R. McLeod, Phil, Mag. 37, 1919, 134, 
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so that there is a constant lag in the temperature of the mercury in 
comparison with that of the air. 

The other zeros of the denominator give exponential contributions, 
which are evaluated in Bromwich’s paper. 


6.5. A cylinder of internal radius @ can rotate freely about its axis. 
It is filled with viscous liquid, and the whole is rotating as if solid with 
angular velocity ). The cylinder is instantaneously brought to rest at 
time ¢=0, and immediately released. Find the angular velocity later. 
(Math. Trip. Schedule B, 1926.) 

The motion is two-dimensional, and there is a stream-function w- 
satisfying the equation 


(vv 2 =) V Birks one _ ie ere (1) 


where v is the kinematic viscosity. Since the motion is symmetrical 
about an axis the right side is sane zero. Put 


) 

— — pees Pe 

a ee, wre N= a a os). a aaideeasenee (2) 
Initially p=4a"w; V?p=2w, 
and the subsidiary equation is 


(V2 a 9) Wass Seige oe een cae ch cen eee (4) 
The solution is 


=A, (ra) + BK, (ra) + Clogaw+ Dita’w. ...... (5) 


The velocity must be finite on the axis; hence B and C are zero. Also 
D is independent of a and therefore cannot affect the motion. 

If J be the moment of inertia of the cylinder per unit length and 
its angular velocity, the equation of motion of the cylinder is 


where p, is the shearing stress in the fluid. Now 


imme (aa a) 


= vpa 2. (1 
= vpa ao (= =) Bee ask woe Ga ae (7) 
evaluated on the outer boundary at the point (a, 0). Hence 


pe= ps t (Padgl ta) — 20y (ra) |e ccctnrony scat (8) 
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Since the cylinder starts from rest, 


Low =—2rvp Ar [ra Iy (ra) —20y (ra)}. -. sees eees (9) 
Also aw must be equal to the velocity of the fluid. Hence 
Gea Ae Ty (7) eatoga Seana .ckesosen dene. (10) 


Eliminating A we have 
w [(Ko— 2) Ly (ra) + ra Ty (ra)] = © [ra I, (ra) — 2, (ra)]..-1.1) 
where Darvpa Km Jus teakeus tseee deo ccan (12) 
The operational solution is therefore 
ra I,(ra) — 21; (ra) 


= petemainueataielee 13 
mae (Ko —2) Ly (ra) + ra Ly (ra) Ce 
But 
I, (ra)=1+4 49? a? + Aprtat+...; Dy (ra) =hra+yyria’ + .... (14) 


The contribution from o =0 is found to be 


2 


ean 
a+vk — 

say. This is the ultimate angular velocity. The other terms arise from 

the zeros of the denominator. If we write sé for 7, and substitute for K 

in terms of «,, we find that these satisfy 

2 7.2 

{or — ,) < + 2} J, (ha) — ka J, (ka) = 0. 

The solution is then of the form o, + }4,e-”. The coefficients A; are 

determinable by the usual method. 


(Oty Sabon. Auaaamn ane oonuaandol (15) 


CHAPTER VII 
DISPERSION 


In the propagation of sound waves in air and of waves on strings the 
velocity of travel of waves is independent of the period. In many problems 
this is not the case; waves on water afford an important example. 


7.1. Consider a layer of incompressible fluid of density p and depth 
H. Take the origin in the undisturbed position of the free surface, the 
axis of z upwards, and those of w and y in the horizontal plane. Put 


a ) a om 


e 
OE teens Cais see Es ao peer SAAC eon 1 
Ot o; Ox =~; ay q3 Ba? * ay? ‘s ( ) 
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The velocity potential ® satisfies the equation 


be BO alee | AY PORE rg Oe TS s (2) 


At the bottom the vertical velocity vanishes. At the free surface, so 
long as the motion is only slightly disturbed from rest, we have 


ab a 


Zo ET bp BAIN Ste POEL OE Ss Oma ae 3 
where Z is the elevation of the free surface. Then we must have 
ocosr(z + H) 
=— é OE We PEL AS DH SAEs Mn 4 
yy r sinrH é (4) 


The pressure just under the free surface is —7'pr°Z, where 7'p is the 
surface tension. 

But by Bernoulli’s equation it is also equal to —po®— gpl + F'(4), 
and F'(¢) does not affect the motion and can therefore be omitted. We 
have therefore the further surface condition 


eh tC! hoa! Ui get Seer ae oe (5) 
Combining this with (4) we have the differential equation for ¢ 
{o?—(g— Tr*) rtan rH} f=0.  ..ecee cress serene (6) 


If the fluid starts from rest with ¢ equal to &, a known function of x and 
y, the subsidiary equation will have a term of, on the right, and the 
operational solution will be 


lee 


co 


FE (a) PRTC Re See ARE (7) 
= cosh ¢ {(g — Tr) r tan ry . fy. .....cceccseerees (8) 
In the corresponding problem of a uniform string in 4.1 the coefficient 
of ¢ was simply pe. 
Suppose first that the original disturbance consists of an infinite 
elevation along the axis of y, with no disturbance of the surface 


anywhere else. Then & can be replaced by p, and (8) is equivalent 
to the integral 


= 5 ie cosh t {(g — 7'«*) x tan «Hy ee es (9) 


The integrand has an essential singularity wherever «H is an odd 
multiple of 47; Z cannot therefore cross the real axis within a finite 


distance of the origin, but becomes two branches extending to + «© above 
and below the axis. 
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7.2. The method of steepest descents. The elevation of the surface is 
thus expressed in terms of integrals of the type 


B 
s= |) GX F(a eee hoes ease aee saves (1) 


where/(#) is an analytic function, and ¢ is real, positive, and independent 
of z. Put, following Debye, 


MA ae Fe ACT PRC ERS OE NA RRO Sey cg (2) 


thus expressing it in real and imaginary parts. If the integral is taken 
along an arbitrary path, the integrand will be the product of a variable 
positive factor with one whose absolute value is unity, but which varies 
in argument more and more rapidly the greater ¢ is. There will evidently 
be advantages in choosing the path in such a way that the large values 
of # are concentrated in the shortest possible interval on it. Now if 


BEE PLY. casas ow ddeseb a aWeansembabee ts (3) 
PR OR PL -0T 
we shall have at aye = 98 a * ayo Late SVEN (4) 


It follows that # can never be an absolute maximum. But it can have 
stationary points, where 


and we know that these points will also be stationary points of 7 and 
zeros of f’ (z). These points are usually called the ‘saddle points,’ or 
sometimes ‘cols.’ Through any saddle point it will in general be possible 
to draw two (sometimes more) curves such that # is constant along 
them. In sectors between these curves # will be alternately greater and 
less than at the saddle point itself. The sectors where # is greater may 
be called the ‘hills,’ those where it is less the ‘valleys.’ If our path of 
integration is to be chosen so as to avoid large values of #, it must 
avoid the hills, and keep as far as possible to the valleys. If then the 
complex plane is marked out by the lines of # constant through all the 
saddle points, and A and B lie within the same valley, our path must 
never go outside this valley; but if A and B lie in different valleys, 
the passage from one valley to another must take place through a saddle 
point. In the latter case the value of the integral will be much greater 
than in the former, and therefore interest attaches chiefly to the case 
where the limits of the integral lie in different valleys. 

The paths actually chosen are specified rather more narrowly; the 
direction of the path at any point is chosen so that |@//0s| is as great 
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as possible. If y is the inclination of the tangent to the path to the axis 
of z, we have 


= =cOos 


oR ok a oR 
os v3 


and if this is to be a numerical maximum for variations in ¥ 


oR oR 
Oe AN ae 
oR of 
Buy te Fao ere een Se (7) 


where dn is an element of length normal to the path, drawn so that 
when ds is in the direction of a increasing, dn is in the direction of y 
increasing. Hence J is constant along the path. Such a path is called 
a ‘line of steepest descent.’ There will be one in each valley. In general 
the limits of the integral will not themselves lie on lines of steepest 
descent, but can be joined to them by paths within the valleys. 

In general lines of R constant through different saddle points will 
not intersect; and there will be only one saddle point on each line of 
steepest descent. For the former event would imply that # has the same 
value at two saddle points, the latter that J has, and either of these 
events will be exceptional. It follows that as we proceed along a line of 
steepest descent # will rarely reach a minimum and then proceed to 
increase again. For if R had a minimum @#/és would be zero; but é//és 
is zero by construction, and therefore the point would be another saddle 
point. Lines of steepest descent usually terminate only at singularities 
of f(z) or at infinity. 

The path of integration once chosen, the greater ¢ is the more closely 
the higher values of the integrand will be concentrated about the saddle 
points. Thus we can obtain an approximation, which will be better the 


larger ¢ is, by considering only the parts of the path in these regions. 
In these conditions we can take 


t (2) =S (Sq) + 4 (e— MPS” (Sp), veehuacedcsweaceas (8) 


where 2, is a saddle point. Put 


yet Sods A sil B— Be) =F ~ a nrsnarecobcoaaes (9) 
Then on a line of steepest descent 
S(2)=f (R= FAr, eas (10) 
and we can put 
OLE (SW) =, hss vomisadvasenian ene (11) 
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on the side after passing through z). Then 


S=2 ih exp {¢ / (z,)} exp (— $.Aér) d (7 exp ta) 


On\t 
= (F) SOU OR EE EDIE SS sear tye | ee ee (12) 


To get from A to B it may be necessary to pass through two or more 
saddle points, with probably traverses in the valleys between the lines 
of steepest descent. Then each saddle point will make its contribution 
to the integral. 

The error involved in this approximation arises from the terms of the 
third and higher orders omitted from (8). Its accuracy therefore depends 
on exp (—4¢Ar*) having become small before exp (— 4 ¢tr?|/’” (z)|) has 
begun to differ appreciably from unity. Hence 


2 1 vr 2 
ht Braet yg ll Me) io (13) 
‘ "ee 
must be large. In most cases the approximation is asymptotic, and does 
not represent the first term of a convergent series. 


7.3. In problems of wave motion we often have to evaluate integrals 
of the form 


t= aaa (k) exp (Kx = yt) PES BER ana ARON OT (1) 


where ¢(x) and y are known functions of «. As a rule ¢(x) is an even 
function, and y an odd one. When « is purely imaginary y is also purely 
imaginary. We require the motion for large values of ¢, and possibly 
also of z. 

The function ¢ («) usually introduces no difficulty. It does not involve 
# or t, and therefore when these are large enough it can be treated as 
constant throughout the range where the integrand is appreciable. 

It is usually convenient to replace « by « and y by cy, and to consider 
the equivalent integral of the form 


c= x s y (x) expt (Ka — rE Coat pene WS (2) 


The saddle points are given by 
. DA CHQD  rsccecenreresecccecaeaeevoeserees (3) 


so that a given ratio z/t specifies a set of predominant values of x. But 
y’ is an even function of x, and therefore if x) is a saddle point, — x) will 
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be another, and if the adopted path passes through either it will pass 
through the other. We may take «, real and positive. Also 
TO (Ke) ty irae cere ar ema eae (4) 
Thus if y. is positive « — Kk) has argument —i7 on the line of steepest 
descent, and the contribution from k, is 
3 
il 2 : z 
on Gee Can exp t (Ko wv Yo t). eeeee : Seecccccoces (5) 
The contribution from — x, (where y” is negative) is similarly 
1 
1 / 2m \3 
on lee Yr (Ko) eF™ Exp —U (Ko Lob) veeeeeeeeeee (6) 
and the two together give 
2 3s 
Gee W (Ko) COS (Ky) @ — yo f — 47). eee tees eeeceeee (7) 
Similarly if y.” is negative the two saddle points give 


(xorg) y, (1) ee (koa —Yot + ir). son ccaetemesave (8) 


7.31. These formulae, due to Kelvin, are the fundamental ones of the 
theory of dispersion. Consider first the cosine factor, and suppose a in- 
creased by dz and ¢ by 8¢. Then xa —yot is increased by 

Ky 0&@ — YoOt = (a —Y t) dk, 

the term in 8x, appearing because x, is defined as a function of 2 and ¢ 
by (3). But the coefficient of 8x) is zero by (3). If then ¢ is kept constant, 
€ will vary with 2 with period 27/x); and if 2 is kept constant, ¢ will 
vary with ¢ with period 27/y,. Hence 27/x, is the wave-length, and 
27/y) the period, of the waves passing a given place. A phase occurring 
at a given place and time is reproduced after an interval d¢ at a place 
such that 82 = yo dt/K). Hence y,/xo is the velocity of travel of individual 
waves. It may be denoted by ¢, and called the wave-velocity. 

But x, has been defined by the equation 

= r-yt=0 
so that a given wave-length and period always occur when 2/é¢ has a 
particular value; they seem to travel out with velocity y', which is 
called the group-velocity. It may also be denoted by C. In general the 
wave-velocity and the group-velocity are unequal, so that a given wave 
changes in period and length as it progresses. They are evidently con- 
nected by the relation 


oS EUS acl Sancta (9) 
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7.4, Returning now to 7.1 (9) we can separate the hyperbolic function 
into two exponentials, which will represent wave-systems travelling out 
in opposite directions. One of them is equivalent to 


1 co 
c= tee papi ede ees (1) 
where y= hee) Rehan hea eon cos ae (2) 
When « is small, 
z 1.2 2 1 T«? 
c= (gH) Ce ae ), nce hee oe (3) 
rs ie pee ie 3 TR 
C=(9H) (1 pe IP +5 = acta Ayan (4) 
When « is great, 
pate Cee TON. Ge (5) 


In all ordinary cases 7/g is insignificant in comparison with A*. Hence 
for some intermediate value of « the group-velocity is a minimum; it 
tends to infinity for very short waves, and to a finite limit for very long 
ones. ‘I'hree cases therefore arise. If z/¢ is less than the minimum group- 
velocity, there will be no saddle-point on the real axis, and the disturb- 


ance will be small*. If it lies between this minimum and (gH)?, two 
(positive) values of « will give saddle-points, and each will contribute 


to the motion. If it is greater than (gH)?, the only saddle-point will 
correspond to a short wave. The disturbance at a given point will there- 


fore be in three stages. In the first, leading up to time a|(gH), only 
very short capillary waves will occur. Then long gravity waves will 
arrive, the wave-lengths of those reaching the point diminishing as time 
goes on. Superposed on them are further capillary waves, their length 
increasing with the time. At a certain moment the wave-lengths of the 
two sets become equal. This corresponds to the arrival of the waves 
with the minimum group-velocity. From then on the water is smooth. 


7.41. Two typical cases therefore arise according as the wave-length is 
large or small compared with the one that gives the minimum group- 
velocity. Take first gravity waves, such that 2/¢ is small compared with 


* Tt can be shown that the saddle-points are so placed that the relevant one 
contributes an exponential with a negative index to the solution. This is almost 
obvious from considerations of energy. 


j 6 
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(gH) but large compared with the minimum group-velocity. In these 
conditions we can write simply 


y=ge; c=(gl«); C=4 (g/n)?; dC/dx=—} (g/x°)?. .....-(1) 
The solution is then 


ear 2 ey COS (kp B? — Yo +E) .ecceeceeeeeeee (2) 
esd - 5 (2) Ss ashe ae (3) 


and the amplitude increases towards the rear of the wave train like 


3 


Ca 
7.42. Take next the capillary waves, short enough for gravity to be 
neglected. Then 


~=Te; c= (Tr); C=8(Te)?; dC/de =3(T)x)?. .....-(1) 
At a given instant the amplitude is therefore proportional to k#, or to 


a. The front of the disturbance is therefore composed of a series of 
capillary waves whose amplitude tends to infinity, and the time taken 
for them to arrive is infinitesimal. 

This impossible result arises from the form assumed for the original 
displacement. In taking =p we assumed that unit volume of liquid 
was originally released on unit length of the actual line 2=0 in the 
surface. he mean height of this mass of liquid was therefore infinite, 
and its potential energy also infinite. The system being frictionless, this 
energy must be present somewhere in the waves existing at any instant, 
and infinite amplitudes are therefore a natural consequence of the initial 
conditions. If instead we suppose that the same volume of fluid was 
originally raised, but that it was distributed uniformly between a =+ J, 
its elevation was 1/2/ in this range. Expressed in operational form this 
gives 


ar slH(@+)- -H(«-lj= sje) WES ican (2) 


The ae solution can be found from 7.4 (1) by introducing a 

factor —— sin (et? — ete?) or te into the integrand. If the solution already 
found makes x,/ small, this additional factor will be practically unity, 

and the same solution will hold. Waves whose length is large compared 

with the extent of the original disturbance will therefore not be much 

affected by its finiteness. 


rhs ea So 
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But if «,/ is large we must consider separately the contributions from 
the terms in e! and e~“*!. The factor 1/«/ will give an extra 1 /koé in all 
the solutions. The result will be that at a given instant the amplitude 


of a gravity wave will vary like x)~* and that of a capillary wave like 


ky) *. Waves whose length is short compared with that of the original 
disturbance are therefore heavily reduced in amplitude. 

On deep watertheminimum group-velocity is 18 cm. /sec., corresponding 
to a wave-length of 4°6 cm. and a wave-velocity of 28 em./sec. If the 
original disturbance has a horizontal extent of 1 cm. or so, only waves 
with lengths under 1 cm. or so will be affected, and the amplitudes of 
both gravity and capillary waves will increase steadily with diminishing 
group-velocity. A wave of large amplitude will therefore bring up the 
rear, and will leave smooth water behind it. This is observable in the 
waves caused by raindrops and other very concentrated disturbances. 
But if the extent of the original disturbance exceeds a few centimetres 
the capillary waves produced will be very small, and the largest 
amplitude will be associated with a wave whose length is comparable 
with the width of the disturbed region. The largest wave produced by 
the splash of a brick, for instance, has a length of the order of a 
foot. 


7.5. Two exceptional cases may arise in the treatment of dispersion, 
which are both illustrated in' the present problem. The validity of the 
approximation 7.2 (12) depends on exp {¢/(z)} being proportional to 
exp (—# Afr’) on a line of steepest descent. If /” (z) has varied by a 
considerable fraction of A before this exponential has become small the. 
approximation will not be good. This may happen if A is itself small, 
or if there are two saddle-points close together. Instances occur when 
there is a maximum or minimum group-velocity, or if the group-velocity 
tends to a finite limit when « becomes very small. In the former case a 
value of 2/t a little greater than the minimum group-velocity will give 
two slightly different finite values of x. In the latter x) may be small 
enough for the proximity of — x, to affect the contributions of both. 


7.51. Since y is an odd function of x, we may suppose that when « is 
small 


Y= CoK— Cok + O GAS Ne eae teroe ane hiass os (1) 
and then 7.3 (2) is equivalent to 
= os ss W(x) exp t (Ka — Cokt + CHIE. OR eines Nos (2) 
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There are saddle-points where 


K=+ Ges, MFCR RI BR (3) 


3Cot 
If, as in 7.4, W(x) is constant or tends to a limit different from zero when 
x tends to zero, this integral is nearly 


¢== |" w (0) cos {x (@ — Got) + Cot} dk 


=*y(0) (cot)~# i cos (mie) dee (4) 

0 
where m = (Gt — 2) I(cot)® : sola Shacenivacs SoRCee oan (5) 
The integral involved here is called an Airy integral*. It is finite and 
positive, but not stationary, when m=0; it has a maximum when 
m = 1°28, and oscillates for greater values of m with steadily decreasing 


amplitude. For negative values of m it tends asymptotically to zero. 


Fig. 7. Graph of the Airy integral. 


* Airy tabulates | : cos $7 (v3— mv) dv in Camb, Phil. Trans. 8, 1849, 598. The 


graph given here is adapted from Airy’s table. The integral can also be expressed in 
terms of Bessel functions of order +4. See Watson, 188-190. 
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Consequently the disturbance we are considering produces an immediate 
rise of the level of the water at all distances greater than ct, though 
this rise is very small at great distances. The maximum rise of level is 
where x is rather less than ct, so that it has not travelled out from the 
origin so far as a wave with the limiting velocity would. The maximum 
is followed by a series of waves of gradually diminishing length and 
amplitude, merging ultimately into gravity waves of the deep-water type. 


7.52. In the case where there is a minimum group-velocity for a finite 
wave-length, let us, with a somewhat different notation from that used 
so far, denote the minimum group-velocity by y;’ and the corresponding 
values of « and y by x, and y,. Put 


Then 
1 fo a) 
aoe i W («) exp t (Kya —yot) exp U (Ka — Yo Kb — Fo” K? #) dk, ..2(3) 


with an analogous contribution from the negative values of «; hence 
with the same type of approximation as before we shall have 


Q 2 
i= =| W (ky) COS (k)@ — Yot) cos (ka — Yo Kt -—FEYo Kt) dk, 


T 


="y (ko) COS (Kv — Yot) F yy 4 cos (v°—mv) dv ...(4) 


eal 5 
(ty)? | © 
The solution is therefore the product of a cosine and an Airy integral, 
the interval between consecutive zeros being much greater for the 
former than for the latter. In the neighbourhood of a point that has 
travelled out with the minimum group-velocity the waves have the 
corresponding period and wave-length, but their amplitude falls off 
rapidly towards the rear. In front of this point the amplitude increases 

for a while and then oscillates. 

In both these exceptional cases we notice that the amplitude associated 
with the critical velocity falls off only like the inverse cube root of the 
time, whereas in the typical case it falls off like the inverse square 
root. Hence the further the disturbance progresses the more will the 
waves with the critical group-velocities predominate in relation to the 
others. In waves on water, however, these phenomena are often modified 
by the greater damping effect of viscosity on short waves. — 


where 
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CHAPTER VIII 
BESSEL FUNCTIONS 


8.1. The Bessel functions of imaginary argument are defined by the 
expansions ee 
tn(@)= a ri (n +r)! 
where (n + 7)! is to be interpreted as T (n +r + 1) if m is not an integer. ~ 
Put 


(dee Selon Lats cna Reasuse hada iee ara (2) 
Si a+r 
4\)— y-in > Pe TP fr 
Then 1, (Qa) =@ r=07r! (n+r)! 
e eae 3 i eee) 
r=5. 7! 
= de Fh WAR ay tn cpersrereapoeer (3) 


where p denotes d/dx, Hence 
po” exp P= gi TW Bako oi notecden eectaeen (4) 


Differentiating and substituting for 2 we obtain the familiar recurrence 
relation 


d 
on Ug PLE} SY gee Pract (3 Np een Prunes ern (5) 
The expression on the left of (4) is equivalent to the integral 
1 1\ dk 
Sart [exp (xe -s *) prs! 9 Pee eeeccercecveceeces (6) 


if n is positive; and if the path Z is replaced by a loop M, passing 
around the origin and extending to —#, the result holds without restric- 
tion on n. Hence 


+ wate xe* 1\ dk 
A bs (z) = G 2) Qn [exp ‘ee + =) wal py tee sececnees (7) 
which is equivalent to Schlafli’s form*. Putting also . 
> BRS ES AS i ccaturneestetutanctiako eur (8) 
1 1\ dr 
we have dni{e)= om | exp hz (a+ x) JRaT) cereeeeseeeeees (9) 


* Watson, Bessel Functions, 175-6. 
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provided the real part of z is positive. If 


NET SRN NER nes ee (11) 


the sign of the root being determined by the fact that A and » must 
approach + together, we find 


dp. 
T,(2)= 5 | exp (42) py reef 12) 
isk (HP — 1)? fu + (we? — 17} 
giving, in operational form, 
I, (a) = 5 ao (13) 


Papel Foi 
This can easily be verified for » =0 by expanding in negative powers 
of p. 


8.2. The integrand in 8.1 (12) has branch points at +1, but no 
other singularities in the finite part of the plane. The path can therefore 
be modified to two loops from — », each passing around one of these 
branch points. Consider first J, (z). The loop around +1 gives a con- 
tribution denoted, in Heaviside’s notation*, by +, (z). We have 


ak dp. 
H, (2) == [ex (uz) mee (1) 
and if z is great the exponential is appreciable only when F (.) is near 
unity. Then we can put 


Be | vem Pepe Seredh hearse be deav leer sunny reres (2) 
and write . 
H, (2) =-=@ Je"*———_ 
Te is Qv + vy)? 
1 ¢ |< a3 1 24 
a 14+43.3v+ G vy + ga Ones (3) 
me 4 (— av)? [ a3 = 


where, if the loop be supposed ee narrow, we must take (— av)? 
positive imaginary on the upper side of the path, and negative imaginary 
on the lower. Hence 


aed tad LUDEe BU NE oe 
BiG 2 [ett be es «|e 


$ 2 92 2 
2 Seas =) ] eates 4 
= (2) e[1+g.+ 5 SS ha ae ( ) 


* Electromagnetic Theory, 2, 453. 
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Similarly we may consider a loop around — 1 ie define 


K,(2)=—=|_ exp (wz) 


(l- ee 
the positive sign being taken for the root when —1<p<+l. Then we 
put 


and obtain 


2 gia fay ape ee 
K,(@) == 6 Bee {1 by" ) oh : 


1 
ONT et ee ig | ye 
= (=) @ {1 Be + oT (= = 0 Geto eee (7) 


By substituting the loop integrals for H, and KX, in the differential 
equation for J,, namely, 

Bh Mal, oy ieacoaar a ® 
we find easily that they both satisfy it and therefore constitute a pair 
of independent solutions. The expansions (4) and (7) are asymptotic, 
but a fuller discussion is needed before a limit can be assigned to the 
error involved in stopping the expansions at a given term. Their physical 
interest is that if the variable z is ow/c, where a has its usual meaning 
as a cylindrical coordinate and o denotes @/d¢, K, contains e-°*/¢ as a 
factor, and its interpretation by Bromwich’s rule will have exp «x (¢-a/e) » 
. as a factor in the integrand, where the real part of « is positive. It 
therefore represents a diverging wave. Similarly H, represents a pure 
converging wave. They are also intimately connected with the two 
Hankel functions A,” and H,”. If arg z increases till z=, where y is 
real and positive, the loops must be swung round till they pass to +1 
instead of — 0. Then 


Hf, (2) = A, (wy) = (= 2 Yexpe(y-4 “(+e 


SEES AGA CD ae rere eae eer vat eames. (9) 
$ 
K,(2) = Ko(y) = (2) exp-t(y+4n)(1-g-+...) 
. SERA Mae ids we! Saas (10) 


To express J, in terms of H, and Ko, we suppose that the loop 
around + 1 passes to — > on the upper side of —1. The integral around 
this loop is $M, by definition. Taking the other loop next, we see that 
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B e . . . 
(y* - 1)? 18 negative imaginary between the branch points, and the 
integral is 


ae , dp See 
=o [ex C a aye Say UE ee ae (11) 
Thus L@)=9( Mi @)s Ko teen (12) 


Comparing with (4) and (7) we seem to have the anomaly of a purely 
real function being equal to the sum of a purely real one and a purely 
imaginary one. The explanation is that while J, and K, are purely real 
by definition when z is real and positive, we have had to define H, by 


Fig. 8. Contours for H, and K,. 
means of a loop passing — 1 on the positive imaginary side. When » +1 


is imaginary (w?—1)? has a real part, and therefore H, is not purely 
real. If we had defined 7, by means of a loop passing — 1 on the under 
side we should have had to reverse the sign of « in the equation 


Fig) 22 Teak go) Ge. tensnestiaca sess (18) 


The reason this phenomenon does not show in the asymptotic expansions 

is that when z is great enough X, is smaller than any term in the 

asymptotic expansion of H,, and therefore cannot affect this expansion. 
The ordinary Bessel function J, (z) can be defined by 


Pil Za ghee et erantomnvatiseneaa she Mesdounyssans tne a¥t (14) 
SEL (OZ) FH, (7), crvvesevecsersveccaceeseroaens (15) 
SEH OG) HO (Z)hy. captieecesccsacesteseeneesnes (16) 
4 
= (=) cos (g—4r) +higher terms. ...---...++ (17) 
In operational form it is given by 
I ee I sere (18) 


(p+)? 
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8.3. In the case of functions of other orders, the extra factor in 
8.1 (12) is {u + (w? - 1)"}-", which is unity for w= 1 and e~"™ for »=—1. 
Hence we can define an H,, and a K,, the latter in real form, and the 
former with a real asymptotic expansion. If this is done the first terms 
of the expansions will be independent of nm, a known result. But when 
we proceed to the ordinary Bessel function the complex factors affect 
the argument of the cosine; we have indeed Stokes’s approximation 


In @)~(2) eos (2 —dmm—frr). 2. cceccceeeeeeeee (1) 


TZ 
8.4. Heaviside’s procedure is to define H, (x) by the operator 


p PP cand Kyla) by 
Grab Crees a 

in the present notation*, The unsatisfactory feature of these definitions 
is that whether the fundamental interpretation of an operator is an 
expansion in powers of 1/p or a complex integral, the former operator 
means 2/,(a) and the latter + 2./, (2). But Heaviside applies a process 
equivalent to changing the variable from » to v as above, and then 
expanding in ascending powers of this new variable. The resulting 
operators are equivalent to 8.2 (4) and (7) above; the method really 
amounts to evaluating the portions of the integrals that arise from the 
neighbourhoods of the branch points, and therefore gives H, and K, 
correctly. But the operators introduced at the start do not represent the 
functions Heaviside finishes with. 


8.5. The present expansions can be applied to the solution of the 
problem of 6.21. The operational solution was 


eee (SDK (E) 


c 
aa TOA TOW Soca 
1 
po CN airare 1 3¢ 
=~ 3 (EZ) orem alo (a ee eseenseenseenstesten (1) 


* Ky (x), as here defined, in accordance with Heaviside’s practice, differs from the 
definition in 6.21, which is that adopted by Watson, following Macdonald; Watson’s 
Ko is $7 times Heaviside’s. Watson comments on the fact that the extra factor 
obscures the relation between K, and the Hankel functions, but hesitates to remove 
_ it because the function is already tabulated. But perhaps tables are of less import. 

ance than analytical convenience; when Bessel functions occur in problems they 
more often than not seem to disappear from the final answer. 
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and the pressure is 


s) 2) eretwmaiie (1 — 32 
P ip (=) 6 PO TR Geet onnrah nde (2) 


which is zero till time (~—a)/c, then jumps to 4p (a/z)*, and proceeds 
to fall by 2c/a of itself per unit time. 


8.6. In much of Heaviside’s work use is made of what he calls the 
generalized exponential function, defined by the series 

ea) ger 
Lae ~o(M +r)! eee ee (1) 


where x is a proper fraction. The series formally satisfies the differential 
equation 


x 


é 


and reduces to the ordinary exponential series when m is an integer. 
Its mathematical peculiarity is that the part of the series corresponding 
to negative values of m is always divergent. As usual (m +7)! is to be 
interpreted as T'(n+7r+1). This series was recently found by Mr A. E. 
Ingham and myself to possess an asymptotic property. Suppose we start 
with a given term, say r =—, where m is a positive integer, and con- 
sider the series 


v2) io ta 
DSS onspe ans cacuvceevsvnesltincs (3) 
r=0(n—m+r)! 
px S —(n—m-+r) 
aes 
1 eka 
iat es onenmered dk 
1 exe dk 
TLE eeeein ee (4) 


~ Ort, pK-™ (k—1) 
if L is so chosen that |«|>1 at all points of it. Then the integrand has 
a pole at x=1, which makes a contribution ¢ to the integral. The 
remainder is equal to 
gi (Sakae SNE a (5) 


piel at ora Cas ha 


taken around a loop surrounding the origin and passing to — 0 at both 
. ends. This is equivalent to 


m—n 


Ps 3% ‘att Pa. 6 
= sin (m n)x | ON Rh ports Sisco (6) 
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and the integral is less than 


ie Gat OF dine g-@-™) P (m—n +1) 
0 


ge T 


~ T(m—m) sin (n—m)x 


Fy dL 
(n—m—1)! 

so that the error caused by starting at a definite term is less than 
the preceding term, and decreases indefinitely when z becomes great. 


Hence | S—e|< 


8.7. As has been indicated, Heaviside’s work is largely concerned 
with the use of asymptotic series, which he justified mainly by appeal 
to actual computation. Less defence of such series is now necessary; 
pure mathematicians have proved their validity in many cases, and 
even used them themselves. Some of Heaviside’s series, however, are in 
their actual application convergent. Thus, if we consider the asymptotic 
expansion of K,(#), namely 

av? _, bees Ge 
17.3' 2 (e—1F ) 
w+ (—1)° > ___~ +... }, 
chee, n! (8x)” 
this is formally divergent as it stands; but in its application to prob- 
lems of cylindrical waves the argument is ow/c, and the general term 
(allowing for the factor 2~ *) is : 
1. 8%...(2n=1) _ yy 12. 3°... (Qn — 1) ent} 
m \(8a/c)r*t omth n! (Sa/c)"*4(n +4)(n—4).... dV 
1 1.3... 2n—1 (ct \et4 
ated ( 
Vr n!(2n+1) 2" \Qa 
The general term in the interpretation of K,(ow/c) is therefore 
(1p J21.3...2n-1 (#2) 
“wm! (2n+1)2" \ Ia 
and the series converges like a binomial expansion provided cf<3a. 


Though a divergent series is used in the course of the work, it leads to 
a convergent answer. 


Un =(— 1)” 


8.8. But the operational method raises numerous points concerning 
the relation between Pure Mathematics and Mathematical Physies in 
general. Chapter I of this work suffices to show that the operational 
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method gives the correct results when the system considered has a finite 
number of degrees of freedom; but as soon as we begin to consider con- 
tinuous systems we find that the solution involves operators not 
definable in terms of definite integrations, and the method of Chapter I 
is no longer available for a justification. Bromwich’s introduction of 
complex integration serves three important purposes: it enables us to 
prove in large classes of cases that the answers obtained to problems of 
continuous systems are correct ; it provides a formal rule for interpreting 
operators in general; and it gives the answer, in cases where it involves 
new operators, in a form convenient for direct evaluation by contour 
integration. It seems curious that physics, dealing entirely with real 
variables, should find it necessary to use the complex variable to solve 
its problems in the most convenient way. The use of conformal repre- 
sentation in two-dimensional electrostatics and hydrodynamics is of 
course exceptional, and arises from the fact that the general real solution 
of Laplace’s equation in two dimensions is the real part of a function of 
«x+y; for other equations there is no such explanation. The real reason 
is that the solutions of the linear differential equations of physics are 
expressible as linear combinations of analytic functions. In the method 
introduced by Bromwich himself, for instance, « is written for @/é¢ before 
solution, and then for the general value of « the solution is found that 
satisfies the differential equation and the terminal conditions. Such a 
combination of these solutions as will satisfy the conditions when ¢=0 
is then constructed in the form of an integral with regard to «; this 
integral is the same as would have been obtained by solving operation- 
ally and interpreting according to Bromwich’s rule. The utility of the 
complex variable then rests on the fact that analytic functions of it 
satisfy Cauchy’s theorem. I do not think, however, that the complex 
integral should be regarded as the definition of the operator. In 2.1 (2) 
the ¢(p) is the fundamental notion, and the integral merely expresses 
a convenient rule for evaluating it. The rules of Chapter I in my opinion 
come nearer to the ultimate meaning of the operators, but their exten- 
sion to the operators that arise in the discussion of continuous systems 
awaits further investigation. 


NOTE 


ON THE NOTATION FOR THE ERROR FUNCTION 
OR PROBABILITY INTEGRAL 


The notation given on p. 26 is one that I adopted in 1916 under the 
impression that it was in general use, and I have since used it in several pub- 
lications *. My definition was recently queried by a correspondent, and I have 
not succeeded in tracing its origin. I have, on the other hand, discovered a 
surprising confusion of other notations. The earliest, due to Gausst, is 


e @=T- | o* de. 


No name is given to the function by Gauss, and there is no sign that he meant 
the notation to be permanent. Of modern writers, Carslaw, Brunt, and Coolidge 
use this notation. Fourier ¢ gives 


but has, so far as I have traced, no modern followers. Jahnke and Emde, in 
their tables, use 


(0) = 7 [ie* ae, 


and call this the Fehlerintegral. The same notation is widely used by other 
German writers. Whittaker and Robinson § also use it and call the function 
the Error Function. The notation 

f Erf z= | e* da 


x 


was introduced by J. W. L. Glaisher||, who also used 7 


x é s 
Erfe v=| e-* dx=h,/n —Erf x. 
0 
The latter function is also called erfx by R. Pendlebury **. 


* Phil. Mag. 32, 1916, 579-585; 35, 1918, 273; 38, 1919, 718. M.N.R.A.S. 77, 
1916, 95-97. Proc. Roy. Soc. A, 100, 1921, 125-6. The Earth, 1924. 

+ Werke, 4, 9. First published 1821. 

t Théorie Analytique de la Chaleur, 1822, 458. 

§ Calculus of Observations, 1924, 179. 

|| Phil. Mag. (4), 42, 1871, 294-302. 

WT Loc. cit. 421-436. 

** Loc. cit. 487-440. 
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Whittaker and Watson * use Glaisher’s notation with the meanings of Erf 


and Erfce interchanged, while Jeans’s+ erfa is times Glaisher’s Erf. 
NV 1 

Numerous other writers use the integrals, but omit to give any special symbol 

or use only the non-committal “I.” 

It can hardly be denied, in view of the wide application of the error function 
to thermal conduction, the theory of errors, statistics, and the dynamical theory 
of gases, that it merits a distinctive notation. It is equally clear that none of 
those yet used has obtained general acceptance. Of them, it seems that those 
involving only the single letters 0, 6, ¥ are wholly undesirable, In dynamical 
problems these letters are in continual use for couples, while & is often wanted 
for a velocity potential and ¥ or w for a stream function ; W is of course also 
often needed for an angle. Further, © has an established meaning already in 
the theory of elliptic functions, namely, the Theta Function of Jacobi, while 
® has another meaning in the theory of numbers. To avoid confusion in some 
of the applications of the function it seems necessary to use a combination of 
letters, and the only one in frequent use is Erf. 

As to what function should be denoted by this symbol, the most convenient 
is indicated by the practice of the compilers of tables, such as Jahnke and 


Emde and Dale, who tabulate = | “e-“du. This is an odd function and 
a Jo 


becomes unity when w=, two properties that make for analytical convenience 
and are connected with the fact that this form, including the factor 2m ~-+, 
usually occurs as such in the solutions of the relevant problems. Accordingly 
I think that, of the various notations proposed, 


Q [zx 
Erta=—— | e~” du 
c VA aw J0 
is the most convenient, and is worthy of wider adoption, though I seem myself 
to have adopted it under a misapprehension originally. 


* Modern Analysis, 1915, 335. 
+ Dynamical Theory of Gases, 1921, 34. 


INTERPRETATIONS OF THE PRINCIPAL OPERATORS 
o-"H(t)=0 t<0 
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1 sa es 
aeonfi A (x) e~*@ daz. 


This equation is then solved by known rules. Numerous electrical applica- 
tions are given. 


Louis Cohen, Electrical Oscillations in Lines, J. Frank. Inst. 195, 1923, 45- 
58. Alternating Current Cable Telegraphy, loc. cit. 165-182. Applications 
of Heaviside’s Expansion Theorem, loc. cit. 319-326. Contents sufficiently 
indicated by titles. 

Harold Jeffreys, On Compressional Waves in Two Superposed Layers, Proc. 
Camb. Phil. Soc. 23, 1926, 472-481. Discusses diffraction of an explosion. 
wave at a plane boundary with a seismological application. 


J. J. Smith, The solution of Differential Equations by a method similar to 
Heaviside’s, J. Frank. Inst. 195, 1923, 815-850. General theory, with appli- 
cations to electricity and heat conduction. 


An analogy between Pure Mathematics and the Operational methods of 
Heaviside by means of the theory of H-Functions, J. Frank. Inst. 200, 1925, 
519-536, 635-672, 775-814. Mainly theoretical, bearing, I think, more on 
the relation of the theory of functions of a real variable to mathematical 
physics in general than to Heaviside’s methods in particular. The ideas are 
interesting and useful, though I am not in complete agreement with them. 
The last paper contains several physical applications. 


Norbert Wiener, Zhe Operational Calculus, Math. Ann. 95, 1925, 557-584. 
A critical discussion, beginning with a generalized Fourier integral. In 


some cases the interpretations of the operators differ from those of other. 
workers. 


Most of the above investigators give Bromwich’s interpretation only a 
passing mention, or none at all, but it seems to me at least as general and as 
demonstrative as any other, and more convenient in application. 
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The following appeared while this tract was in the press: 

H. W. March, The Heaviside Operational Calculus, Bull. Am. Math. Soc. 33, 
1927, 311-318. Proves that Bromwich’s integral is the solution of Carson’s 
integral equation, and derives several rules for interpretation from it. The 
author refers to a paper by K. W. Wagner, Archiv fiir Elektrotechnik, 4, 
1916, 159-193, who seems to have obtained some of Bromwich’s results 
independently. I have not seen the latter paper. 

The following are in the press (July 1927): 

Harold Jeffreys, Wave Propagation in Strings with Continuous ana Concen- 
trated Loads, Proc. Camb. Phil. Soc. Some of the results for continuous 
strings are obtained as the limits of those for light strings loaded regularly 
with heavy particles. It is found that the operator e—THl¢ arises as 


972 3 —2Qa/l 
Lim {0+5 : + St : 


6 4¢? 2e 
when / tends to zero through such values as make w// integral. This gives 
the rule 1.8 (5) in terms of definite integration. 
The Earth's Thermal History, Gerlands Beitrige z. Geophysik. The 
problem of the cooling of the earth is rediscussed, with allowance for 
variation of conductivity with depth. 
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